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Introduction

The solution of problems in most parts of applied mathematics and many areas of pure
can more often than not be reduced to the problem of solving some differential equa-
tions. Indeed, many parts of pure maths were originally motivated by issues arising from
differential equations, including large parts of algebra and much of analysis, and Differ-
ential equations are a central topic in research in both pure and applied mathematics to
this day. From Prelims, and even from school, you know how to solve some differential
equations. Indeed most of the study of differential equations in the first year consisted
of finding explicit solutions of particular ODEs or PDEs. However, for many differential
equations which arise in practice one is unable to give explicit solutions and, for the
most part, this course will consider what information one can discover about solutions
without actually finding the solution. Does a solution exist? Is it unique? Does it
depend continuously on the initial data? How does it behave asymptotically? What is
appropriate data?

So, first we will develop techniques for proving Picard’s theorem for the existence and
uniqueness of solutions of ODEs; then we will look at how phase plane analysis enables
us to estimate the long term behaviour of solutions of plane autonomous systems of
ODEs. We will then turn to PDEs and show how the method of characteristics reduces
the solution of a first order semi-linear PDE to solving a system of non-linear ODEs.
Finally we will look at second order semi-linear PDEs: We classify them and investigate
how the different types of problem require different types of boundary data if the prob-
lem is to be well posed. We then look at how the maximum principle enables us to prove
uniqueness and continuous dependence on the initial data for two very special problems:
Poisson’s equation and the inhomogeneous heat equation — each with suitable data.

Throughout, we shall use the following convenient abbreviations: we shall write
DEs: for differential equations.

ODEs: for ordinary DEs, i.e. differential equations with only ordinary derivatives.
PDEs: for partial DEs, i.e. differential equations with partial derivatives.

The course contains four topics, with a section devoted to each. The chapters are:
1. ODEs and Picard’s Theorem (for existence/uniqueness of solutions/continuous de-
pendence on initial data).
2. Plane autonomous systems of ODEs
3. First order semi-linear PDEs: the method of characteristics.

4. Second-order semi-linear PDEs: classification; well posedness; the Maximum Prin-
ciple and its consequences



Books

The main text is P J Collins Differential and Integral Equations, O.U.P. (2006), which
can be used for the whole course (Chapters 1-7, 14, 15).

Other good books which cover parts of the course include

W E Boyce and R C DiPrima, Elementary Differential Equations and Boundary Value
Problems, Tth edition, Wiley (2000).

E Kreyszig, Advanced Engineering Mathematics, 8th Edition, Wiley (1999).

G F Carrier and C E Pearson, Partial Differential Fquations — Theory and Technique,
Academic (1988).

J Ockendon, S Howison, A Lacey and A Movchan, Applied Partial Differential Equations,
Oxford (1999) [a more advanced text].



PART I Ordinary Differential Equations

1 ODEs and Picard’s Theorem

1.1 Introduction

An ODE is an equation for y(z) of the form

G(z,y,9,y", ., y™) =0.

We refer to y as the dependent variable and « as the independent variable. Usually this
can be solved for the highest derivative of y and written in the form
d™y
dzx™
Then the order of the ODE is n, the order of the highest derivative which appears.
Given an ODE, certain obvious questions arise. We could ask:

= y™(z) = F(z,y,9, ..., y™ V).

e Does it have solutions? Can we find them (explicitly or implicitly)? If not, can we
at least say something about their qualitative behaviour?

e Given data e.g. the values y(a), ¥/(a), ... of y(z) and its first n — 1 derivatives
at some initial value a of x, does it have a solution? is it unique? does it depend
continuously on the given data?

We shall consider these questions in Part I.

For simplicity, we begin with a first-order ODE with data:
y'(x) = f(z,y(x)) with y(a) =b. (1.1)

This is an initial value problem or IVP, since we are given y at an initial, or starting,
value of . You know how to solve a variety of equations like this. You might expect that
a solution ezists, so there is some function that satisfies the equations (even if you cannot
find a formula for it) and perhaps you expect, for a given initial values, the solution is
unique (there is only one function that satisfies the ODE and the initial data) as you
may not have encountered the following difficulties.

Warning examples:

Consider this IVP:
Y =3y y(0)=0. (1.2)



So separate the variables (a prelims technique):

dy
/3y2/3 = /dm,

to get y = (z + A)3, so if y(0) =0

(i) There is a solution y = z3;

(ii) But evidently there is another solution: by direct checking y = 0 will do;

(iii) In fact we can find that there are infinitely many solutions. Pick a,b witha <0 <b
and define

y = (r—a)? r<a
0 a<x<b
= (z-b3 b<az

The solution does exist but is not unique (in fact far from it, since we’ve found infinitely
many solutions).

Furthermore, even if a solution of (1.1]) exists, it may not exist for all x.
For example consider the IVP

v =v% y(0)=1. (1.3)

1
Using separation of variables we can see this has solution y = T S0V — 00 as

x — 1, and the solution only exists on z < 1. We will see later that this solution is in
fact unique.

So, if we want to have a unique solution to the problem we must impose conditions
on f, and we cannot necessarily expect to have solutions for all z. This will be the first
existence theorem which you’ve encountered. The proof is quite technical, certainly the
most technical thing in the course. In particular, you need to remember from Prelims
the Weierstrass M-test for convergence of a series of functions.

To be precise then, we shall seek a solution of problem (1.1) in a rectangle R about the
initial point (z,y) = (a,b), so suppose R = {(z,y) : |t —a| < h, |y —b] <k} as in figure
1.1:



Figure 1.1: The rectangle R

Our first assumption is that f: R — R is continuous in R. Note that if y is a
solution of (1.1)), say on an interval [a— h, a+ h], then integrating (1.1]) from a to variable
x € [a — h,a+ h] yields

yw—mw=w@m=/3wmmﬁ

for any x so rearranging
va) b+ [ fye)dr (1.4)

We note that since f : R — R and y : [a—h,a+ h| — R are continuous, also the function
x +— f(z,y(x)) is a continuous function on [a — h,a + h| so integrable.

Conversely, if y(t) is continuous on [a — h,a + h] and satisfies (1.4), then y(a) = b
and by the Fundamental theorem of Calculus we can differentiate to get that y
is a solution of . Thus and are equivalent. We have transformed the
differential equation to an integral equation - the unknown y is given in terms of an
integral rather than a differential. There is a general theory of these, but we only need
to deal with the particular case of . The standard approach is to seek a solution by
iteration or successive approximation.

1.2 Picard’s method of successive approximation

We start with an initial guess and then improve it. The guesses, or successive approxi-
mations or iterates, are labeled y,(x) starting with yo(z). Take

yo(xz) =b
Unt1(z) =b+ [ f(tyn(t))dt } (1.5)

That is, we start with the simplest guess, that y equals its initial value, and at each stage
substitute the current guess into the right-hand-side of (1.4) to get the next guess. We
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need to know if this process converges, and if it does whether it converges to a solution
of the problem (1.4)). Consider the differences between successive approximations:

eo(x) =b
e (2) = Yy (2) — () } (1.6)

and note that

n

yn(z) =) ex(). (1.7)

0

We want y, to converge, so we want the series > ( ex(z) to converge. So we must
estimate the differences e, (x). This will need a condition on f, but here is the key idea.

Notice that
ent1(2) = Ynt1(x) — yn(z) = /I[f(t, Yn(t)) = f(t, yn—1(2))]dt

and recall that the modulus of the integral of a function is less than or equal to the
integral of the modulus (because the function can be negative). Therefore

[ ent1(z)| <

/ 1At () — £t g (8))] ] (18)

(The modulus outside the integral on the right hand side is required to cover the case
x < a.) We want to bound the integrand on the right-hand side in terms of the error
en(t) = |yn(t) — yn—1(t)| of the previous step which motivates the following definition:

Definition 1.1. A function f(z,y) on a rectangle R satisfies a Lipschitz condition (with
constant L) if 3 real positive L such that

|f(z,u) — f(z,v)| < Llu—v| for all (x,u) € R, (x,v) € R. (1.9)

This is a new condition on a function, stronger than being continuous in the second
variable but weaker than being differentiable. It turns out to be the right condition to
make Picard’s theorem, which is the existence theorem we want, work, as it allows us to
bound the integrand in by

[f (& yn(t) = f (& yn—1(8))| < Llen(t)].

Important note: One way to ensure that f satisfies a Lipschitz condition on R is the
following: Suppose that, on R, f is differentiable with respect to y , with |fy,(z,y)| < K.
Then for any (z,u) € R, (x,v) € R the mean value theorem (applied to the function
[k —h,k+h] >y~ f(z,y)) gives

(2, u) = fz,0)| = [fy(z, w)(u = v)] < K|u— v (1.10)

where w is some intermediate value. So, f clearly satisfies the Lipschitz condition on
such intervals.

On the other hand f(y) = |y| is Lipschitz continuous, but is not differentiable at y = 0.



1.3 Picard’s Theorem

Theorem 1.1. (Picard’s existence theorem):

Let f : R — R be a function defined on the rectangle R := {(x,y) : |z—a| < h, |y—b| < k}
which satisfies
P(i): (a) f is continuous in R, with bound M (so |f(z,y)| < M) and (b) Mh < k.
P(ii): f satisfies a Lipschitz condition in R.
Then the IVP

y'(x) = f(z,y(x)) with y(a) =b.

has a unique solution y : [a — h,a+ h] — [b—k,b+ k].

We will prove the existence of a solution by showing that the iterates y,, defined in (|1.5))
converge as n — 0o to a solution y of the IVP and will do this by showing that the series
in (1.7) converges. We break the proof into a series of steps:

Claim 1: Each y,, is well defined, continuous and |y, (z) — b| < k for z € [a — h,a + h].

Proof of Claim 1: This is clearly true for n = 0, so suppose claim is true for some
n > 0. Then for t € [a — h,a + h] we have that (¢,y,(t)) € R so as f is defined and
continuous on R and as y, is continuous we have that ¢t — f(¢,y,(t)) is a continuous
function on the interval [a — h,a + h|. Thus y,11 is well defined and continuous by
properties of integration and by P(i)

|Yn+1(z) —b] <

I If(tyn(t))\dt‘

IN

‘M/ dt‘:M]J:—aISthk

for every x € [a — h,a + h]. Thus the claim is true by induction.

—

Figure 1.2: successive iterates graphed in R.

We next prove:



Claim 2: For |[r —a| <handn €N

|z — a|™ (1.11)

where L is such that the Lipschitz condition ((1.9)) holds.
We remark that this claim in particular implies that

LM

enle)] < =

h™ for all |x — a| < h. (1.12)

which will be the estimate that we will use to show that > e,, converges uniformly using
M-test.

Proof of Claim 2: We recall that the Lipschitz condition P(ii) combined with the fact
that the graph of y, is in the rectangle implies that for all |t — a| < h

|f(t7yn(t)) - f(tynfl(t)” < L‘yn(t) - ynfl(tﬂ = L|en(t)|' (1'13)

From ({1.8)) and ((1.13) thus

enn@)] = | [ 1 0a(0) = 1t a0l
. (1.14)
gL/ﬁ%@u+
Now we prove by induction:
eﬂx):yﬂx)—b:i/xf@ﬁﬁ#. (1.15)
By P(i), f is bounded by M so that
ol < | [ 150lar] < Mo . (1.16)

so (|1.11)) is true for n = 1. Now suppose that (1.11]) is true for n, then

[ tentonia

T LnflM I M
/ it —ardt| = ZM gt
a n! (n+1)!

leni(z)] < L

IN

L

so that ((1.11]) is true by induction.

We now use these two claims to prove the existence of a solution to the integral equation

(1.4) by showing
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Claim 3: The iterates y,(z) = > "_ ¢;(x) converge uniformly to a continuous function
Yoo and Yoo is a solution of the integral equation ([1.4)).

Proof of Claim 3: The uniform convergence immediately follows from the Weierstrass

Ln—thn
M-test and (1.12), since Y 2 | M, for M, = —
bound on |e,(z)| that is independent of . Thus, y, = > ex converges uniformly to a

limit Yoo on [@ — h,a + h] and this limit is continuous as it is the uniform limit of the
continuous functions yy,.

To see that yo is a solution of (|1.1)), we would like to take the limit in (1.5 and exchange
the limit and the integral to get that

e(e) = Jim gnis () =0+ i [ ()it Do [ im0

n—oo
:b+/ ftyoo

The reason that we are allowed to switch limit and integral in (*) is that the integrands
f(t,yn(t)) converge uniformly to f(¢,yso(t)) since the uniform convergence of the y,, and
the Lipschitz condition allow us to estimate

sup  [f(t,yn(t)) = F(t,yo(t))| < sup  Llyn(t) = yoo(t)| = 0.
tela—h,a+h] tela—h,a+h]

converges and M,, is a upper

(1.17)

We have thus proven the existence of a solution of the integral equation and as remarked
previously differentiating the integral equation implies that

Yno() = f (2, Yoo (2))
and since also yoo(a) = b, thus y is a solution of the IVP.
This completes the proof of existence and it remains to show

Claim 4: The solution of (1.1)) is unique among all functions y : [a — h,a + h] —
[b—Fk,b+ k]

Proof of Claim 4: Let y;(x) and y2(x) be two solutions of (1.1 (for the same f, a
and b!) and set e(x) := ya(x) — y1(z). We aim to show that e(z) = 0 for all z.

As the IVP is equivalent to the integral equation ([1.4)) we can subtract the two integral
equations satisfied by y1 2 to see that

e(x) = ya(z) —y(z) = / (f(ty2(t) — f(t0(2)))dt
so using the triangle inequality for integrals and the Lipschitz condition we get

/\ftya @l < 2| [ - ol

x)| <

(1.18)
<L

t)|dt‘

11



Now e(x) is continuous on [a — h, a + h] therefore, it is bounded say |e(z)| < B so

le(z)| < L

xX
/ Bdt‘ = LB|x — a
a

and inducting on n, using (1.18)), for each n

|z —a|"

n

So that for each n

L™
n!

le(xz)] < B — 0 as n — oo and e(x) = 0.

Thus the difference is zero, so the solutions are the same which establishes uniqueness
(uniqueness proofs almost always go like this: assume there are two and make their
difference vanish).

This completes the proof of Picard’s Theorem. O

Note that the proof of uniqueness of the solution only holds among those solutions whose
graph lies in R. This is however enough since we have:

Remark: Let f be so that P(i) hold. Then the graph of any solution y(x) of (1.1)) for
|x — a| < h must lie in R.

Indeed, suppose not. Then, by the continuity of y, there will exist a ‘first’ zg, with
|zo — a| < h, where (x0,y(z0)) is on the boundary of R. That is such that |xg — a| < h,
ly(zo) — b| = k but |y(z) — b < k if |z — a| < |zo — al, see figure [1.3] But then

ly(zo) — b < < Mlzg—a| < Mh=k

/ (s, y(s))lds

a contradiction. Equivalently we can argue that since |f| is bounded by M we know
that the slope of the graph of any solution of y/(z) = F(xz,y(x)) is at most M so y(x)
cannot increase from y(a) = b to a value larger than b+ Mh on an interval of length h.

bk

b

.
a~l G EE AN

Y

Figure 1.3: z is the first & where the graph meets the boundary of the rectangle
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Remark: An alternative (and more standard) way of proving uniqueness of solutions
of differential equations is via Gronvall’s inequality and this proof will be carried out in
section

Since the warning example doesn’t have a unique solution, something goes wrong for
it. As an exercise, show that the warning example fails the Lipschitz condition (in any
neighbourhood of the initial point).

The following example also fails the Lipschitz condition in any neighbourhood of the
initial point y = 0. However, the Lipschitz condition does hold on any rectangle which
does not contain any point (z,0).

Example: Consider the IVP

y =2y, y(0) =0

So we consider the function f : R? — R defined by f(z,y) = x2y'/® which is clearly

continuous. (Note that when we write y'/® here we mean to take the real root: so that
if y is negative we will take —|y|'/%.)

Case b = 0: f(z,y) does not satisfy a Lipschitz condition on any rectangle of the form
Ry =A{(z,y) : |x| < h, |y| <k}, where h > 0 and k > 0.

Suppose it does, then there exists a finite constant L such that for all || < h and

lyl, lg] <k s s
|22||y"/® — /5| < LIy — g

so in particular (choosing § = 0 and x = h)
[B2||y~*/5| < L for every y € [~h, k] \ {0}.

But this is a contradiction as |h?||y~%/?| is unbounded as y — 0 so the function does not
satisfy a Lipschitz condition on Ry. So Picard’s theorem does not apply if we take b = 0.
(We saw that f satisfies a Lipschitz condition on any rectangle where its derivative with
respect to y exists and is bounded. The problem here is that the derivative of f is
unbounded as y — 0 — indeed the derivative does not exist at y = 0.)

Case b > 0: However, the assumptions of Picard’s theorem will be satisfied if we take as
initial condition y(0) = b > 0, provided we take a rectangle, Ry, given by Ry = {|z| < h,
ly — b < k} when 0 < k < b, so that y cannot be zero in this rectangle .

2,-4/5

On any such rectangle f, (z,y) = == is bounded, so, by (1.10), f satisfies a Lipschitz
condition, and P (ii) is satisfied.

For P(i): f(z,y) is continuous on R} and

H}__iax|x2y1/5| < h2(b+ k)Y = M,
b

so Picard’s theorem applies in a rectangle where h > 0 satisfies

h2(b+k)\°h < k.

13



That is
3 k

< TR (1.19)

We can of course solve this problem directly using separation of variables if we wish
giving
5/4
Y= (4x3/15+b4/5) ,

so actually the solution exists for all . Note the solution above is valid for b = 0 BUT
the trivial solution is also valid. So while we still have existence, uniqueness does not

hold.

1.4 Extension of solutions and global existence.

The result in Section 1.5 is a local result in that it guarantees existence and uniqueness
of a solution on the interval [a — h, a + h|, where h satisfies Mh < k (though this h need
not be the best possible).

As we have seen there are examples of initial value problems where solutions do not
exist for all € (—o0,00). So we would like to find conditions which guarantee that the
solution does exist for all z € (—o0, 00) (or if f is only defined for z in an certain interval
then on the whole such interval). One such condition is the global Lipschitz condition,
where we can find a constant L such that the Lipschitz condition holds for all y. First we
will see that if the Lipschitz condition is global in y, but L still depends on the interval
[@ — h,a + h], then there is existence on all of [a — h,a + h]

Suppose we require that f(z,y) is defined and continuous for all (z,y) € [a—h,a+h] xR
and instead of (P(ii)) we have

(P(iii)): f(x,y) satisfies the Lipschitz condition for all real y and all x € [a — h,a + h].

Then the last condition in claim 1 is not required and hence we don’t need to ask
that Mh < k. If we investigate the proof of the Picard existence theorem, we see
that M also appears in . However for claim 2 to hold it is sufficient to take
M = sup,ciq_p,a+tn) | f(2, )], which exists as  — f(z,b) is a continuous function on the
closed bounded interval [a — h,a + h] (whereas (z,y) — f(x,y) might be unbounded on
the unbounded set [a — h,a+ h] x R) . The rest of the proof applies without change and
we hence obtain that the solution exists and is unique Va € [a — h,a + h].

If (P(iii)) holds for each h > 0 (for some L that is allowed to depend on h), then we can
carry out this argument for every i > 0 and, by letting h — oo deduce that the solution
exists on all of R. In this case we say that we have a global solution.

Example: If f(z,y) = p(z)y + q(z), where p and ¢ are continuous on |z — a| < h, then
f satisfies (P (iii)).

Remark We do not need the interval in (P (iii)) to be a balanced interval (ie of the form
[a—h,a+h]) because we can deal with x < a and x > a separately. Thus if a € [¢, d] and

14



we require that f is continuous on [¢,d] x R and that it satisfies the Lipschitz condition
on this set, then a solution of (|1.1)) exists and is unique for all = € [c, d].

1.5 Gronwall’s inequality and continuous dependence on the initial
data.

We will now prove Gronwall’s inequality which will be used to provide another proof of
uniqueness of solutions, but will also be used to show that solutions depend continuously
on the initial data.

Theorem 1.2. (Gronwall’s inequality) : Suppose A > 0 and b > 0 are constants
and v is a non-negative continuous function satisfying

v(z) <b+ A

/ v(s)ds‘ (1.20)
then
v(z) < bell®l,

(The modulus is needed to take care of the case x < a.)

Proof: We use an integrating factor.

For z > alet V(z) = [ v(s)ds, so that V'(z) = v(z). Asz > aand v > 0 also V(z) > 0
and we have
V() < b+ AV (x).

Multiply through by the integrating factor e~4% so

(V'(x) — AV (z))e ™% < be "% that is

di(V(m)e_Ar) < be %, so, integrating and noting that V(a) =0
x
v b
V(z)e 4 < / be A5ds = Z(efA“ —e 47, 50

Viz) < %(eA(m_“) —1).
Finally, using (1.20))
v(z) <b+ A/ v(s)ds =b+ AV (z) < b+ A%(eA(z_“) —1) = bet=9),

as required. Similarly if x < a. O

Remark: Gronwall’s inequality says that v is bounded above by the solution of the
integral equation one obtains when there is equality in ([1.20)). For, if we differentiate

o(z) = b+A/jv(s)ds,

15



we get
v'(z) = Av(z), wv(a) =b,

which has solution v(z) = beA(®=2),

Application: Alternative proof of the uniqueness part of Picard’s theorem
and continuous dependence on initital data

Suppose that y and z are solutions of the ordinary differential equation y/(x) = f(x, y(z))
with y(a) = b and z(a) = ¢, where f satisfies conditions (P(i)) and (P(ii)). We want
to bound the difference between these solutions in terms of the difference |b — ¢| and
show in particular that if b = ¢ then we must have y(z) = z(z) for all . This gives an
alternative (and indeed simpler) proof of the uniqueness part of Picard’s theorem.

Setting v(x) = |y(x) — z(x)| (note Gronvall requires v to be non-negative) and using that

o) - 2(a) =b—c+ | “(Fls,9(s)) — F(s, 2(s))ds

/am v(s)ds| .

We can thus apply Gronwall’s inequality to get that

we get from the Lipschitz condition that

v(x) <|b—c|+ L

ly(z) — z(z)| = v(z) < |b—cle" ™= < |p — c|e!". (1.21)

In particular, if ¥y and z solve the initial value problem with the same initial value
y(a) = z(a) = b, then the functions y and z are equal, which proves the uniqueness part
of Picard’s theorem.

More generally, we have obtained a bound on |y(x) — z(z)| for all z in the interval where
both solutions are defined in terms of |b — ¢|.

We say a solution is continuously dependent on the initial data on an interval I if we can
make sup,cy |y(z) — z(z)| as small as we like by taking |b — ¢| small enough. In other
words the error in the solution will be small provided the error in the initial data is small
enough. To be precise, in this case, solutions are continuously dependent on the initial
data for x € [a — h,a + h] if for all € > 0 there exists 6 > 0 such that if y and z are as
above,

b—cl<d =ly(z)—z2(x)] <e VYa€&la—h,a+h]

This is clearly true from (1.21]), because given € > 0, we have |y(z) — z(x)| < € whenever
|b—c| < e e, so we can take § = e~ IPe.

1.6 Picard’s Theorem via the CMT

We can prove Picard’s theorem in a more efficient way, which is really equivalent to
our previous method, by using the contraction mapping theorem (CMT). This is a very
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useful method of proving existence and uniqueness of solutions of nonlinear differential
equations and many, many other things besides. The results we need will be discussed in
the course on Metric Spaces and Complex Analysis. We will assume the results proved
there.

Define Cp, = C([a — h,a + h];[b — k,b + k]), the space of continuous functions y :
[a—h,a+h] = [b—k,b+k]. Asis shown in the Metric Spaces course, for y, z € Cp, 1, if
we define

d(y,2) = [ly = zllswp = sup [y(z) = 2(2)]
z€[a—h,a+h]

then (Cpk, d) is a complete metric space (we call || - ||sup the “sup norm”).

Also we say that a map T : Cp . — Cp is a contraction if there exists K < 1 such that

T (y) = T()lsup < Klly — 2l sup,
and then we have the CMT, which says:

Theorem 1.3. (Contraction Mapping Theorem) (Banach) Let X be a complete
metric space and let T : X — X be a contraction. Then there is a unique fized point
y € X, i.e. auniquey such that Ty =y.

To prove Picard’s Theorem via the CMT we will first apply this theorem for X =C, ;, =
C(la—mn,a+n];[b—k,b+ k]) for a small enough 0 < n < h that we chose below, which
will give that there exists a unique solution for |z —a| < 7. In a second step we will then
discuss how this solution can be extended to all of [a — h,a + h] if Mh < k by repeating
the argument with a new choice of the space X.

We again consider the IVP ([1.1))

Theorem 1.4. (Picard’s existence theorem.) Let f: R — R be a function defined
on the rectangle R = {(z,y) : |t —a| < h, |y —>b| < k} which satisfies conditions P (i) (a)
and P(ii) and let n > 0 be so that Ln < 1 and Mn < k.

Then the initial value problem has a unique solution for x € [a —n,a + 7).

Proof.
The strategy is to express (1.1) as a fixed point problem and use the CMT.

As before, we can write the initial value problem as an integral equation

) =+ [ SGs.us)ds (1.22)

Provided f(s,y(s)) is continuous in s, y is a solution of the differential equation if and
only if y is a solution of the integral equation.

If we define .
amc»=b+/'ﬂaMQm5
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then we can write (1.22)) as a fixed point problem

y="Ty.
We will work in the complete metric space Cp,, = C([a —n,a +n]; [b — k, b+ k]), where
we will choose 7 < h so that T': C, r — C, 1, and so that T' is a contraction. We begin

by proving Claim 1: If n > 0 is so that Mn < k then T : C,, ), — C, 1,

Proof. First we note that from the properties of integration, (T'y)(x) € C([a—n, a+n]; R).
All that we require is thus to show that ||T'y — b||sup < K if ||y — bl|sup < k-

But
1Ty =t = s | [ f(sy(s)as (1.23)
z€[a—n,a+n] 1V a
< s | IfGelds (1.24)
z€la—n,a+n] |/ a
< Mp<h, (1.25)
provided Mn < k. O

Claim 2: If Ln < 1 then T is a contraction (with K = Ln):

Proof. Given y,z € (), we can bound

Ty —Tellwy =  sup /xf(s,y(S))—f(s,Z(S))ds

z€la—n,a+n)

zE [a‘_nva"’_”ﬂ

< sw / 17 (5,9(s)) — F(s, 2(5))ds

< Llly = 2llsup < Klly = 2llsup

< sw / Lly(s) — 2(s)|ds

z€la—n,a+n] |/a

where K :=nL < 1 provided n < 1/L. O

If we hence choose n < min{h,k/M,1/L} then T satisfies the conditions of the CMT
and has a unique fixed point, y(z). As explained before, a (continuous) function y solves
the integral equation Ty = y if and only if it is continuously differentiable and a solution
of the initial value problem, so we have established that the initial value problem has a
unique solution on the interval [a — 1, a + 7). O

Note that our proof using CMT produces a more restricted range of x values than did
our proof on one dimension. The range of n depends on L as well as M and k. However,
if Mh < k, actually we only need n < h, and we can now extend the range of the solution
to all « € [a — h,a + h|, by iteration.
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Corollary 1.5. If Mh < k, then the initial value problem has a unique solution on the
whole interval [a — h,a + h]

As uniqueness follows from Gronvall’s Lemma as explained in Section [1.5| we only have
to prove that the solution exists on the whole interval [a — h,a + h]. There are two
very different ways of proving this, one by iterating the above argument to construct a
solution on larger and larger intervals, and one by arguing by contradiction.

Proof: We look at x > a first. If h < 1/L we are done. (Take n = h.)

Otherwise we choose 171 < 1/L. Then, from Theorem 1.4, there exists a unique solution,
Yo say, on [a7a + 771] :

Now choose 12 = min{2n;, h}, and look for a solution, y; say, on [a + 71, a + 12], of the
ODE with initial data y1(a +11) = yo(a + m).

Now define
y(x) = yo(z),z € [a,a +m]
y1(z),x € [a+ n1,a+ n9)

To construct y;: As in Theorem 1.4, but we now work in the space X := C([a +n1,a+
n2); [0 — k,b+ k]), and take (for a +m1 <z < a+n2)

xT

(Ti)(@) = ww+nn+/‘ f(s,y(s))ds

a-+mn1

a+n x
=b+/'"ﬂmmmw+/ f(s,y(s))ds. (1.26)

+m

So T1 : X1 — X1 because from ([1.26))
[ T1y = bllsup < Mm + M(z — (a+m) = M(z —a) < Mn

< Mh<k.

Also T is a contraction as the proof of claim 2 only requires that the length of the
interval we work on, which for T} is n2 — n1, is less than 1/L. Thus we obtain the
existence of a unique solution on [a,a + 72]. Repeating this argument, both in positive
and negative direction, we continue to be able to extend the solution and after finitely
many steps have reached the endpoint a 4+ h of the original interval, since we can carry
out each step except the very last one (where we will be able to choose 1; = h since we’ll
have h —n;_1 < %) with the same ’stepsize’ np — nr—1 = M.

Alternative proof of Corollary 1.5 (via contradiction):

As we know that the solution y(x) exists at least on [a — n,a + 1] we can consider the
mazimal subset I of [a — h,a + h] on which the solution y(z) of exists. We want
to show that I is indeed all of [a — h,a + h]. To see this we first note that I must be a
closed interval, for if y(z) solves on some (¢,d) C [a — h,a+ h] then we can extend
y to the closed interval simply by setting y(d) := lim, 4 y(z) and y(c) := limg . y(x).
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Note that this is possible as Mh < k ensures that |y(z) — b| < k and since we have a
uniform bound on |y/(z)| < M and hence uniform continuity of y.

So I = [¢,d] and to show the claim we need to exclude the possibility that ¢ > a — h
or d < a+ h. So suppose that d < a + h. Then we know that b = y(d) satisfies
|b—b| < M(d—a) < k. Choosing k = k — M(d—a) and h € (0,a+ h — d) small enough
so that Mh < k we can apply Theorem to get the existence of a solution §(x) on an
interval [d — 7}, d 4 7] for some 77 > 0 of our ODE |, now with initial value y(d) = y(d).
But then we can use g to extend y to a larger interval which gives a contradiction.

Global Existence: If f is continuous for all = € [a — h,a + h], and all y and satisfies a
global Lipschitz condition (i.e. condition P(iii) on [a — h,a + h] x R), then we instead
work in the spaces C, = C([a — h,a + h];R), respectively C,, = C(la — n,a + n|;R). As
before, claim 1 then no longer requires the condition Mh < k and we obtain in a first
step that a solution exists on [a — 7, a + 7] for n < % We can then carry out either or
the two arguments above to see that this solution indeed exists on all of [a — h,a + h].

Comparison of the two methods of the proof of Picard:

(1)The proof using the CMT is shorter and simpler than the direct proof because much
of the work has been done in proving the CMT and once we have chosen a suitable
space, we have only to check that the conditions apply. Also, the CMT automatically
gives uniqueness of solutions, which has to be proved separately in the direct method.
Furthermore CMT can be used in more general situations to prove existence of solutions.

2) By Theorem 1.4.3 of the Prelims Analysis II lecture notes, a sequence of continuous
functions ¥y, converges in the sup norm if and only if it is uniformly convergent. Thus
convergence in the sup norm is equivalent to uniform convergence. Furthermore in the
CMT the fixed point is given by the limit in Cj of y, = T'y,—1, with yo any point in
the space. So if we take yo(x) = b (for all ) the fixed point is given by the uniform limit
of the successive approximations as in the direct proof.

(3) One feature of the proof using the CMT was that it produced a less delicate result, in
that the range of  for which it applied is more restricted. (Though it was easy to extend
the range using iteration or a contradiction arguement.) This sometimes happens when
we use abstract results rather than direct computations, because the direct computations
can be more delicate. We can see why this happens in this case if we investigate the
direct proof. In the direct proof we are working pointwise and each time we apply the
inductive step using we integrate (x — a)”, and thus end up dividing by n!, so we
have a series which converges for all x € [a — h,a + h|. But in the CMT we are working
in C([a— h,a+ h]) , so on each integration we take the supremum which, of course, does
not depend on z, and thus we integrate a constant, so the n! is absent.

Remark: There are many other fixed point theorems, and other abstract results, which
can be used to prove existence of solutions of more general equations involving derivatives
(including partial derivatives) and integrals. These powerful theorems generally require
some general theory of Banach and Hilbert spaces (see the B4 courses) and a knowledge
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of suitable spaces (eg Sobolev spaces) in which to apply them (see the part C courses
on functional analysic methods for PDEs and fixed point methods for non-linear PDEs).
The above proof can in particular be adjusted to prove the existence of solutions of
partial differential equations, such as heat equations with non-linearities.

1.7 Picard’s Theorem for systems and higher order ODEs via the CMT

We now want to look at existence and uniqueness of solutions of systems of ODEs. As
well as being of interest in itself, this will be useful in particular for proving the existence
of solutions of equations with higher order derivatives. We consider a pair of first order
ODE:s, for the functions y; and ys.

yi() = filz,y1(2), y2(2)) (1.27)
ya(z) = fao(z,y1(2), y2(2)) (1.28)
with initial data  y1(a) = b1, ya2(a) = ba. (1.29)

We can introduce vector notation

_(wn _(h _ (b,
6 () )

So we can write equations ((1.27)—(1.29)) as
/
(z) =
(a)

T

f(z,y(z)), (1.30)

Y
yla) = b, (1.31)

Now we want to prove Picard’s Theorem for such systems of ODEs. Our previous proof
using the CMT will extend in a very natural way.

We need a ‘distance’ in R2. In the Metric Spaces course the various norms [', 12 (the
Euclidean distance) and [* on R™ were defined. We could use any of these (or any
other norm on R"), but we will make the fairly arbitrary choice to use the /' norm,
llylli = |y1| + |y2|- In place of the rectangle R we will use the subset S = {(z,y) €
R3 : |z —al < h, y € By(b)}, where By(b) is the closed disc in R? centred on b,

radius k with respect to the ! norm. That is Bi(b) = {y € R? : ||y — b||s < k} (ie
Bi(b) = {(y1,y2) € R?: Jy1 — bi| + [y2 — bo| < &}

We will suppose that

(H(@)) fi(z,y1,y2) and fa(z,y1,y2) are continuous on S, and are hence bounded (be-
cause fi and f2 are continuous functions on the closed bounded set S), say |fi(x,y)| +
|fa(,y)| < M on S.

(H(ii)) fi(x,y1,y2) and fo(z,y1,y2) are Lipschitz continuous with respect to (y1,y2) on
S. That is, there exist L; and L such that for = € [a — h,a + h| and u,v € By(b),

|f1(z, w1, u2) — fi(z,vr,v9)| < Li(Juy —v1| + |uz — v2|) and

| fo(x,ur, ug) — fa(z,v1,v2)] < La(jur —vi| + |ug — va|).
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It is easy to see that these conditions are equivalent to the following;:

(H(@{))" f(x,y) is continuous on S, and bounded by M, say (that is || f(z,y)|[1 < M).
[M must exist because f is a continuous function on the closed bounded set S.]

(H(ii))" f(x,y) is Lipschitz continuous with respect to y on S. That is, there exists L
such that for x € [a — h,a + h] and u,v € By(b),

|1/ (2, u) = fz,0)|[1 < Liju—v[]x.
Note that we can take L = L1 + Lo.

We now get the following version of Picard’s existence theorem

Theorem 1.6. (Picard’s existence theorem for systems.) Let f1,fo: 5 — R be

functions for which the conditions (H(i)) and (H(ii)) (or (H®i)) and (H(ii))) hold
true for the set S = [a — h,a + h] x By(b) C R3. Then there exists 0 < n < h, such that
the initial value problem has a unique solution for x € [a —n,a + 1)

Our previous proof using the CMT will extend to this case if we work in the complete
metric space Cy, := C([a — n,a + n]; Bi(b)), the space of continuous functions mapping
from [a — 7, a + n] to By (b) with norm (or distance) on C,, defined by

z€la—n,a+n] z€[a—n,a+n)

lyllswp = sup  [ly(z)[[x <:= sup (yl(x)\ﬂyz(fv)!)-)

As before, we can write the initial value problem as an integral equation

) =+ [ Gsiu(s)ds

where by the integral we mean that we integrate componentwise. Provided f(s,y(s)) is
continuous in s, y is a solution of the differential equation if and only if y is a solution
of the integral equation.

If we define .
U@@0=b+/,ﬂ&MQMS

then we can write this as a fixed point problem

Q:Ty.

As before we can now work in the complete metric space C,, to show that, provided
we choose 1 < min{h,k/M,1/L}, then T : C,, — C, and is a contraction (see problem
sheet).

Again we can extend the range of the solution to all x € [a — h,a + h], by iteration.

Corollary 1.7. If Mh < k then there is a unique solution for all x € [a — h,a + h]
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Again if the functions are globally Lipschitz with respect to (y1,y2), then the solution is
global.

This all extends easily to systems of n equations.

Picard for Higher Order ODEs

With Picard extended to first-order systems, it is a small step to extend it to a single,
higher order ODE. For simplicity, we consider just an IVP for linear second-order ODEs
(which will be considered in more detail in DEs2):

y" +p(@)y +q(x)y = r(z)
with initial data
y(a)=b y'(a) =c,
and p, ¢,r continuous for |z — a| < h.

To reduce this to a first-order system, introduce z = 3y’ and write

Y = z:= fi(z,y,2)

Y= —pz—qy+ri= fo(r,y,2)

with data y(a) = b, 2z(a) = c¢. This is precisely in the form to which the previous
section applies, and it’s easy to check that the global Lipschitz condition is satisfied, so
we get:

Theorem 1.8. ( Picard for second-order linear ODEs)

With the assumptions as above, the solution ezists for |x — a| < h, and is unique.

Clearly this method can be extended to the IVP for an n-th order linear ODE. In
particular, this justifies our belief that an n-th order ODE needs n pieces of data to fix
a unique solution.

1.8 Summary

So we have looked at existence and uniqueness of solutions of various initial value prob-
lems. We found that Lipschitz continuity gives existence and uniqueness and that
uniqueness can fail without the Lipschitz continuity. Even with Lipschitz continuity,
the existence is often local, though a global Lipschitz condition on an interval containing
the initial point will give existence and uniqueness of solutions on that interval.

There were two different methods of proof of existence and uniqueness. First we did a
direct proof using successive approximations. Then we saw that using the CMT simplifies
the proof, because the hard work has already been done in the proof of the CMT and
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proving completeness of C. This proof readily extends to treat systems of ODEs (though
here again we could have used successive approximation). A disadvantage of using the
CMT was that it gave the result only for a restricted range of z, though it was easy to
extend using iteration. This can be a feature of proofs using abstract results, because
sometimes some of the detail is lost in the abstraction.

We also derived Gronwall’s inequality, and used it to show that solutions depend con-
tinuously on the initial data. It also gave another proof of uniqueness.
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2 Plane autonomous systems of ODEs

The definition: a plane autonomous system of ODFEs is a pair of ODEs of the form;

dx
= X(z,9) (21)
dy

Here “autonomous” means there is no ¢-dependence in X or Y, and “plane” means there
are just two equations, so we can draw pictures in the (z,y) - plane, which will then be
called the phase plane.

Given initial values z(0) = a, y(0) = b, expect that there exists a unique solution and this
solution which will define a trajectory or phase path in the phase plane. It is convenient,
though not necessary, to think of ¢ as time, and the trajectory as the curve in the plane
(including orientation) that is traced out by a moving particle. We put an arrow on the
trajectory giving the direction of increasing t. We will denote & = flj—f etc. We will assume
throughout that X and Y Lipschitz continuous in x and y (on every bounded subset of
R?) as this will allow us to apply Picard’s theorem to obtain important properties of
solutions for these plane autonomous system and of the corresponding trajectories.

Important observations

o If (x(t),y(t)) is a solution of (2.1]) then for any fixed number t; € R also
L(t) := x(t + o), y(t) := y(t + to)
solve (1.5)) and they trace out the same trajectories.

e Through every point (xg,yo) there exists a UNIQUE trajectory. In particular,
different trajectories can NEVER intersect, though they might asymptote to the
same point (z*,y*) as t — 0o or as t — —oo (and any such point must be a critical
point, see below)

The first point immediately follows when we insert (Z(t), 7(t)) into the equations as this
gives

T(t) = &t +to) = X(2(t +t0), y(t +1t0)) = X(2(¢), (1))
and

y(t) = Y(@(1), 9(t))-

Note that this does not work if the system is not autonomous (i.e. if either X or Y also
depend on t).

The second point is an important consequence of Picard’s theorem (and holds true as
we assume X, Y Lipschitz): First of all Picard guarantees the existence of a solution
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(z(t),y(t)) with z(0) = x9 and y(0) = yo and hence there is a trajectory through
the point. If (Z(t),y(t)) is any other solution that traces out a trajectory through
(z0,yo) then there is a ty so that (Z(ty),y(t0)) = (zo, yo). Looking at u(t) := Z(t — to),
v(t) := y(t — to) we get a new solution of which has the same initial values as
the original (z(t), y(t)), namely (u(0),v(0)) = (zo,yo0) = (2(0),y(0)). By the uniqueness
part of Picard we thus know that these two solutions (u(t),v(t)) and (x(t),y(t)) must
be the same, so (Z,7) is nothing else than a time-shift of the original solution so must
trace out the same trajectory.

2.1 Ciritical points and closed trajectories

A critical point is a point (zg,yp) in the phase plane where X (xg,v0) = Y (20, y0) = 0.
So a critical point is a particular (very special) trajectory corresponding to solutions
(x(t),y(t)) of (2.1) that are constant in time.

There may be trajectories in the phase plane which are closed i.e. which return to the
same point. Provided they don’t just correspond to constant solutions and so are simply
given by a single point, these correspond to periodic solutions of (2.1]) as may be seen
as follows:

Suppose the trajectory is closed so that for some finite value ¢y of ¢, (z(to),y(t0)) =
(2(0),y(0)), while (x(t),y(t)) # (x(0),y(0)) for 0 < t < to. Define z(t) = x(t + to),
g(t) = y(t + to). Then as before we see that (Z(t),y(t)) is another solution of
with z(0) = z(to) = x(0); y(0) = y(to) = y(0). Now by uniqueness of solution (given
Lipschitz again).

z(t+to) = z(t) = z(t)

y(t +to) = y(t) = y(t),

but this is now true for all ¢, so a closed trajectory corresponds to a periodic solution
of (2.1) with period ty. The converse is trivial. O

Note in particular that this means that a trajectory cannot intersect itself, but might
close up to a closed curve (without self-intersections).

2.1.1 An example
Consider the harmonic oscillator equation
2

T = —wr.

Turn this into a plane autonomous system by introducing y as follows:

so §=-wrx =Y(z,y). } (22)
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(Clearly this trick often works for second-order ODEs arising from Newton’s equations.)
The only critical point is (0,0), but note that

d 99, 9 2 .
%( xé+y°) =2wxt +2yy =0
so w?x? + y?> = constant. (which, from Prelims dynamics, we know to be proportional
to the total energy). For a given value of the constant this is the equation of an ellipse,
so we can draw all the trajectories in the phase plane as a set of nested (concentric)
ellipses:

S
==

Figure 2.1: The phase diagram for the harmonic oscillator; to put the arrows on the trajectories,
notice that ¢ > 0 if y > 0.

The picture in the phase plane is called the phase diagram (or phase portrait) and from
that we see that all trajectories are closed, so all solutions are periodic (as we already
know, from Prelims).

2.2 Stability and linearisation

We want to learn how to sketch the trajectories in the phase plane in general and to do
this we first consider their stability. Intuitively we say a critical point (a,b) is stable if
near (a,b) the trajectories have all their points close to (a, b) for all ¢ greater than some
to. We make the formal definition:

Definition A critical point (a,b) is stable if given € > 0 there exists 6 > 0 and ¢y such
that for any solution (x(t),y(t)) of (2.1)) for which \/(z(to) — a)2 + (y(to) — b)2 < §

V() —a)2+ (y(t) —b)2 <e, Vt>tg.

A critical point is unstable if it is not stable.

(Here we have used the Euclidean distance. We could use other norms such as I or [*°)
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A common way to analyse the stability of a critical point is to linearise about the point
and assume that the stability is the same as for the linearised equation. There are
rigorous ways of showing when this is true. We will assume it is valid, pointing out the
cases where it is likely fail. Linearising will also enable us to classify the critical points
according to what the trajectories look like near the critical point .

So suppose P = (a,b) is a critical point for , SO
X(a,b) =0=Y(a,b). (2.3)
Now x = a, y = b is a solution of . We linearise by setting
z=a+((t); y=>b+n(t)
where ¢ and 7 are thought of as small. From , and Taylor’s theorem
i=C=X(a+¢b+n) = X(a,b) + (Xulp +1X,l, + ho.

y=1n=7Y(a,b)+ (Y|, +nYylp + h.o.

where ‘h.o.” means quadratic and higher order terms in ¢ and 7. Now use (2.3)) and
neglect higher order terms to find

() - 2))

2.4
(45) = (G B 24
¢ D Yelp  Yylp
Call this (constant) matrix M and set Z(t) = <g> then li becomes
Z=M2Z. (2.5)

We can solve (2.5) with eigen-vectors and eigen-values as follows: Zoe)‘t is a solution,
with constant vector Z; and constant scalar \ if

AZO - M Z07

i.e. Z,is an eigen-vector of M with eigen-value A. We are considering just 2 x 2-matrices,
with eigen-values say A1 and A2 so the general solution if A\; # Ag is

Z(t) = e1 Z, Mt + ey Z,eM2t (2.6)
for constants ¢;. Recall A\j, A2 may be real, in which case the ¢; and the Z, are real, or
a complex conjugate pair, in which case the ¢; and the Z, are too.

If Ay = A2 = X € R say, we need to take more care. The Cayley-Hamilton Theorem (see
Algebra I) implies that (M — AI)? = 0 since the characteristic polynomial is cy(z) =
(x — A\)?, so either M — Al =0 or M — M\ # 0. We have a dichotomy:
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(i) if M — X[ =0 then M = AI and the solution is
Z(t) = ceM (2.7)
for any constant vector C.
(i) if M — AI # 0 then there exists a constant vector Z; with
Zyi= (M = AD)Z,y £ 0

but
(M =X Zy= (M —\I)*Z, = 0.

(So Z, is the one linearly independent eigenvector of M.) One now checks that

the solution of (2.5) is
(121 + (co + c1t) Zg)e. (2.8)

Now we can use ([2.6)) and (2.8) to classify critical points.

2.3 Classification of critical points

We shall assume that neither eigenvalue of the matrix M is zero, which is the requirement
that the critical point be non-degenerate. A proper discussion of this point would take
us outside the course but roughly speaking if a critical point is degenerate then we need
to keep more terms in the Taylor expansion leading to , and the problem is much
harder.

Case 1. 0 < A\; < Az (both real of course)

From (2.6)), as t — —o0, Z(t) — 0, and Z(t) ~ ¢1Z;eM? unless ¢; = 0 in which case
Z(t) ~ caZye™?t) while as t — 400, Z(t) ~ a large multiple of Z,, unless ¢z = 0 when
Z(t) ~ a large multiple of Z;

A
ah

Figure 2.2: An unstable node.
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These trajectories converge on the critical point into the past, but go off to infinity in
the future. A critical point with these properties is called an unstable node.

Case 2: \; < A2 <0 (both real)

This is as above but with ¢ — —t and the roles of Z;, Z, switched. The trajectories
converge on the critical point into the future and come in from infinity in the past.

Figure 2.3: A stable node.

This is a stable node.

Case 3: A\; = \y = A. If the solution of the linearised equation is given by (2.7) (case
(1)) we have a star , while if the solution is given by (2.8]) (case (ii)) there is an inflected
node . In both cases the critical point is stable if A < 0 and unstable if A > 0.
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Figure 2.4: Unstable star case (i) and unstable inflected node case (i)

Case 4: \; <0 < Ay (both real)

If c; =0 then Z(t) — oo along Z, ast — 0o
—+0 along Z, ast— —oo.

If o =0then Z(t) -0 along Z; ast — 0o
—oo along Z; ast— —oo.

If ¢1,¢0 # 0 then Z(t) — oo along Z, as t — oo and along Z; as t — —oo.

Most trajectories come in approximately parallel to =2 and go out becoming asymptotic
to £Z2,.

Figure 2.5: A saddle.

This is a saddle (to motivate the name, think of the trajectories as contour lines on a
map; then two opposite directions from the critical point are uphill and the two orthog-
onal directions are downbhill).

If the eigen-values are a complex conjugate pair we may write
AM=p—iv, X=pu+iv up, veR,

and the classification continues in terms of y and v.

In (2.6) the ¢;Z; are a conjugate pair so if we put ¢; = re?, Z; = (1, ke’®)”, then

7,,61'9
SYARS (T 1 6¢<¢+e))

so that 2 ( 0)
rcos(vt —
Z(t) = et (w cos(vt — (¢ + e))) ‘
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Case 5: p=0
Then Z(t) is periodic.
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Figure 2.6: An anticlockwise centre (B < 0); X = -2 -3y, Y =z+y

This case is called a centre, and is stable. The sense of the trajectories, clockwise or
anticlockwise, depends on the sign of B; B > 0 is clockwise (take ¢ = 0 and n > 0, then
¢ =Bn>0).

To see that this centre is stable: Take tg = 0. Consider the path whose maxmum distance
from the critical point, (a,b), is € > 0. Let § > 0 be the minimum distance of this path
from (a,b). Then

V(2(0) — a)? + (y(0) — b)2 < & implies \/(x(t) — a)2 + (y(t) — b)2 < ¢, for all t > 0.

Case 6: © #0
This is just like case 5, but with the extra factor e#!, which is monotonic in time. We

have another dichotomy:

(i) > 0 then |Z(t)] — oo as t — oo so the trajectory spirals out, into the future.
This is called an unstable spiral.

(ii) p < 0 this is the previous with time reversed so it spirals in, and is called a stable
spiral.

In case 6, as in case 5, the sense of the spiral is dictated by the sign of B.
[ An alternative method of looking at case 5 and 6:
Case 5: p=0

s0 A1 = —iv and )\? = —12 < 0; but, as both the trace and determinant of a matriz are
invariant under P~YM P transformations, in terms of the matriz M of , trace M =
A+D=XN+X=ir—ir=0sodet M=AD —BC=-A2—-BC=X\ )\ =02>0
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Figure 2.7: A antilockwise unstable spiral; X=-y, Y=x+y. Reverse the arrows for a stable spiral .

Equation becomes

@ - (é —BA> <§7> ‘ (2.9)

As an exercise, show that now —C(? + 2A(n + Bn? is constant in time. We know that
B, C have opposite signs with (—BC') > A? so this is the equation of an ellipse.

This case s called a centre.

Case 6: ©#0
So, in (@, we must have Z, = ZZ and ¢ = ¢ and

Z(t) _ eut [C1Zle_m + Elzleiut] 7

which is just like case 5, but with the extra factor ett, which is monotonic in time. So:

(i) >0 then |Z(t)] — oo ast — oo so the trajectory spirals out, into the future. An
unstable spiral.

(ii) p < 0 this is the previous with time reversed so it spirals in, a stable spiral.]
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Important observation:

Both the trace and determinant of a matrix are invariant under P~'M P transfor-
mations, so in terms of the matrix M of (2.4), trace M = A+ D = A\ + A2 and
det M = AD — BC = A1\

Thus: if A+ D > 0 then we have one of the cases 1, 4 or 6(i), all of which are unstable
(but if A+ D < 0 the critical point can be stable or unstable). Further det M = A1 \s.
So when the eigenvalues are real the sign of det M tells us whether the signs of the
eigenvalues are the same or different. The determinant is always positive in the case of
complex eigenvalues.

Relationship to non-linear problem: One hopes that the linearistion will have the
same type of critical point as the original system. In general if the linearisation has a
node, saddle point or spiral, then so does the original system, but proving this is beyond
the scope of this course. However, a centre in the linearisation does not imply a centre
in the nonlinear system. This is not surprising when one reflects that a centre in the
linear system arises when Re A = 0 so the perturbation involved when one returns to the
nonlinear system, however small, can change this property.

Analysing the critical points and their local behaviour is important in determining the
general behaviour of trajectories of an ODE system. Connecting the various critical
points together requires care. It helps to remember that trajectories can never intersect
and that while different trajectories can asymptote to the same point (zg,yo) this can
only be the case if (zg,y0) is a critical point. Also that the signs of X (x,yo) and
Y (x0,yo0) give the signs of dz/dt(t) and dy/dt(t) respectively of solutions of at the
time where they pass through this point.

We note that a trajectory can only become horizontal in a point (zg, yo) if Y (xg,20) =0
as this means that the corresponding solution of (2.1) has velocity dy/dt = 0 in the
moment where it passes through that point.

Similarly, the only points (g, 30) in the plane where trajectories can become vertical are
points where X (zg,yo) = 0.

To draw a phase diagram it hence helps to draw the "nullclines”, which are the curves
in the plane on which X (x,y) = 0 respectively Y (z,y) = 0.

Such nullclines obviously cross at critical points. To find the nullclines sketch the curves
X(z,y) = 0 and the curves Y (z,y) = 0. In particular in any region bounded by null-
clines the trajectories must have a single sign for dx/dt and for dy/dt. Hence a simple
examination of the expressions for X and Y in any region will determine if all the arrows
in that region are “up and to the left”, “up and to the right”, “down and to the left” or
“down and to the right”.
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2.3.1 An example

Find and classify the critical points for the system

T = z—y=X(z,y) (2.10)
= l-a2y=Y(z,y)

Solution: for the critical points, from X = 0 deduce z = y, therefore from ¥ = 0
deduce 22 = 1, and we have either (1,1) or (—1,—1).

For the classification, calculate

(X, X\ (1 -1
v-( )= %)

and evaluate at the critical points:

at(1,1):M:<_11 j): N—2=0: A=%V2

this is a saddle. The corresponding eigenvectors are:
N=-vE oz = (! direction in
T \1+v2

A =V2 Z,= <1 _1 \/§> direction out

at (—1,1) : M—G _11>:)\2—2)\+2—0: A=1%i.

this is an unstable spiral; B < 0, so its described anticlockwise.
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Figure 2.8: The phase diagram of ([2.10))

Figure 2.9: The phase plane diagram of (2.10) showing the nullclines y =  and 2y = 1.

36



2.3.2 Further example: the damped pendulum

Another example from mechanics: a simple plane pendulum with a damping force pro-
portional to the angular velocity. We shall use the analysis of plane autonomous systems
to understand the motion.

Take 6 to be the angle with the downward vertical, then Newton’s equation is
mlf = —mgsin 6 — mkld,

where m is the mass of the bob, [ is the length of the string, g is the acceleration due
to gravity and k is a (real, positive) constant determining the friction. We cast this as
a plane autonomous system in the usual way: set x =0 and y =& = 0 so

r =y
Yy = —%sinx—kzy

For simplicity below, we’ll also assume that k% < 4[—9, so that the damping isn’t too large.

To sketch the phase diagram, we first find and classify the critical points. The critical
points satisfy y = 0 = sinz, so are located at (z,y) = (Nn,0). Then

0 1
M = (—g coS T —k:)

The classification depends on whether N is even or odd:

for x = 2n7w M—(Og 1)
-4

which gives a stable spiral (clockwise);

for x = (2n+ 1)m M:<2 1k>
g _

which gives a saddle.

We now have enough information to sketch the phase diagram (note that & is positive
or negative according as y is).

= AN\
- = &
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Figure 2.10: The phase diagram of the damped pendulum

2.3.3 An important example: The Lotka—Volterra predator-prey equations

This is a simplified mathematical model of a predator-prey system. Think of variables x
standing for the population of prey, and y for the population of predators, both functions
of ¢ for time. As time passes, x increases as the prey breed, but decreases as the predators
predate; likewise y increases by predation but decreases if too many predators compete.
We assume that z and y are governed by the following plane autonomous system:

T = axr—~yzy (2.11)
where «, 3, 7y, d are positive real constants. Because of the interpretation as populations,
we only care about = > 0, y > 0 but we shall consider the whole plane for simplicity.

Again, the aim is to use the analysis of plane autonomous systems to lead us to the
phase diagram and an understanding of the dynamics.

For the critical points first, set
X =z(a—7yy) =0

Y :=y(—p+dz)=0.

There are two solutions, (0,0) and ( ). For the matrix:

2
M= X Xy _ (=Y —yx
Y. Y, oy -5+ 6z

at (0,0): M = (‘8‘ _%)

which gives a saddle, where, it is easy to see, the out-direction is the z-axis and the

so first

in-direction is the y-axis. Next

_By
at (?, a>:M:<OE)(; 05>:)\2+a520
v v

which gives a centre, described anticlockwise since B < 0.

We have found and classified the critical points. Before sketching the phase diagram, it
is worth noting, from (2.11)), that the axes are particular trajectories, and trajectories
can only cross at critical points (as noted before).
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Figure 2.11: The phase diagram for the Lotka—Volterra system

Therefore any trajectory which is ever in the first quadrant is confined to the first
quadrant, and no trajectory can enter the first quadrant from outside. Since there is a
centre in the first quadrant, it looks as though all trajectories in the first quadrant may
be periodic. This is true, and can be seen by the following argument: form the ratio
y _ y(=B+ax) dy

i zla—ny)  dz
and separate
(=), _ (=B+m)
Y x

dxr = 0;

now integrate
Blogz — dx + alogy — vy = C. (2.12)

for a constant C'. For different values of C, (2.12)) is the equation of the trajectory or
equivalently the trajectories are the level sets of the function f(z,y) = Slogz — dx +

alogy —vy.

One can see graphically that these level sets {(z,vy) : f(x,y) = C} cannot spiral to a
closed curve or to the critical point (%, <) (the latter can be seen as (%, <) is the unique
maximum of f so cannot be approached by another level set, to rigorously prove that
level sets cannot spiral towards closed curves one could argue using the analyticity of f

but this goes beyond the remit of this course).

This only leaves the possibilities that the level sets are either closed curves or that
they are curves that either escape to infinity or approach one of the axes. The second
possibility is excluded as f tends to minus infinity on the axes and at infinity while the
function f is given by a fixed number C' on the level set.
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Having excluded all other possibilities we hence deduce that the level sets of f, and hence
the trajectories, are all closed curves and hence that all solutions of (2.11]) are periodic.

This useful technique can be applied to other examples.
2.3.4 Another example from population dynamics.
This is a simple model for two species in competition. Suppose that, when suitably

scaled, the population on an island of rabbits (x > 0) and sheep (y > 0) satisfies the
plane autonomous system:

t=z3—-2-2y), y=yl2—-z—vy). (2.13)

(The populations are in competition for resources so each has a negative effect on the
other)

If we analyse this system we find that the critical points are (0,0), (3,0), (0,2), (1,1).

Then at (0,0):
30
=0 )

which has eigenvalues 3 and 2, with eigenvectors are (1,0), and (0,1) and is an unstable
node.

At (3,0):

which has eigenvalues -3 and -1, with eigenvectors (1,0), and (-3,1) and is a stable node.

At (0,2):
=G )
(-

which has eigenvalues -1 and -2, with eigenvectors

At (1,1):
= (37

which has eigenvalues —1 — /2 and —1 + /2, with eigenvectors (v/2,1) and (—v/2,1).
and is a saddle point.

1,2), and (0,1) and is a stable node.

Again, as x and y represent populations we require that any trajectory which starts out
in the first quadrant will remain there. As in the previous example this is indeed the
case as the axes are particular trajectories.

Looking at the phase diagram we can see that, in the long term, depending on the initial
data, either the rabbits or the sheep will survive.

Other values of the coefficients will give different outcomes - see problem sheet 2.
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Figure 2.13: Phase diagram for the equations (2.13) for competitive species - no nullclines.

X =x(3x2y)
¥ =y@xy)

Figure 2.14: The phase diagram for the equations (2.13]) for competitive species - with the nullclines
Rabbits or sheep survive, depending on the initial data.
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2.3.5 Another important example: limit cycles
Consider the plane autonomous system:
= (1- (@ +y"))e -y
= (1- @ +y) )y +u.

Put 22 + y? = 72 then
X=z(l-r)—y
Y=y(l-r)+zx

and one sees that only critical point is (0,0). One could go through the classification for
this to find that it is an unstable spiral (exercise!).

Alternatively, in this case, we can analyse the full nonlinear system. We shall transform
to polar coordinates. The simplest way to do this is as follows: first

ri=xt +yy = zfz(l —r) —y] +yly(l —r) + 2]

=r(1-r)
or

r=r(l-r).
Then, with

y =rsind,
we find

§ =7sinf+rcosff = y(1 —r)+x,

which gives 6, so the system becomes

Unlike the system in its previous form, we can solve this. First

6 =t -+ const,
and then p ) )
.
dt= | — = - d
/ /r(l—r) /(r+1—r> "
o)
r
log =1+ const
1 —r|
i.e. ,
= Aet.
1—r €



Solve for r and change the constant:

1 1

" 1+ Bet 1+ (& —1et

r

where r(0) = rg.

Note that as t — oo, r — 1, while as ¢t - —o0 either » — 0 if g < 1 or r — oo at some
finite ¢ if g > 1.

Now it is clear that the origin is an unstable spiral, and that the trajectories spiral
out of it anticlockwise. We can also see that » = 1 is a closed trajectory and that all
other trajectories (except the fixed point at the origin) tend to it; we call such a closed
trajectory a limit cycle. It is stable because the other trajectories converge on it. (For
an example of an unstable limit cycle we could consider the same system but with ¢
changed to —t.)

limit cycle

Figure 2.15: Phase diagram with a limit cycle

Another system with a limit cycle arises from the Van der Pol equation:
i+e(z*—1D)i+xz=0

where € is a positive real constant. If € = 0 this is the harmonic oscillator again. If € £ 0
then the usual trick produces a plane autonomous system:

T=y
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g = —e(x® — 1)y — .
The only critical point is (0,0) and it’s an unstable spiral for € > 0 (exercise!).
Claim: Its beyond us to show this, but this system has a unique limit cycle, which

is stable. There are some good illustrations for this in e.g. Boyce and di Prima (pp
496-500 of the 5th edition).

2.4 The Bendixson—Dulac Theorem

It’s important to be able to detect periodic solutions, but it can be tricky. We end this
section with a discussion of a test that can rule them out.

Theorem 2.1. ( Bendixson—Dulac) Consider the system & = X (z,y), y = Y (x,y),
with X,Y € C. If there exists a function o(z,y) € C* with

0 0
pi= o (0X) + a*y(@”) >0

i a simply connected region R then there can be no nontrivial closed trajectories lying
entirely in R.

Proof. (By nontrivial, I mean I want the trajectory must have an inside i.e. it isn’t just
a fixed point.) So suppose C' is a closed trajectory lying entirely in R and let D be the
disc (which also lies entirely in R, as R is simply connected) whose boundary is C. We
apply Green’s theorem in the plane. Consider the integral

//DpdzndyZ//D[ai(ch)—l—aay(ng) dxdy

:%ngd:Ungony
C

= 7{ —p (—ydr + zdy) .
c

But on C, dx = &dt, dy = ydt so this is zero, which contradicts positivity of p, so there
can be no such C.

2.4.1 Corollary.

If
0X oY

oz oy
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has fixed sign in a simply connected region R, then there are no nontrivial closed tra-
jectories lying entirely in R.

This is just the previous but with ¢ const — in an example, always try this first!

2.4.2 Examples

(i)

(i)

(iii)

the damped pendulum (section [2.3.2)

&=y
y=—=sinx — ky
has no periodic solutions.
Here ax 8y
B + En =—-k <0

now use the corollary.

T+ fle)t+2=0
has no periodic solutions in a simply connected region where f has a fixed sign.
By the usual trick we get the system
T=y

y=—yf(r) -z

then ax oy
o Ty~ W)
and we use the corollary.
The system
T=y

j=-z—y+a°+y°

has no periodic solutions.

The corollary doesn’t help so try the general case:

pi=(0X)e + (Y )y = (=14 2y) + X, + Yo,
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Now guess: ¢, = 0 then

p=o(—=142y) +yps = —¢ +y(ps + 2¢)

so if we take ¢ = —e 2% the coefficient of y (which can take either sign) is zero
and p = 2¢~2* > 0 and we are done.
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PART II Partial Differential Equations.

3 First order semi-linear PDEs: method of characteristics

3.1 The problem

In this chapter, we consider first-order PDEs
Plo ) + Q) g = Ry, (a.0) (3.1)

for an unknown function z = z(z,y).

The PDE is said to be semi-linear as it is linear in the highest order partial derivatives,
with the coefficients of the highest order partial derivatives depending only on x and y.
If P and @ depend also on z the PDE is said to be quasi-linear. Everything that we
discuss in this chapter is valid for semi-linear equations, though some parts can also be
applied to quasilinear PDEs (see Remarks and below).

We will assume throughout this section that, in the region specified, P(z,y) and Q(z,y)
are Lipschitz continuous in x and y and R(z,y, z) is continuous and Lipschitz continuous
in z. This will be enough to apply Picard’s theorem to ensure that the characteristic
equations have a unique solution through each point (see Proposition below).

We want to find a unique solution to (3.1)) given suitable data and determine its domain
of definition. This is the region in the (x,y)-plane in which the solution is uniquely
determined by the data. It turns out to depend on both the equation and the data.

The solution of (3.1]) will be a function

Z:f(ﬂf,y)

and to construct f it will be useful to consider the graph of this function, i.e. the surface
Y :={(x,y,2) : z = f(x,y)}. We shall refer to this as the solution surface.

The idea of the method of characteristics is to try to generate this solution surface,
initially as a parametrised surface, and then from it obtain the desired solution z =

f(z,y) of (3.1).

Recall that if a surface ¥ is given by the graph of a function f then the vectors (1,0, 0, f)
and (0,1,0,f) are tangent to X. We can thus generate a vector n that is normal to X
via

n= (1707896f) A (07 178yf) = (_8xfa _8yfa 1)-
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B

Figure 3.1: The solution surface

Hence we see that f is a solution of the PDE

P, y)0:f (2, y) + Qx,y)0y f (2, y) = R(z,y, f(2,y)) (3-2)

if and only if the the vector t = (P, Q, R) satisfies
t-n=-Po.f—-Q0,f+R=0,

for n as above. le. f is a solution if t is perpendicular to the normal vector n of
Y = graph(f) or equivalently if t is tangential to X.

We can hence reformulate our PDE for the function f as the geometric condition on the
solution surface ¥ = graph(f) that t(z,y,2) = (P,Q, R)(x,y, z) is tangential to ¥ at
every point (z,y,z) € X.

To solve the PDE (3.1)) we hence want to construct such a surface ¥, initially as a
parametrised surface, and then determine the function f by writing this surface as a
graph, i.e. by solving for z = z(z,y) (if possible).

We usually consider the PDE (3.1) together with data, which asks that the unknown

function z(z,y) is given by a prescribed function g(z,y) on a curve vy = (y1,72) in the
zy-plane. This is equivalent to asking that the solution surface ¥ contains the initial
curve (s) = (71(s),72(s), 9(11(s),72(5)))-

To construct our solution surface, we will start with the given initial curve, then deter-
mine curves, so called characteristics, that start on the initial curve and that move in

direction of the vector (P, Q, R). The solution surface ¥ will then be generated by all of
these curves.
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3.2 The big idea: characteristics

We look for a curve I whose tangent is t. If I' = (2(t), y(¢), 2(¢)) in terms of a parameter
t this means

P(z,y)
Q(z,y) (3.3)
R(z,y, 2)

i
Y
2

These are the characteristic equations and the curve I' is a characteristic curve or just
a characteristic. Given a characteristic (z(t),y(t), z(t)), we call the curve (z(t),y(t)),
which lies below it in the (z,y)-plane, the characteristic projection or characteristic
trace.

The next result shows that characteristics exist, and gives the crucial property of them:

Proposition 3.1. Suppose that P(x,y) and Q(z,y) are Lipschitz continuous in x and
y and R(x,y, z) is continuous and satisfies a Lipschitz condition in z. Then

(a) Through every point (wo,yo) € R? there is a unique characteristic projection.
(b) Through every (zo,yo,20) € R? there is a unique characteristic.

(c) If f is a solution of the PDE (3.1) and T is a characteristic through a point p that
is contained in the solution surface ¥ = graph(f) then the whole characteristic is
contained in 2.

We note in particular that characteristic projections can never intersect (this is very
much a feature of semilinear equations and does not hold true for quasilinear PDEs,
compare remark (3.1 below.).

Proof. (a) Since P and @ do not depend on z the first two equations & = P(x,y),y =
Q(z,y) of are a plane autonomous system (with Lipschitz functions X =
P)Y = Q). From the previous chapter we know that Picard guarantees a unique
trajectory through every point and as these trajectories are simply the character-
istics projections we obtain (a).

(b) Part (a) already provides a unique solution (z(t),y(t)), t in some interval I, to
the first two equations of with z(0) = y(0) = (z0, ¥o)-
Given this (z(t),y(t)) we can set F(t,z) := R(x(t),y(t),z) and view the third
equation as an ODE 2(¢) = F(t, z(t)) for z. Since R satisfies a Lipschitz condition
with respect to z we obtain from Picard’s theorem that there is a unique solution
z(t) with z(0) = 2z9. Hence we find a unique characteristic through (xg, yo, 20)-

(c) Let f be a solution of the PDE and let ¥ = graph(f) = {(z,y, f(x,y))} be the
corresponding solution surfaces. Suppose that (z(t),y(t), z(t)) is a characteristic
through a point p € X. Shifting time we can assume that p = (x,y, 2)(0) and hence
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2(0) = f(x(0),y(0)). We now want to prove that the whole curve stays in ¥, i.e.
that

remains equal to zero.

To do this, we want to show that |w(t)| satisfies the conditions of Gronwall’s
inequality ([1.27) with b = 0. Namely we want to show that |w(t)| < L| fo lw(s)|ds|,
L the constant from the Lipschitz condition |R(z,y, z) — R(z,y, 2)| < L|z — Z|.

To see this we differentiate w(t) = z(t)— f(z(t), y(t)) and use first the characteristic
equations and then that f solves the PDE (3.2 to get

w=z- (axf(x7y)$ + ayf(l"»?/)y) = R(l‘,y, Z) - (amf(xa y)P(xv y)ayf(%y)Q(xay))
= R(ﬂ?,y, Z) - R(l‘,y, f(l',y))
(3.4)
As w(0) = 0 we hence get
O =1 [ its)as] < | [ 1RG0 2) — Ry Frahas] < 1] [ fu)las|

(3.5)
and we can apply Gronvall to see that |w(t)] < 0- el ie. that w(t) = 2(t) —
f(z(t),y(t)) remains zero for all ¢.

O]

Remark 3.1. If we consider instead quasilinear PDEs

P(z,y,2(z,y))0:2(%, y) + Q(z,y, 2(z,y))0y2(7,y) = R(x,y, 2(x,y)) (3.6)

then statement (a) is false. If two characteristics T(t) = (x,y,2)(t) and T(t) = (&, 7, 3)(t)
pass through points (zo, Yo, 20) and (xo, Yo, Z0) with the same x and y coordinates, but
with zg # Zo then we cannot expect that the projections of these characteristics agree,
as the ODEs satisfied by (x,y) and (Z,9) also contain a dependence on the functions
z(t) and Z(t). For quasilinear PDEs it is hence possible that characteristic projections
intersect, while the above Proposition excludes this possibility for semilinear PDFEs.

Conversely, statements (b) and (c) of the Proposition remain valid also for quasilinear
PDEs (provided P,Q, R are Lipschitz wrt all variables x,y, z) and the proofs can be easily
adapted to this setting.

It is hence possible to solve also quasilinear PDEs with the method of characteristics, but
one needs to be more careful, in particular when determining the domain of definition.

3.2.1 Examples of characteristics

We need to gain proficiency in calculating characteristics and calculate the characteris-
tics for the followig PDEs:
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Example (a):

0z 0z

From (3.3)) we write down the characteristic equations and solve them giving

t=P=ux; r = Ae!
§y=Q=y; y=Be
z=R=z 2z = Cé

with A, B, C constants (trivial to solve). The characteristics are hence half-lines from
the origin (not including the origin) in R? and the characteristic projections are half-lines
from the origin (not including the origin) in the xy plane.
Example (b):

0z 0z

— +— ==z 3.8

Yor T oy (3-8)

The characteristic equations and their solutions are

2
T =uy; x(t):Bt—i—E—&-A

y=1 y(t)= B+t (3.9)

Z =z z(t) = Ce!

with A, B, C constants. To solve this system, pass over the first, solve the second, then
come back to the first and third. (I am adopting a convention to introduce the constants
A, B, C in the first, second and third of the characteristic equations respectively.)

In general solving the characteristic equations needs experience and luck; there isn’t a
general algorithm.

3.3 The Cauchy problem

A Cauchy Problem for a PDE is the combination of the PDE together with boundary
data that, in principle, will give a unique solution, at least locally. We will look for
suitable data and determine the domain on which the solution is uniquely determined.

Suppose we are prescribing the solution z of along a curve v9 = (v1,72) (called the
data curve) in the (z,y)-plane, i.e. ask that z(z,y) = g(z,y) for a given function g for
all points on the data curve. Setting 3 = g(71,72) this produces a curve v = (y1,7v2,73)
in space (called the initial curve) which needs to be in our solution surface X.
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v(s) = (x(s),y(s), 2(5))

Y0(s) = (2(s),4(s),0))

Figure 3.2: Geometry of the Cauchy problem.

To determine X we first parametrise the curve 7 over some interval I, so consider v(s) =
(71(s),72(s),73(s)) for s € I. Here we will always assume that the components of v are
continuously differentiable (though will discuss the possibility that

gammaly is discontinuous later in section . Then, to solve , we construct the
solution surface ¥ by taking the characteristics through the points of 7(s) (because
Proposition 3.1(b) tells us that the solution surface is generated by these characteristics)
. Thus the method of solution, the method of characteristics, is

(i) Parametrise -y over some interval I.

(ii) Determine the solutions (x(t, s),y(t, s), z(t, s)) of the characteristic equations

&= P(xz,y)
¥ =Q(z,y) (3.10)
z2=R(z,y,z)

with initial data x(0,s) = v1(s); y(0,s) = 12(s); 2(0,s) = y3(s), s € L.

(iii) This yields the solution surface ¥ in parametric form, i.e. ¥ = {(z(t, s),y(t, s), z(t,s))}
where s ranges over the interval I over which we parametrised the initial curve -,
while for each s we consider the maximal set of ¢’s for which we can solve all three
characteristic equations.

(iv) Having a parametric form of ¥ we then want to eliminate the parameters s,¢ and
write X as a graph to read off the solution. This is a question we will explore
below, and there is a restriction on the data for the method to work, also to be
found later.
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3.4

(a)

Examples

Solve
0= 02
e oy 7
with z(z,0) =z for 1 <z < 2.

We introduce a parameter s for the data, say v(s) = (s,0,s), for 1 < s <2, and
then solve the characteristic equations (done in section with this as data at
t=20
2
:L':Bt—i-E—I-A; z(0,s) =A=s

y=B+t y(0,s)=B=0
z=0Ce"; 2(0,5)=C=s

So, C =s, B=0, A= s and the parametric form of the solution is

x=s+ 5t*
y=t (3.11)
z = se!
for1<s<2andteR.
(From Ockendon et al) Solve
0z 0z
— — = 3.12
oo g = e+ )z (312)

with z = 1 on the segment of the circle (z — 2)? + y> =2, y > 0.

So we can take v(s) = (2 — v/2coss,v/2sins, 1), s € [0, 7], and solve the charac-
teristic equations:

%:P:x; x = Ae’; A:(2—\/§coss)

WQ=y; y=Be B=Vasns
gi =R=(z+y)z=((2—V2coss+V2sins)e')z.

We can integrate the final equation to get
log|z| = ((2 — V2coss +V2sins)e!) + C; C = —(2—+v2coss+V2sins).
So the parametric form of the solution is

= (2 —+2coss)et
y = (v/2sin s)e! (3.13)
z = exp[((2 — V2 cos s + v/2sins) (el —1)]
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3.5 Domain of definition

Where is the solution determined uniquely by the data? This is the domain of definition
and is the region in the (x,y)-plane where the solution surface is uniquely determined
and is given explicitly as z = f(z,y).

The solution surface is swept out by the characteristics through the initial curve, so the
solution will be defined in the region swept out by the projections of the characteristics
through the initial curve provided these characteristic projections only intersect the data
curve once (otherwise the problem can be overdetermined, compare section below).

In particular if the initial curve is bounded, and if we don’t have to deal with the problem
of characteristic projections intersecting the data curve multiple times then the domain
of definition will simply be bounded by the projections of the characteristics through
the end points of the initial curve.

Example (a) from section Here the solution surface is swept out by the char-
acteristics through v, so has edges given by the characteristics through the ends of ~,
which are at s =1 and s = 2.

The characteristics are (z,y, 2)(s,t) = (s+ 3t,t, se') for s € [1,2] and ¢ € R and we can
solve for z to get

(o,y) = (2~ ).

The characteristic projections are given by x = s + %y2 and none of them intersect the
data curve more than once.

Figure 3.3: The domain of definition for this problem

Hence the domain of definition €2 is the region between the characteristic projections
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:1;:1+%y2at3:1andx:2+%y2a‘cs:2,i.e.
L, L,
Q:{(:U,y):l+§y §x§2+§y} (3.14)

Blow up:

The method of characteristics reduces the PDE (3.1]) to a system of ODEs. As we have
already seen nonlinear ODEs can give rise to solutions which blow up, so the same must
be true of non linear PDEs, even if those that are semi-linear.

If we have characteristics t — (z,y, z)(s,t) for which the z component tends to +oo
as t approaches a finite time T),q,(s) (or Tinin(s)), while the (z,y) components of the
characteristics remain regular beyond Tjuq.(s), then the corresponding solution z =
f(x,y) must become singular as (z,y) approach (x(Tmaz), ¥(Tmaz)-

In situations like this the domain of definition {2 is still generated by the characteristic
projections, but we need to be aware that we are only allowed to consider (z,y)(s,t)
for t so that z(s,t) is well defined, i.e. only for ¢ < Ty,42(s). One part of the boundary
of the domain of definition € is then given by the curve {(z,y)(s, Tmaz(5))}, s € I, at
which the solution f blows-up.

As a simple example which illustrates this behaviour you can consider the equation

20p2 + yOyz = —22

with prescribed data of z(z,y) = a € R for on {(z,y) :x+y =1, =z €]0,1]}.

3.6 Cauchy data:

Once we are given the surface 3 that is spanned by the characteristics we then want to
solve for z as a function of z and y. To do so we need to be able to eliminate ¢t and s
in favour of x and ¥, at least in principle. For this, recall from Prelims the definition of

the Jacobian: oz.y)
xz,y Tt Yt
p— p— . .1
J(s,t) 3, s) det (xs ys> (3.15)

Now if
= :‘U(ta 5)7 and y = y(tas)

are continuously differentiable functions of ¢t and s in a neighbourhood of a point, then
a sufficient condition to be able to find unique continuously differentiable functions

t =t(x,y) and s = s(z,y)

in some neighbourhood of the point, is that J be non-zero at the point. We can then
substitute into z = z(t, s) to get

z=z(t(z,y), s(z,y)) = f(z,y),
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a continuously differentiable function of  and y as required. This comes from a result
known as the Inverse Function Theorem that you can see in AOS Multidimensional
Ty Yt

Ts Ys

Analysis and Geometry which says that if the matrix ( ) is invertible at a point

(s,t), i.e. if the Jacobian is not zero, then we can invert the function (z,y)(s,t) at least
near this point, and the inverse function (s, t)(z,y) are again differentiable. Here we will
have to take it on trust, but it is the two dimensional equivalent of the one dimensional
result you saw in Analysis in Prelims - where you saw that a function g : R — R has a
differentiable inverse near z = a if ¢’(a) # 0.

If we require that J(s,0) # 0 on the initial curve 7o then we hence get that the problem
has a unique solution at least close to the initial curve. As

_ Te Yt _ P QY _ _
J(5,0) = det (ﬂﬂs ys> = det (!L‘s ys) = Py, — Qx, (3.16)
for P,@Q evaluated at points x(s,0) = y(s,0) on the data curve y9 = (71(s),72(s)) we
hence say that the data is Cauchy data if

P(x,y)ys — Q(z,y)zs # 0 on the data curve (3.17)
ie. if
P(y1(s),72(5))72(5) — Q(71(5),72(s)))71(s) # 0
for all s in the interval over which we parameterise the data curve 7.

Geometrically the condition that the data is Cauchy corresponds to asking that the
tangent vector v,(s) = (z5(s,0),ys(s,0)) along the data curve and the tangent vector
(P,Q) = (z,9) = (2(s,0), y:(s,0)) along the characteristic projection through the same
point are never parallel. I.e. the data is Cauchy if there are no characteristic projections
that meet the data curve tangentially.

As characteristic projections of semilinear PDEs cannot intersect we can use this to
detect whether there are any characteristic projections which intersect the data curve
more than once and if so, at what points we need to split the data curve to obtain well
posed problems.

Remark 3.2. For the more general quasilinear PDEs, we can still obtain a solution
in a small neighbourhood of the data curve if the data is Cauchy using this method.
However, for quasilinear PDFEs characteristic projections can intersect, so to determined
the domain of definition we need to determine how to restrict the range of (s,t) so that
characteristic projections don’t intersect. To detect whether this can happen we can again
consider whether J(s,t) # 0, now not only for t = 0 but more more generally.

Example (b) from section 3.4

Here

_ (2—+v2coss)e!  (V2sins)e!\ o —V2coss
J = det ( (ﬂsins)et (ﬂcoss)et) = 2¢? (1 V2 )7
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so J(s,0) = (1 — v/2coss) vanishes when s = Z. Note that this corresponds to the
characteristic projection y = x, which touches the data curve at (1,1).

If we were hence to consider the PDE with data prescribed on the full data curve ~(s),
s € [0, 7] then there will be problems as each characteristic projection meets the data
curve in two points, so the initial data is likely to be inconsistent.

So we will restrict the data curve to either s € [0,7/4) or to s € (w/4,n]. This means
that we end up with data that is Cauchy and so with a data curve that is so that
characteristic projections only intersect once. We hence get a well defined (rather than
an overdetermined) problem and the domain of definition will again be traced out by
the characteristic projections that intersect (the corresponding part of) the data curve.

In the first case the data curve starts at s = 0, so the solution surface will have an
edge given by the characteristic through the end of v at s = 0 and the corresponding
characteristic projection is y = 0, which forms an edge of the domain of definition. The
domain of definition is then swept out by the projections of the characteristics through
v(s) for s € [0,7/4) so the other boundary curve is the characteristic projection z = y at
s = /4 and the domain of definition is 0 < y < z. Similarly, we can also determine the
domain of definition if we use the other part of the data curve, and in this situation we
obtain the same set (this is not always the case and here comes from the original data
curve being so the every characteristic projection that intersect the first part s € [0, 7/4)
of the data curve also intersects the second part and visa versa).

oSO = HN N W

Figure 3.4: Different data curves

Note that if we instead had a data curve which turned to the left of y = x after following
the circle upto s = 7/4 such as one of the the dashed curves in the diagram then we
would still detect that J(s,0) = 0 at s = w/4 but we would not have the problem that
characteristic projections intersect the data curve in multiple points, hence it is likely
there would only be problems on the characteristic projection y = x.
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Remark: The extreme case of the data failing to be Cauchy is if the data curve is a char-
acteristic projection, i.e. if we can parametrise the initial curve as v(s) = (1,72, 73)($)
so that ;o satisfy the characteristic equations v} = P and 74 = Q.

Then, if the initial curve is a characteristic, i.e. if also the 3rd charachteristic equation
v = R is satisfied, then there will be an infinity of solutions through -y, while otherwise
there will be no solution.

For, if v is a characteristic, then let C' be any curve through v whose projection is
nowhere tangent to a characteristic projection. Then there is a solution surface through
C. But this was any C so there is an infinity of solutions. On the other hand, if the
data curve is a characteristic projection but the initial curve isn’t a characteristic then
we can have no solution. Indeed if there was a function f that solves the PDE for which
«v is in the solution surface ¥ = graph(f) then we’d need to have 3 = f(v1,72) so by
chain rule
V3= fuVi + fyrs =Pl +Qfy =R

where the second equality holds as we assumed that (71, 72) is a characteristic projection.
But this would mean that v is indeed a characteristic, contradiction.

3.7 Discontinuities in the first derivatives

The characteristic projections have another property. They are the only curves across
which the solution surface can have discontinuities in the first derivatives.

For, suppose that z(z,y) is a solution of the PDE (3.1)) which is continuously differen-
tiable away from a curve ag = (a1, a9) in the xy-plane, continuous across ag but for
which there are discontinuities in the first order partial derivatives as we cross ay.

We use the superscript + to denote the solution on either side of v and denote the jumps

in the partial derivative by [z,]* = 2 — 2, and [z]" = 2] — 2

?j.
As z is continuous across oy we know that zT(a1(s), as(s)) — 27 (a1(s), as(s)) = 0.
Differentiating this gives gives that

[22]ta) + [z)fay =0 (3.18)

At the same time, both 2T and 2z~ are solutions of the PDE so

Pzl +Qzy = R(z,y,27) and Pz} + Qz = R(z,y,27). (3.19)

As 2zt = 2~ on « the right hand sides agree, so subtracting these equations gives
0 = P[z,]T + Q2] on a. (3.20)
The vector j = ( [zx]JF[zy]f) of the jumps in first derivatives hence solves the homogeneous
system of linear equations <P,1 o?é) -j = 0. So for there to be a non-zero jump, this

matrix must be singular, i.e. the rows must be linearly dependent.
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As the first row gives the tangent to a characteristic projection, while the second row
is the tangent to the curve ag across which the derivatives jump, we must have that
o is a characteristic projection. So the only curves in the xy-plane across which the
first order derivatives of a solution can jump are characteristic projections. In the
picture of the solution surface we see this jump in derivative along the curve a(s) =
(a1(8), aa(s), z(a1(s), aa(s)), see figure below.

3.8 General Solution

Another problem we could have considered, is what is the most general solution of (3.1))?
Just as we expect the most general solution of an ODE to have n arbitrary constants, so
we expect the most general solution of a PDE of order n to have n arbitrary functions.

For example: The first order PDE %(:r, y) = 0, has the most general solution z = f(y)
where f is an arbitrary function.
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4 Second order semi-linear PDEs

4.1 Classification
In this section, we are interested in second-order PDEs of the following form:

a(Z, Y) gz + 26(2, Y)uay + c(z, y)uyy = f(2,Y, u, Uz, uy). (4.1)

principal part

This PDE is said to be linear if f is linear in u, us, u,, otherwise it is said to semi-linear.
(If the coefficients a, b, ¢ also depend on wu, ug, u, it is said to be quasi-linear. We will
consider only semi-linear equations.) You have seen the following examples in Prelims:

Uzz + uyy = 0 Laplace’s equation
Uge — Uyy = 0 wave equation if y = ct
Uze — Uy =0 heat equation if y = t/k.
Equations that are linear (in the dependent variable) have solutions that can be combined
by linear superposition (taking linear combinations). In general PDEs that are nonlinear

(for example where f, above, depends nonlinearly on w or its derivatives) do not have
solutions that are superposable.

We will assume throughout that functions are suitably differentiable.

4.1.1 The idea:

In this section, the key idea is to change coordinates so as to simplify the principal part.
So we make the change of variables

(z,y) = (p(z,9),¥(z,v));

with non vanishing Jacobian (basically this ensures that the map is locally invertible):

(¢, 1)
o(z,y)

= Pathy — PyPe # 0.

We will abuse the notation a little and write (the solution) u as either a function of
(x,y) or (p,1) as required.

For the change in the partials, we calculate

Uy = UpPp + UpWPr; Uy = UpPy + Uyt
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then

Uy = Upphy + 2UpyPatPe + Uy + UpPuz + Uptrs
Uyy = UppPy + 2Uppyy + Upypthy + UpPyy + Uyptyy

so that (4.1) becomes

with
A = apl + 2bp.py + o2
B = apy )z + b(pzthy + oythz) + cpyiy (4.4)
C = at)? + 2ipgty + 2.

(Beware, F' will include lower order derivatives from (4.2).) In a matrix notation (|4.4))

is (CheCk!)
B C @Z}I @Z)y b ¢ Py ¢y

so that, taking determinants,

(z,1) (4.5)

(We could obtain (4.5)) directly from (4.4)) but the matrix notation makes the computa-
tion simpler.) Now (4.5)) leads to a classification of second-order linear PDEs:

2
(AC — B?) = (ac — 1) (pathy — py)* = (ac — 1) (W W) .

4.1.2 The Classification
Second-order linear PDEs are classified into three types as follows:
1. ac < b? hyperbolic: e.g. wave equation;

2. ac > b? elliptic: e.g. Laplace equation;

3. ac = b? parabolic: e.g. heat equation.

So, by (4.5) the class of the equation is invariant under transformations with non-
vanishing Jacobian.

We shall look at the classification in terms of the quadratic polynomial

a(z,y)A? — 2b(z, y)\ + c(z,y) = 0. (4.6)

Note: We will assume that a # 0, in the domain under consideration. If a = 0 but ¢ # 0,
we can swap the roles of z and y.
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Case 1: hyperbolic type

So ac < b? and the quadratic has distinct real roots A1, A2, say. So

dy 2 dy
—9 -z =0. 4.
a(z,y) <dx> b(z,y) o~ +clz,y) =0 (4.7)
is equivalent to
dy dy
dz 1(33,y), dx 2($7y) ( 8)

Suppose these equations have solutions ¢(x,y)=constant, ¥ (x,y) =constant, respec-
tively. Set as change of variables
p=p(y), ¢Y=1vy).
Then, on ¢(z,y)=constant,
dy
Pz + (Py% =0

so that
A1y = —pz

and thus
A, ¥) = a(w,y)(@e)? + 2b(z, y)patpy + c(z,y)(y)* =0,

and analogously C'(p,1) = 0. But A; # Ag, so ‘;—z + %’ and from 1) B # 0. Divide

(4.3) by B to obtain the equation in the form

Uy = G(@, 1, U, Ug, Uyp). (4.9)

This is the normal form (or canonical form) for a hyperbolic equation; the equation
(4.7) is the characteristic equation; , 1 are characteristic variables; curves on which ¢
or ¢ are constant are characteristic curves. We can often solve (4.9)) explicitly.

Examples:

(a)

Uz — Uyy = 0.

We already know how to solve this, but let us apply the method. So
a=1,b=0, c=—1,and A2 =1 =0.

We can take

and solve (4.8)



to get
p=r—y Yv=zx+y.
(There is clearly lots of choice at this stage.) The equation has become
Upep = 0,

which we solve at once by

u=f()+9¥),

a solution known from Prelims. So the characteristic curves of the wave equation
are x + ct=const and x — ¢t =const.

An example with data: solve

T+
xu$$_(x+y)umy+yuyy+M(ux—uy)zo, fOI‘y;ﬁx
with .
uzi(x—l)Q, uy =0 on y=1.

Problem is hyperbolic provided = # y (check). The quadratic (4.6 is
N+ (z+y)A+y=0

= A+ D(zA+y);

so choose
M=—1 M=-12
x

and solve

y' (@) =-1 ¢(z)=-
by x + y = const; xy =const, so put
p=x+ty; =y
Calculate
Uy = Uy + YUy
Uy = Up + Ty

so that
Ugy = Upp + 2yu¢w + y2u¢1/}

Ugy = Upp T LUy + Ylipy + TYUyep + Uy
Uy = Uy + 20Uy + T2y

(It is always better to calculate the derivatives directly, rather than trying to
remember formulae.)
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Now the PDE becomes
0 = fupp + 2yupy + y2u¢¢]
—(@ 4 Y)[upp + (T + y)upypryuyy + uy)
+y[upp + 2TUgpy + $2uww]
+($ + y)u¢

= (dzy — (x + y)*)ugy

S0
Upy =0

and the solution is
u=f(p)+9(¥)=flz+y)+g(xy).

To impose the data, calculate

uy = f'(z +y) + zg'(zy)
soony =1,
u= [l 1) +ga) = 5o 1)
uy = f'(x+1) +x¢'(x) = 0.

Differentiate the first:
flla+1)+4¢(z)=2-1

and solve simultaneously with the second:

and integrate to find

Substitute back in u(z,1):

f(l’—i—l):%($—1)2+£L’—C:%(ZE+1)2—$—C,

SO )
f(x):§x2—x+1—c.

Finally

w=fa+y)+glay) = 3@ +9) ~ (0 +y) + 1.
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Case 2: elliptic type
Now ac > b? so (4.6 has a complex conjugate pair of roots, and the integral curves of

Y'(2) = Mz, y); ¥ (z) = Az, )

are in complex conjugate pairs, ¢(x,y) =const; ¥(x,y) = @(x,y) =const. Then A =
C =0, B # 0 and the equation becomes

Upp = G(§07 »,u, Up, U@)-

Introduce new variables, ¢, n, given by ¢ = ¢ + i, ¢ = ( — in, to obtain the normal
form for an elliptic equation (check):

Uce + gy = H(C,n,u, ug, uy), (4.10)

which closely resembles Laplace’s equation.

Example: Classify and reduce to normal form the PDE
YUgz + Uyy = 0, for y > 0.

ac — b%> = y so the equation is elliptic when y > 0.

The characteristic equation is
y(y)?+1=0

that is
Y2y = i,

so integrating
2y3/2 F Jix = const.

So take as variables ¢ = 2y%/2; n = 3z. Making the substitution, we find that
3¢(uge + uny) +uy =0,
but ¢ # 0 so the normal form is

u¢
3¢

Ug¢ + Uppy = —

Case 3: parabolic type

Now ac = b? so (4.6) has a repeated root A(x,%y). Solve y/(x) = A(z,y) for one new
coordinate ¢, and pick any ¢ with

P2ty — Pytz # 0 (4.11)
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as the other, then A = 0 so B2 = AC = 0. But C # 0, as 1) =const is not a characteristic
curve by (4.11)), so we get the normal form for a parabolic equation:

Ugpgp = G(U, @, wv U, ul/))>

which closely resembles the heat equation.

Example:

Classify and reduce to normal form the equation
22 ugy + 22Y Uy + yzuyy =0 for z > 0. (4.12)
The relevant quadratic is
222\ = 20y\ + 2 =0 = () — y)?
which has equal roots, so this equation is parabolic; A = % so solve

dy _y
dr z’

and take, for example, 1 = x. Calculate

to get, for example, ¢ = y
x

Uy = %uso + Uy
1
'LLy = ;Ucp
so that )
Y Y Y
Upr = —Upp — 25 Upy + Uy + 25U
T 4P 22 ot vy 23 ¢
Y 1

uxy = —Euww + ;’U/pr — pu(p

1

Uyy = 5 Upp-
vy $2 PP

The equation becomes

2
2 [ Y 2y 2y
7| Ao g Uey T Uy ¥ xgus(?:| +

Y 1 1 2|1 2
2 - = =0 (4.13
+ 2zy [ 3 Upyp + x“sw =~ “w] +y [12 U T Uy ( )

so the normal form is

Uy =0
with general solution u = F(¢) + G (p). In terms of the original variables this is:
u="F(2)+aG (%) (4.14)
x x
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NB Very often, a question like this will be phrased in the form ‘Classify and reduce to
normal form the equation (4.12)) and show that the general solution can be written as
(4.14])’. Therefore candidates for ¢ and 1) are proposed by the question itself.

A warning example:
The type can change e.g. classify the equation
Ugz + YUyy = 0.
Then
)‘2+y:07 /\2:—.%

and this is:

e elliptic in y > 0,
e parabolic at y = 0,

e hyperbolic in y < 0.

4.2 Characteristics:

The characteristics of second order semi-linear PDEs have analogous properties to the
characteristic projections of first order semi-linear PDEs. (Note the difference in termi-

nology.)

Firstly, if there are discontinuities in the second derivatives of a solution across a given
curve, then that curve must be a characteristic curve. To see this, suppose that the curve
', given parametrically by (z(s),y(s)), is a curve across which there are discontinuities
in the second derivatives of the solution. Let u}, etc denote values on one side of T’
and u_, denote values on the other side of I'. Then differentiating uz(z(s),y(s)) and
uy(z(s),y(s)) along I', and noting that u, u,,u, are continuous across the curve,

dug dr dy .
ds ~ dstet o aste
duy de . dy 4
s s s
and also f(z,y,u, uz, uy) = a(z,y)ul,+ 2b(z, y)ufy + c(m,y)u;ty.

Subtracting the ‘minus’ equation from the ‘plus’ equation

_ dx + dy +
0= s [Uze] T+ 7 [Ugy] "
dx dy
0= %[ny]t + %[“yyr—L

0= a(x7 y)[uww]i—"i_ 2b(x7 y)[uiﬁy]i— + C(x7 y) [uyy}i—,
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where [uz.]T = ul, — ug, denotes the jump in u,, across I', etc. If there are to be

discontinuities in the second derivatives, then this set of equations in the jumps must
have a nonzero solution, so that the determinant of the coefficients must be zero. Thus

dy 2 dx dy dr\ >
o) () - 2len L+ etwn (5) =0 (4.15)

so I'' is a characteristic.

Furthermore, under suitable smoothness conditions, the Cauchy problem for a second
order semi-linear PDE, where u and g—z are given along a curve I', will have a unique
local solution provided I' is nowhere tangent to a characteristic curve. This result is
beyond the scope of this course and will be investigated further in the Part B course,
Applied PDEs. It can be seen that it is necessary that I' is not a characteristic curve, as
if w exists then it must have unique second order partial derivatives along I' and exactly
as above this can only be true when I' is not a characteristic curve.

Remark: Our previous work carried the implicit assumption that a # 0. Note that
(4.15) gives a method of calculating the characteristic curves if @ = 0. In particular if
a = 0 and ¢ = 0 then the characteristic curves are x =const, y =const.

4.3 Type and data: well posed problems
We want to say something about the notion of well posedness and its connection with
type. Our examples are mostly based on knowledge acquired in Prelims.

A problem, consisting of a PDE with data, is said to be well posed if the solution:

e exists
e is unique

e depends continuously on the data.

Recall that, in Section [1.5] we said that a solution of a DE is continuously dependent
on the data if the error in the solution is small provided the error in the initial data is
small enough.. We then gave a precise definition for ODEs. We now want to extend
this definition to PDEs. Data can be given in different ways, so to be precise we will
consider a problem where u(x,y) is the solution of a certain PDE in a bounded subset of
the plane D, with u given on some curve I'. Then we will say that the solution depends
continuously on the data if :

Ve > 0 36 > 0 such that if u;, ¢ = 1,2, are solutions with u; = f; on I' then

sup|fi — f2| < = s%p|u1 —ug| < e.
r
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The definition extends in a fairly obvious way to other types of data. (Note that there
are plenty of other ‘distances > we could use in place of taking the sup, but that is what
we will use here.)

Of the three requirements for well posedness it is existence which is the hardest to obtain.
In Prelims solutions were found for a number of linear problems, either by making a
change of variables and then integrating, or by using separation of variables and Fourier
series. Anything more than this is beyond the scope of this course. Uniqueness of
solution was also proved for a number of linear problems (even when you didn’t know
if the solution existed). Proving uniqueness and continuous dependence on the data is
much easier for linear problems as we can then start out by looking at the difference
between two solutions, which will then be the solution of some suitable problem. Later we
will look at the linear equations Poisson’s equation and the heat equation and state and
prove the maximum principle, which will enable us to prove uniqueness and continuous
dependence for suitable boundary data.

But first we need to consider what data might be appropriate. In Prelims you considered
three particular PDEs, each with a different type of data which arose from the particular
physical problem they modelled. These are summarised in the table below. It turns out
that there are mathematical as well as physical reasons why each problem had a different
type of data. So first we will look at some of these problems and consider which may be
well posed.
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Some examples from Prelims: (We will assume that the data is smooth enough for
the following to hold.)

(a)

Hyperbolic equation: The IVP and IBVP (initial-boundary-value problem) for the
wave equation

Uy — Uyy =0 (ct =y).
For the IVP (modelling an infinite string, where u is the displacement), we know
the solution is

u =

z+
ety +Se—ol+5 [ a)s (4.16)
T—y

DO | =

where the data are u(z,0) = f(z) and uy(z,0) = g(x), —0o < x < oo. This is
d’Alembert’s solution of the IVP: it exists, and is unique and, intuitively at least,
a small change in ¢, gives a small change in u (see problem sheet for proof). So
this problem is well-posed.

For the IBVP (modelling a finite string length L, fixed at each end) consider the
data:
w(z,0) = f(z), wuy(z,0)=g(z) 0<z<L

u(0,y) =0 =wu(L,y).

So the boundaries are at x = 0, L. This IBVP is solved using separation of variables
and Fourier series to get a solution

. nmx nmy . nmy
= — — b —_ )
U En sin i (an Ccos I ~+ 0, SIn i

with a,, b, given in terms of f and g. Uniqueness was shown in Prelims, so this
is the unique solution. If we now appeal to intuition for continuous dependence on
the data this problem is well-posed.

Elliptic equation:The BVP for the Laplace/Poisson’s equation (modelling steady
state heat, for example, where u is the temperature)

Uz + Uyy = 0.

Do this first with data at the sides of a square, so 0 < z,y < a with
w(0,y) = u(a,y) = u(z,0) = 0; u(z,a) = f(2).

Consider separable solutions u, = sin 2% sinh *7¥, then

sinh =¥ pra
u= E ap— sin
— " sinh(n) a
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and

f(ﬂj) = Qg SinT

which determines the solution as a Fourier series.

Now a different BVP, with data at the circumference of the unit circle:
onr =1, u= f(0)

and in polars
1 1
Upr + —Uyr + —Uoo = 0.
r r

The separable solutions are

(Ar" + £) (C cosnf + D sinnb)
A+ Blogr, n=20

Regularity at » = 0 implies
1 o0
u=5a + ; " (ayn cosné + by, sinnh)

and the boundary value at r = 1 requires

1 .
500+ Z(an cosnbf + b, sinnd) = f(0)

which again is solved by Fourier methods.

Uniqueness was proved in Prelims so in each of these cases we have the unique
solution. It is plausible, but beyond our scope, to show that there is existence of
solution in general. Later we will prove that there is continuous dependence on

the data. So this problem is well posed

Parabolic equation: The IBVP for the heat equation (modelling heat flow in a bar

length L, with the ends held at zero temperature, u is temperature. )
Upy = Uy
on the semi-infinite strip where y =t > 0 and 0 < < L, and data

u(z,0) = f(x); w(0,y) = 0 =u(L,y).

The relevant separable solutions are

. nmx _n?x2t
Uy, = SIn —e L2
L
so that

. nmr _n%r%,
u:E an Sin ——e L2
L
n
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and the initial value requires
. nwx
f(z) = ZansmT

which is solved by Fourier methods. The solution exists provided the series for u
converges which it will do for positive t. However, note that for negative ¢ the
exponentials grow rapidly with n and there is no reason to expect existence.

Uniqueness for this problem was done in Prelims, so again this is the unique
solution for positive t. Later we will prove continuous dependence on the data.
Thus the problem is well posed forward in time.

(d) What then is not well-posed? We give a few examples:

e BVPs for hyperbolic
e.g. Uzy — Uyy = 0 on the unit square with data

u(0,9) = u(l,y) = ulz,0) = 0; u(z,1) = f(z).

Recall this data gave a well-posed problem for the Laplace equation, but here
if f =0, then sinnrxsinnry will do, for any n, while it can be proved that
there is no solution at all if f # 0 (try the Fourier series to see what goes
wrong).

e IVPs for elliptic

e.g. Ugz + Uyy = 0 in the horizontal strip 0 <y <Y, —0co < 2 < oo, with
data

u(z,0) =0, uy(z,0) = f(x).

We know (from the problem sheet) that this data gives continuous depen-
dence on the data for the wave equation. But not for Laplace’s equation.
For if f(z) = Lsinnz it can be seen that u(z,y) = #Sinh nysinnx. But
sup |n1—2 sinh ny sinnzx| — oo as n — oo, whereas 1/nsinnax — 0. Thus small
changes in the initial data can lead to large changes in the solution. [More
precisely: Suppose that there is continuous dependence on the initial data

about the zero solution. That is: Ve > 0, 36 > 0 such that

sup|f(z) — 0| <d= sup |u(z,y) —0| <e
z€R 2€R,0<y<Y

But taking € = 1, say, there exists N such that for alln > N, sup |# sinh ny sin nx| >
1, but for any § > 0 we can choose n > N such that |% sinnzx| < J, giving a
contradiction.

e IBVP for elliptic
e.g. Uzy + Uyy = 0 on the semi-infinite strip 0 <z < 1, y > 0, with data

uw(0,y) = u(1l,y) =0, u(x,0) = 1, uy(x,0) = 0.
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This data gives a well-posed problem for the wave equation. If we try for
separable solutions here, we have u,, = sin nmx cosh nmy so

u= g an sinnmx cosh ny.

n

1= E a, sinnmx

a, =0 n even

Initial conditions need

whence

4
= — n odd,

nm
and then . A
Sy) =Y ———(=1)"cosh(2n + 1
“(2’”) Zn:(Qn—i-l)w( )" cosh(2n + 1)my,

which does not converge for any y > 0 (because the ”cosh” terms grow rapidly
with n) - there is no solution (strictly speaking, we’ve only shown that there
is no solution of the form considered; we need more).

e The BVP for the heat equation is not well-posed, but we won’t show that.

Again, it is beyond our scope to prove it in this course, but these different be-
haviours are universal for the different types of second-order, linear PDEs. In
tabulated form, which problems are well-posed?

IVP IBVP BVP
Hyperbolic  yes yes no
Elliptic no no yes
Parabolic yes yes no

where the ‘yes’ for parabolic equations are only valid forward in time.

4.4 The Maximum Principle
4.4.1 Poisson’s equation
The normal form for second-order elliptic PDEs is

Ugg + Uyy = f(l“,y,U, uxauy) (417)
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The operator on the left-hand side is referred to as the Laplacian, for which the symbols
V2u and Au are often used as shorthand. Poisson’s equation is a special case of ,
in which f depends only on x and y. We have already seen that appropriate boundary
data for is to give just one boundary condition on u everywhere on a closed curve.

We will consider the Dirichlet problem where w is given on the boundary of D:

Upe + Uy = f(z,y) inD (4.18)
u = g(x,y) ondD. (4.19)

It was shown in Prelims, using the divergence theorem, that if a solution exists, then
it is unique. Using the maximum principle we will give another proof of this and also
show that there is continuous dependence on the data. The solution does exist, but
apart from the particular cases considered in Prelims that is beyond the scope of this
course. Existence of solutions of general elliptic problems will be considered in the Part
C courses Functional Analytic Methods for PDEs and Fixed point methods for nonlinear
PDEs.

Theorem 4.1. (The Mazimum principle for the Laplacian ) Suppose u satisfies
AU = Ugy + Uy >0 (2,y) € D, (4.20)

everywhere within a bounded domain D. Then u attains its maximum value on 0D.

Remark: This Theorem of course applies to the Poisson equation where we ask that
Ugg +Uyy is given by a prescribed function f, but is equally applicable to get information
for non-linear problems, such as solutions of the equation u,; + uyy = u? for which we
know that the right hand side has a given sign.

Remark: As u is a continuous function on the set D which is a closed and bounded
subset of R? and thus compact, we know that u achieves its maximum in some point
p € D. The above theorem now tells us that this maximum value will indeed always be
achieved on the boundary, though does not exclude that the maximum is also achieved
at further points which might be in the interior.

In fact however the so called strong mazimum principle (which is off syllabus) asserts
that a function v with Au > 0 cannot have an interior maximum unless it is constant.

Proof:

If we denote the boundary of D by 0D , then as D U dD is a closed bounded set and
thus compact, v must attain its maximum somewhere in D or on its boundary. The
proof now proceeds in two parts.

Suppose first that uz, + uy, > 0in D.

If u has an interior maximum at some point (zg,yo) inside D, then the following condi-
tions must be satisfied at (zg, yo):

um:uyzoa Uz <0, unyO-
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But, as we assumed that ug; + uyy > 0 in all of D it is impossible for both uz, and wuy,
to be non positive . Hence u cannot have an interior maximum within D. so it must
attain its maximum value on the boundary 0D.

Suppose now that we only have u;; + uyy > 0 in D. We perturb u to get a function v
which satisfies vz, + vyy > 0, so we can apply the first part of the proof.

Consider the function .
U(.CC,y) = U(Jl,y) + Z(x2 + y2)7
where € is a positive constant.

Then
Vgz + Vyy = Ugg + Uyy +€ >0

in D. So using the result just proved, v attains its maximum value on 9D.

Now, suppose that the maximum value of v on 9D is M and the maximum value of
(22 4+ 9?) on 0D is R? , then the maximum value of v on D (and thus throughout D)
is M + (¢/4)R? . In other words, the inequality

u+i(m2—l—y2):v§M—|—§R2

holds for all (z,y) € D. Letting ¢ — 0, we see that v < M throughout D, i.e. that u
attains its maximum value on 9D. O

It obviously follows (by using the above result with u replaced by —u) that, if Au <0
in D, then u attains its minimum value on 0D.

In the case Au = 0, u therefore attains both its maximum and minimum values on 0D.
This is an important property of Laplace’s equation.

Corollary 4.2. (a) Consider the Dirichlet problem (4.18|), (4.19)). Then if the solution
exists, it 1S unique.

(b) The Dirichlet problem (4.18), (4.19) has continuous dependence on the data.

Proof: (a) Suppose that uj, us are two solutions, so u = u; — ug satisfies

Upp +1yy = 0 inD (4.21)

u = 0 ondD. (4.22)

By (4.21]) the maximum and minimum of u occur on 9D, so by (4.22) v < 0 and u > 0
in D. Thus v =0 in D as required.

(b) We have to prove that for all € > 0 there exists 6 > 0 such that if u;, i = 1,2 are
solutions with boundary data g;, then

sup |g1(z,y) —g2(z,y)| <0 = sup |ui(x,y) —uz(z,y)| <e
(z,y)€0D (z,y)ED
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By linearity u = u; — ug satisfies

Ugg + Uy, = 0in D (4.23)
u = g1 — g2, ondD. (4.24)

We now apply the maximum principle to see that u < max(, ,eap(91—g2), and applying
the same result to —u, —u < max, ,ycap —(91 — 92)-

Hence in D

— < — 4.25
|1 u2\_(zgl)%’éD’91 92/, (4.25)

so we may take § = e. O

4.4.2 The heat equation

In parabolic PDEs it is usually the case that one independent variable represents
time, so we now use x and t as independent variables instead of x and y. The
normal form for second-order parabolic equations is

Ugy = F(ZL‘, ta U, U, Uac)

and specific examples include the inhomogeneous heat equation, often called the
diffusion equation:
U = Uge + f2,t).

and the reaction-diffusion equation

Up = Ugg + f(l',t,U/),

Well posed boundary data: Typical boundary data for a diffusion equation are
to give an initial condition for u at ¢ = 0 and one boundary condition on each of
two curves C and Cy in the (z,t)-plane that do not meet and are nowhere parallel
to the z-axis.

For example: The inhomogeneous heat equation
Ut = Ugy + f(l’,t)

is a simple model for the temperature u(z,t) in a uniform bar of conductive ma-
terial, with heat source f(z,t), where z is position and ¢ is time. Suppose the bar
is of length L, its initial temperature is given via ug(z), and its ends are kept at
zero temperature. Then the initial and boundary conditions are

u=up(z)att=0, u=0atz=0; u=0atx=L.
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If, instead of being held at constant temperature, an end is insulated, then the
Dirichlet boundary condition, u = 0, there is replaced by the Neumann boundary
condition, u, = 0. Alternatively , the boundary conditions at z = 0 and x = L
may, in general, be replaced by conditions at moving boundaries, say = = x(t)
and © = x5(t).

Theorem 4.3. (The Maximum principle for the heat equation) Suppose that u(x,t)
satisfies
Up — Upy < 0 (4.26)

i a region D, bounded by the linest = 0, t = 7 > 0, and two non-intersecting
smooth curves Cy and Cy that are nowhere parallel to the x-axis. Suppose also that
f <0i4n D,. Then u takes its maximum value either on t = 0 or on one of the
curves Cq or Cy .

Proof:
The proof is similar to that for Poisson’s equation.

We first observe that since u is a continuous function on a compact set D, it will
achieve its maximum on D..

Suppose first that u; — u,, < 0in D,. At an internal maximum inside D, u must
satisfy
Uy = U = 0 Uy S 07 (utt S O)

On the other hand, if © has a maximum at a point on ¢ = 7, then there it must
satisfy
Uy = 07 Uy > Oauxx <0.

With u; —u,, assumed to be strictly negative, both of these lead to contradictions,
and it follows that u must take its maximum value somewhere on 0D, but not on
t = 7. We are done.

Suppose now that u; — ug,, < 0, then define
v(x,t) = u(x,t) + gaf?,
where € is a positive constant. Then v satisfies
Vp — Vpg = Up — Uggy — € < 0

in D.. So by the earlier step v takes its maximum value on 9D, but not on t = 7.

Now if the maximum value of u over these three portions of 9D, is M, and the
maximum value of |z| on C} and Cy is L, then

L2
u§v§76+M.
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Now we let ¢ — 0 and conclude that v < M, i.e. u takes its maximum value on
0D, but notont=r O

If uy — uze > 0in D, then a similar argument shows that u attains its minimum
value on 0D, but not on t = 7. Thus, for the homogeneous equation (the heat
equation) u attains both its maximum and its minimum values on 0D, but not on
t=rT.

Remark: Physical interpretation: In a rod with no heat sources the hottest and
the coldest spot will occur either initially or at an end. (Because heat flows from
a hotter area to a colder area.)

Corollary 4.4. Consider the IBVP consisting of (4.26) in D, with u given on
OD\{t = 7}. Then if the solution exists, it is unique and depends continuously
on the wnitial data.

Proof: As for Poisson’s equation (see problem sheet).
Sketch: Suppose that u; (i = 1,2) are solutions of (4.26) in D, with data
u; = g; on Cq, u; = h; on Cy, u;(x,0) = k;(z) for z between C; and Cs .

Let u = Uy — U2, g = g1 — g2, h = hl — hg, k= kl — ]{?2. Then u satisfies "
with f =0, and w = g on Cy, u = h on Cy, u(z,0) = k(x) for = between C; and
Cy . Thus u and —u take their maximum values on 9D, \{t = 7}. Hence

sup u < max{sup g,sup h,sup k}

r

and
sup —u < max{sup —g, sup —h, sup —k}.
D,

So
sup |u| < max{sup |g|,sup ||, sup |k[},
D-

and continuous dependence follows. In particular, if g = h = k = 0 then u = 0
and uniqueness follows.
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5 Where does this course lead?

The course leads to DEs2, where, among other topics, boundary value problems for
ODEs are discussed. Further discussion of differential equations comes in the Part
B courses ‘Non-linear Systems’ and ‘Applied Partial Differential Equations’. The
use of abstract methods such as the Contraction Mapping Theorem to investigate
the solutions of differential equations is taken further in various C4 courses, which
require some knowledge of Banach and Hilbert spaces.

The techniques taught in DEs1 and DEs2 will be useful in various applied maths
courses such as the Part A short course ‘Modelling in Mathematical Biology’ and
the Part B courses ‘Mathematical Ecology and Biology’, ‘Viscous Flow’ and ‘Waves
and Compressible Flow’.

5.1 Section 1

Fixed point results such as the CMT provide very powerful methods for proving
existence of solution for ODEs and PDEs. For PDEs we have to work in Banach
spaces of functions rather than R". For example for parabolic equations such as
the reaction-diffusion equation:

Up = Ugg + f(t7u)7

with suitable boundary data, our proof of Picard’s theorem can be extended to
prove local existence (in t), provided f is continuous and is Lipschitz in u, where
for each time ¢ the solution w lives within a Banach space of x-dependent functions
(which is infinite dimensional space) rather than the Euclidean n-dimensional space
that we considered previously for ODEs. The technical details of this require
methods from Functional Analysis as covered in the courses B4,1, B4.2 and C4.1
courses, but the basic ideas are just the same - there is just more to do, because
more can go wrong!

An example of a reaction diffusion equations which occurs in applications is Fisher’s
equation:

Up = Ugy + u(l — u),
Another example of a second order parabolic equation is the Black-Scholes equation

in mathematical finance.

Existence theorems play an important role in the theory of PDEs, which is a large
and active field of current research, and you will be able to learn more about this
in the Part C courses on Functional Analytic methods of PDEs and on Fixed Point
Methods for Nonlinear PDEs.
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5.2 Section 2

Phase plane analysis is a very important tool in mathematical modelling. It will be
used, for example, in the Part A short course ‘Modelling in Mathematical Biology’
and the Part B course, ‘Mathematical Ecology and Biology’.

The theory will be taken further in the Part B course, ‘Nonlinear Systems’.

5.3 Section 3

We have considered only semi-linear first order PDEs. Similar methods can be
extended to quasi-linear and fully non-linear equations. In these cases the char-
acteristic equations are generally more difficult to solve. Such equations allow for
the formation of shocks - see Part B ‘Applied PDEs’.

These first order PDEs model many physical processes, including particularly con-
servation laws, and will appear in many of the modelling courses in Part B and
beyond.

There are other methods for producing explicit solutions of PDEs:

Transform methods are very useful for linear PDEs- see the Part A short course
in HT.

Similarity solutions can be used for both linear or non-linear PDEs - see Part B
course ‘Applied PDEs’ - and involve reducing the PDE to an ODE in a ’similarity
variable’ involving both independent variables in the PDE.

5.4 Section 4

As we have already observed, proving the existence of solution, even of semi-linear
second order PDEs is challenging. The different types of equation demand different
approaches. For example:

Semi-linear hyperbolic equations with the solution w and its normal derivative
prescribed on a given initial curve: One method to prove existence of solutions
proceeds by showing that on initial curves other than characteristic curves we can
find all the derivatives of u and that if all coefficients etc in the equation are very
smooth (analytic) the solution is given by a power series near the initial curve.
This is a version of the Cauchy-Kowalevski theorem.

Elliptic equations are treated in the Part C course ‘Functional analytic methods
for PDEs’.

81



Acknowledgements

I am grateful to colleagues for allowing me to use and adapt their notes from earlier
courses.

82



	ODEs and Picard's Theorem
	Introduction
	Picard's method of successive approximation
	Picard's Theorem
	Extension of solutions and global existence.
	Gronwall's inequality and continuous dependence on the initial data.
	Picard's Theorem via the CMT
	Picard's Theorem for systems and higher order ODEs via the CMT
	Summary

	Plane autonomous systems of ODEs 
	Critical points and closed trajectories
	An example

	Stability and linearisation
	Classification of critical points
	An example
	Further example: the damped pendulum
	An important example: The Lotka–Volterra predator-prey equations
	Another example from population dynamics. 
	Another important example: limit cycles

	The Bendixson–Dulac Theorem
	Corollary.
	Examples


	First order semi-linear PDEs: method of characteristics
	The problem
	The big idea: characteristics
	Examples of characteristics

	The Cauchy problem
	Examples
	Domain of definition
	Cauchy data: 
	Discontinuities in the first derivatives
	General Solution

	Second order semi-linear PDEs
	Classification
	The idea:
	The Classification

	Characteristics:
	Type and data: well posed problems
	The Maximum Principle
	Poisson's equation
	The heat equation


	Where does this course lead?
	Section 1
	Section 2
	Section 3
	Section 4


