
Lecture

Functions



Definition let ✗ and Y he sets
.

A function , or may , f : ✗ → Y in an assignment
of a nlue fix) c- Y to every ✗ c- ✗

.

✗ ñ called the domain ,
and Yui the codana

Examples f : IR→ R defined by f- Ix) = x '

f : IR → I defined by the rule that flat is the
least integer that is larger

than or equal to × .
Thai in the ceiling function IT .

Reach the definition of the function must assign a unique virtue of flx ) to every
✗ C- ✗

.

eg . f
: R → R given by flat =

"
× would he on id function .

( it does not prude a recipe for a = o ) .

f : ① → I given by f /E) = n u nI well-defined since it does not

assign a unique
run for every q c- ④

.



Definitions Given a function f : ✗→ Y , the image , arrange , is

f- (x) = { fix) : a c- ✗ } c- Y

If A EX
,
the imageofA_ under fñ f-(A) = { fix) : ✗ c- A } c- Y

If BEY , the pmage of B under f is f-
'

(B) = { ✗ c- ✗ : fix ) E B} E ✗

Example f : R → R given by flx ) = ×? has FAR ) = to ,a)
,
fllo

, D) = 1011 ]

and f-
'

Ito , it ) = I -1 , I ] .

the ceiling function has FIIR ) = I
,
and f-

'

( { is ) = In - i. n]
Definition Given a fincher f : ✗→ 7

,
and a subset A EX

,
the renren.at

f to A in ftp. : A → Y is defined by ftp.lx ) = fix) . for all ✗ £ A
.

Definition
'

Guia set X
,
the idenhtymap-idj.lt ✗ i defied by idxlx)=x for all ✗ c-✗

.



Definitions let f :X-77 be afmchai.li) f- is injective , or acne (1-1) , it whenever flail = flxz ) then × , = ✗2
Iii) f is furjehri

,
or aid

,
if for energy c- Y , here exists ✗ c- ✗ such that flat =y .

Iiii) f is bikini , and is called a bike , if it in thy chin and surjective .

bijective injective, not suyechri not injective , surjective
Ethmps f : IR → IR given by flx ) = ✗

2
in neitheriyechrinwturfechi.fi/o

,a) → to, a) " in injective and bye chri .

f- : Rt to
,a) " i not ingen , but it

is swgechri .

The ceiling fmchai is Anyahi , but not injective .
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Definition (cardinality of a finite set) .

A non-empty set S a finite and has cardinality

n c- N if the exists a bigchin from { 1,2 , - , n} to S
.

Note that if ✗ and Y are finite sets
,
and f : ✗ → 7 is

-

injective , then IY1 > 1×1
.

Thai is the pwnnapie.lt f is surjective ,
then IX17 1YI .

If f u bigechri , then 1×1=141 .

Definition let f : ✗ → Y and g : Y → 2- be fincher's .

the Thai g. of :X → 2-

it defined by (go f) (a) = g If 1×1 ) for all ✗ c- ✗
.

If ✗=7=2
,
we can also define fog ,

but fog =/ go f .

eg . ✗ = 7--12=1R ,
and Hal = it

, g 1×1 = e
"

.

then ( fo g) (a) = e
"

, (go f) til = e
"
"



Definition A function f-:X -17 i invertible if there exists g : Y → ✗ such that

go f
= idx and fog = idy . g ñ the inverse off

,
and we write g = f- !

Proponhwi If f :X→ Yui invertible then the inverse vi unique .

pmff : Suppose g , and g, we both inverses .
ie g ; of =id✗

and fog ; = idy for iii.

g ,
= 9,0 idy = 9,0 (fo 92) = 1g , of ) o g z = id

✗
• gz = gz

→

Composition of fincham is associative } ☐



theorem A finehair f- : ✗→ Y vi invertible if and only if it vi bijective .

proof : Suppose f vi invertible . So there exists g such that g of =
id
✗
and fog = idy .

We need to show (N TP ) that f is infective and f is sugechvi .

To show f is infective , suppose flat ) = flxz ) , then applying g gris
✗ ,

= g (flail ) = g (81%1) = ✗z .

So f is infected . To show f is sugechri , note

that for any y c- Y
,
there exists ✗ =g (g) c- ✗ such that flat = Hgh) ) = y .

So f is surjective . Hence f- is bijective .

Conversely , suppose f- is bijechvi . We need to define an inverse g i Y → ✗ .

Note that for any y EY , 7 x c- ✗ sh
. flaky (since f is surjective ) and moreover

that x is unique /nice f is iryechri) . Thi prouder a recipe K construct a map
✗ = g. (g) that ñ well-defined and has the pnpehirflg.ly/)--y&glfIxI)=x .
So f in invertible .

☐
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Handling logical nanhai and quantifiers



Remain about
'

if P then Q
'

w
'

P ⇒ Q
'

• the following mean the same :
if P then Q

,
P⇒ Q

,

P only if Q ,
whenever P holds then ① holds

,

Pui sufficient for Q
,
Qui necessary for P,

if Q ui not true then P ii not true ← anhhpm_hri
• To prove such a 8hrkment either suppose P is true and show Q ui true

,
or

suppose Q u not true and show that P ii not true .

• Note that the ccnhhpcnhve it not the same as the cache ( if Q then P
,
Q ⇒ P )

,

which is a different statement .
• To disprove such a Anterior, we need to find sane circumstance under which

P in true and Q is not true
.

• No causality ui implied by saying
'if P her ④ '

• If P i never true , he shknent
'

if P then Q
'

in nicely true
.



• Bait mix and match
'if . . . then -. . ' and =)

, eg . If ✗ = - I ⇒ it= I

eg . it 2×+1=0 I suggest not to un ⇒ to connect evey line of
1×+112=0 www.hg , but reserve it fw use in more concise

statement .

I = - I

Reward about
'

P if and only if Q
'

,

'

P #-) Q
'

•

Usually best to treat such shknen G- separately an P⇒ Q and Q ⇒ P
.

• Scnehmes it
may be helpful to read

these 8hknenli an
'

P n equivalent
to Q !

'

f :*-17 i ingechie
' ⇐)

'

(V-x.int ✗ , f- 1%1=-11×21 =) × ,=\ )
'

Remak about
'

or
'

To PVQ mean Pi true or Q ñ true or both are true
.

• If we mean exclusive or, write
'

Para
,
but not both

'

,
or ( Pma) V In PNQ )
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Remain about quantifiers
• these are most useful fwprmdengcenuiemknenhcfdehnihwis.eg.it f : ✗→ y,

f- is ingechie if V-xi.az c- ✗
,
8th ) = flat ⇒ ×

,
= xz .

f- is swfechre if V-y c- Y
,
7 ✗ c- ✗ sh Ha ) = y .

• We should specify the set b- which the quantifier relates ,

eg . don't write the
,
✗↳ o

.

However
,
in Analysis , we might write things like

'

HE so
, .
. .

'

in which it vi understood

that E is a real number
.

• To prove a thkunt of the fun
'

Vx c- X
.
. - -.

'

,
we Skuld shut the pmf wh

'

let ✗ c- ✗ ? and treat a an fixed for the rest of the proof .

(the proof could also shut 'Her ✗ c-X
,
. .
. .

' ]



Remy about the order of quantifiers .

Suppose 5 ñ the set of students at Oxford ,
and C vi the set of colleges .

Consider the shknent@V-sc-S.tc c- C sir
.
see ⑤

7C c- C sir
.

Use 5
,

SEC "
We should read fnn left to right , and any element introduced by a quantifier
can depend on previously introduced elements ,

but not ones that we get to

be introduced
.

Remak about negation of quantifiers-

If P in the statement
'

V- ✗ c-X
,
Q 1×1

'

,
not P in

'

7 ✗ c-✗ sir
.

Qlx) i not true
'

If P ñ the Akmal
'

7 ✗ c-✗ sir
.
Qlx )

'

,
not P is

'

the EX
,
QIa) ii not true ?

To negate a Ailment inMung quantifies
'

, change f ti 7- ,and vienna , and negate
the shknent K which they relate .

eg . the negation of④ in 7ses sir. V-cc-C.se/c
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Constructing mathematical Anterior -4 and proofs



fwmulahwicfmahemah~shkment.MN
Romans are of the overall structure

'

if P then Q
'

P is called the hypothesis ,
Q vi the conclusion .

lnkrmediahenduetheoem-nletf.IR → IR be a continuous function, and suppose

a
,
b ER

,
with a < b , f-(a) so ,

and flb) > o
.

Then there exists c c- la , b) with fk I = o
.

•
^

→

HE" ¥"
eg .

'

every prime number greater than 2 ii odd ?

'

let p be a prime number greater than 2 .

then p vi odd
'



therein / AM-GM inequality ) . let × , y be non-negative real numbers . then Say { { la +y )

D.ir#mf Assume P is true , and use a sequence of logical steps b- anre at Q
.

eg .
Note that la - y)

'

> 0 .

So ✗
'
-Zxy + y

'
to

. Adding 4xy given
pity )
'

> 4xy . Square rut Inching My 70 ) K get { bit y) > Fly . ☐

P-eh.ci Assume P is true
, suppose Q is not true

,
and arrive at a

Caihhdichin .

eg . Suppose , for a contradiction , that say > { lxty) . then 4)ly > 11 +g)
'

⇒it 2xy+y}
so 0 > H-y)

'

,
which is a anhrduhai . #

.
Hence fly E { la +y) . ☐

Prwfbyinduchwi useful to prove Shkreli indexed by IN .

eg . let 14,4 ,
- . - , Kuk non-negative real numbers . then (14%-74)%1 tnkitxzt.n.tk)



heastcnn-inallcanhua.hn of induction and contradiction)
.

If pruning statements QH
,

we suppose a contradiction . there
must be a heart n for which Q(a) i not true

,
so

focus on that ^ , and look for a contradiction .

eg . to show ntn
'
is even for all he 1N , suppose that is not true

.

then

the ri a least n
,
call it K

,
such that K th

'
ii odd

. then

(K - 1) + 1h- 1)
'

= K th
'
-2k i also odd

,
which contradicts the minimally of k .

Counterexamples ( for refuting or disproving a rhknent) .
Look for simple or extreme cases as counterexamples .

eg. Claim let a,y be real number
.

then Kyl E { be + y) .

Rewire : thi vi not true . A counterexample vi ✗ =L
, y

= -1
.
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Proposition let f : ✗ → Y and g
: Y → 2- be finehair .

Ii) If f and g are Defective ,
then go f is infected . Conversely , if gof is injecting

her f is injective ,
but g need not

be
.

Iii) If f and g are surjective , then go f is surjective . Conversely ,
if gof is snyechri,

then g is surgechri , but f need not be .

pmfcf . Suppose f and g are ingeehri . Need
K show g of ☐ ihjechrie .

let Mike ✗

have (go f) but = 1g • f) but . Then glflxi )) = glflxzll , and since g is

"=tam74=>12 .

So go f is injective .

Thought : f is infective ⇐ think c- ✗
,
if flat -_ ftx , ) her 14=4 .



Conversely , suppose go f is ihgechri .
Need to show f- is injective . Suppose , for

a contradiction
,

that f n not injective . then there exist 74=1×2 such that

flat =fKz) . Then (go f) lad = (go f) 1%1 ,
which contradicts gof being

iyechri . So f vi injective .

To see that g need
not h ingenue , the ✗ = { o} = 2- and Y = {0,1 }

,
and

☐

✗ y 2-



Genehladniancanshnchñgpmfs
• Be clear about hypotheses and conclusions .

• Unpack any definitions .

Restate what
you knoy ,

and what you
need to show

.

• If you can't progress directly , try
'

seeking a contradiction
'
.

• If Manny unionrun , suppose there are two of the things ,
and show they are equal .

• Look fw ethane / Simple cases as counterexamples .

• Bait be afraid to experiment, but have in mind
what you're aiming for.

• Draw diagrams k gain inhuhin .
• Re- read your final proof . Be critical , and check you 're

convinced
.
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lit False .

A counterexample in f. R →R given by ftxl-ofwallxe.ir . then if A-- { o }
and Be { I }

,
then f- (AAB) = and F1A ) nflB) = { 0 } .

Iii) Tmf . pmf : fuppm ✗ c- f-
'

(Cnb )
.

then flat £ CAD
,
so flat c- C and flat c- D. then

✗ c- f-
'

(c) and ✗ c. f-
'

(D) , and hence ✗ c- f- IC1N f-
'

(D)
.

So LHS E RHS
.

Conversely , if ✗ c- f-
' (c) an f-

'

(D)
,
An ✗ c- f-

'

(c) and see f-
'

(D)
,
so flat c- C

and AN c- D
.
Hence flx) c- CND

,
and therefore ✗ c- f-

'

(Cnb )
.
So RH5E LHS

.

So LHS = RHS
.

☐

AIKrnahn-pmfixef.tkno) ⇐ FINE CND
⇐I fled c- C and flat c- D

⇐ ✗ c- f-
'
(c) and ✗ c- f-

'

(D)
⇐ ✗ c- f-

'

(c)nf
-
'

(D) ☐



÷

Note that any ⇒ y - × ñ a multiple of n .
Ii) Need to show that if I = IT and g-, =yj then xÑ = In /we omit ✗ for brevity)

Note that x
,
-×

,
= kn and ya - y , =

In for some integers K
,
l
.

So ✗zyz = Hit kn) ( y ,
+ In) = My ,

+ kny ,
t lik

,
then

,
so Ñyz= xÑ

THEE
Hence ⑦ in well-defined .



Iii) For general n , there u not necessary a mulhphcahn inverse fire every ñ=o .

eg . for n
--4
,
I does not have an inverse .

For a prime , the equivalence classes are ñ for 0 Ex e n
.

For I E. ✗ < n
,

✗ and n are coprime
,
so the lemma tells us that there esut integers h and I

such that ✗ K + nl = 1
.

Then Ik = T.ie .
I ④ ñ = T

.

So ti vi

the multiplication inverse of ñ .

Hence all I =/ o have a multiplicative inverse

in the cam when n in primi .
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"

I-"- e-
✗

= [ ⇐ ✗ = - In E

let Go be given .

then let ✗ = - In e. then V-xc-R.ir x > ✗ then

I flail = Ie-" I < I e-✗ I = e

Hence f tends K zero as ✗→ ×
.



Iii) NM that the negative of the gun definition in

f e so sir
. If ✗c-R

,
7 ✗ c-R sir

. × > ✗ and IHall ? E
^ flat

#n .

Take E = { , and let ✗ EIR he grin .

then there exists ✗ = 2in (for sure n c- 2) such that
✗ > ✗

,
and If 1^11 = I 7 E .

Hence f -41 = ca x does not tend K ten as ✗→ a
.




