
①
PSII

(a) {an] new◦ is an asymptotic sequence as E-3017

Ana+nl%- → 0 or/ anti (E) = Olan 1211 the No
.

(b) [ an (E) is an asymptotic expansiond- a function feel as E→o
A-O

N

Tt fk ) - ⇐An (E) → o or/ f-(e) -nÉants) = ◦ tank 1)
¥ the INO

cc) log 11+✗ I = §
,
ᵗ""n ten 1×1<1

⇒ log 11- logE) = log / it log (E) I

= log hog It 1) + log / It )
~ loglwg 1£11 + É

. n%g⇒, as ◦
+

i. ao = wglwylt.lt and an = nYog'÷, the NHN .

(d) ¥ = £ 1- 1) " X " for 1×1<1
n=o

⇒ exp /¥, / = exp t¥É
.

1-" " E" /
= exp 1-¥ / 1- et si- est . . ) )
= exp f-E.+{ - I + §

,

that' en )
= exp ⇐+ { - 1) exp 1%1-11 "" En )
= exp II.+± - 1) nÉm÷ / É ,

1-1)
""
E
" )
"

terkkl

.

'

.
An = bn 2" ⇐ 1- & - 1) for nc- No where bn = 04 ) as E.→ 0

.



PSII ②

(a) ✗
3
+ ✗ - { = 0 AS E→o

Iterative method :

2=0 ⇒ ✗
3
+ ✗ = 0 ⇒ ✗= 0 ,±i

For the root near ✗ =o : rewrite as ✗ = E- ✗ 3 léglx:[1--5×3
so that Xnti = glxn :[ / = E- ✗is

,
with Xo = 0

.

then × , = E

✗z = E- {
3

✗ 3 = E- (E- {3)
3
~ E- 23+325+ . .

✗ 4
= E- (E- {3+3@ 5f . . )

>

~ g- 23+3 .gg , . .
↓
• chahse

i. ✗ ~ E- 23+395 + . .

as {→ 0
-

Fame roots close to ✗= Ii : rewrite as ✗2= ¥-1 ⇒ ✗ =

t-iji-g-ce.gl/;ej--t-i/1--)'-2sothatXn+i=t-i / 1-÷ / ± wilt Xo=±i .
Then 4 = ± i / II :-/

±
~ ± i /1T¥ ± . . . / ~ ±i - It .

. .

✗< = Ii /1- t.in?g+...-/t2~+-i-E+-3ig-E2+ . . .

↳ = ±i / 1-±i±÷ .
/
±
~ ±i- { + 3÷+ . _ .

i. ✗~±i-E±3i¥+..asE→o-



③
Expansnaimethod ✗ - ✗◦ +Exit . . . as {→ 0

Substitute into

X3+i-E-o://otsxil-E.kz/-..l3tlXotEXitE2Xzt
.
- l - E - o

0101 : ✗◦ 3+14--0 ⇒ ✗◦ = 0 ,
ti

,
- i

OLE ' ) : 3×02×1 + × , -1--0 ⇒ ✗1--3×17+1 = 11-+21-+2

01221 : 311042+3×02×2 -1×2--0 ⇒ ✗
<
= _3✗ = 0

, ¥ ,
-¥

3×02+1

Hence ler the

ronsaose.to/--+-i,nehaveX~t-i-Et-3igI+..asE-so.

-

For the

rootctose.to/--oneneedtogotolughercrder:O(E3) : XP + ✗3=0 ⇒ ×>
= - ✗13=-1

01241 : ✗4--0 ⇒ ✗4--0

0125 ) : 3×12×3 +✗g- = 0 ⇒ ✗g-
= -3×12×3=3

Hence
, X~E-E31-3es-t.i.AE#



④
(b) {3×21-5×+1=0

Analytic solution ✗= -
= -1+-1%-47

Expand fer kl < ¥ to give ✗ = -2% FILI - ZE -222-4s > + . . I]

i. ✗ ~

f-É
- l -Zst - - -

as o . Iexpansions converge
-{ztt + I + . _ _

for 121<+4 )

checkvi#:Mahe ✗ = ¥ solnat
✗ 2
+ ✗ + 2--0

.

Expand using ✗ = Xote ✗it ezxzt - - - as E→o

( ✗◦ 1- [×,
+ E'Xzt .

.

It /Xot Exit Ezxzt . . ) + [ = 0

018 ) : ✗02+110=0 ⇒ ✗◦ = -1,0

} gives the sameOIE't : 2×014+14+1=0 ⇒ ✗1--11-1
expansions as above .

0181 : 2110×21-142+112=0--7 112=11-1

0123 ) : 2×0×3 1- 2×1×2+113=0 ⇒ ✗3=2 , -2

NB No other scaling can be used to regular.se this problem .



Cc) E.2×3+ ✗2+2 ✗ t E = 0
⑤

Find Mrs by taking deferent scaluigslwuichgiredrltoeht terms in
'

the dominant balance . .
-1

Balance terms ① and② : ✗ = ¥ ✗ ⇒ ✗St ✗2+28×+25=0

Let ✗ = Xot EX
, + . - and substitute :

0 (Eo) : ✗03 + ✗02=0 ⇒ ✗
◦

= 0,0 ,
-1

Old ) : 3×02×1 1-2×0×1=0 ⇒ × , = ? , ? , 0

OLE' ) : 3×02×2 1- 3×0142+2×0 ✗2+2×0--0 ⇒ Xz = ? ?, 2

Hence 7 a root d- the term ✗ ~
-¥+2 + . .

as ↳ 0
.

To find the other roots wenle⇒tñ/dominant balance
.

Balance terms ② And③ : let ✗ = Xo + Exit . _ . And substitute

010 ) : ✗02+2×0 = 0 ⇒ Xo = 0
, -2

OLE ' ) : 2×014+2×1=-1 ⇒ ✗I = -1-21+1-2

0 (S2 ) : ✗03+2×0×2 + ✗12+2×2--0 ⇒ ✗2=-8 ,

-

¥
Hence two further roots are ✗~ -2++22-1 . . .

as E-so

✗~-tzE-tgE

Finally , balance terms ③ And ④ : let ✗ = EX ⇒ E4 ✗ "+ { ✗2+2×+1=0

Let ✗= Xot EX, + . . and substitute

0 (Eo) : 2×0+1=0 ⇒ ✗◦ =
- ±

OLE ' ) : ✗02+2×1=0 ⇒ ✗1=+8

Hencethe that root is d- the term xn-ztetgezt.at#



13191 ⑥

Ia) ( l ) ✗ 3 + Elaxt b) = 0 as o with aib = 04 ) .

For E-one have ✗3--0 ⇒ roots are mad ⇒ sax = ◦ (e) as E.→ 0
.

i. ✗
3
~ - BE as E.→ 0

⇒ ✗ ~ (Eb ) % e2m+i/3 + . . as E.→ o fer M= 011,2 .

4)
xtb=a→mna,b=

Balance terms ② and ③ ⇒ ✗~ Iat . . . as E→o .

Balance terms ① And ② : scale ✗ = ⇐ ✗ ⇒ ✗
3
+ a ✗+ bJT=O

⇒ 3- two other roots ✗ ~ ± tart .
_ as {→ 0

⇒
✗-±t÷1±



⑦
lb) Jian / ✗+¥ ) - I - ✗ + ¥ =

-

% ,
as E→o

-

= sinxtwsx = Ix- + .
- -1+11 -¥,+¥?+ -

- )

:(✗
-

¥,t . _ _ It / 1- +¥,+ .
_ ) - I - ✗ + ±×2= -§

F-¥,t - - - / + ftp.fi-E?+--)-B-R+Eh---§
⇒
_ + ¥4 +01×61=-2-6

Scale ✗= E±✗ ⇒ ✗3- 2¥ ✗4+0/4=1 as {→0

Expand : ✗ = ✗◦ 1- Exit
.
. . .
and substitute to give

lXotÉ✗itE2Xzt . . )ˢ_ E¥(✗otÉµtE2✗zt . _ 14+014=1 as {→ 0

010 ) : XP - ✗ ⇒ ✗◦ =L (want real solutionnearest toady )

0k¥ ) : 3×02×1 - 1-4×04=0 ⇒ 4--1-2

Hence x~Eb-tz-EZ-sti.AE#



(c) Consider {antsHn
≥ ◦
Where do (e) = log IÉ ) and anti = log Ian) n≥ 0

⑧

then

ana+n!÷, = wglanay.ly#-soasanki-oae-ase-o+s
i. {ante ) }n≥o terms an asymptotic sequence as {→0 .

consider ✗ = Eloy 1¥ ) as E→o .
then log (E) varies more slowly than ✗

⇒ take glxis ) = { log 1¥ ) so that Xnt , = gun is ) = Eloy 1¥ ) .

"

and taaexo = .
.

Then ×, = Eloy (E)

✗2 = ewg#± , / = Eloy (E) - slog /ugly )

✗s
= EM /aogt.IE#7ogYE-J/--ewglE1-ewglwglE11-

Ew9lwgl' +0 /elh9wg¥;)log 141

[NB we need to go to ✗+ to make sure the first three termsare fixed . . . ]

✗ ~ Eloy /E)
- ewglwgkli-zwglwglt.lt

-9
t - - as E→o+

.

-



⑨Pˢ
Iles = J ! , at = e÷ !; e÷dt- HE> 0 )

(a) Let U= E- ⇒ dᵈdt= -¥ and dat = e-ᵗ ⇒ ✓=
-e-
ᵗ

N

IKI = E- { [ -¥ ] ? - ↳ E. e-
+
at }

= É { ee-± _ [ ¥ e-
+

at } ⇒ true tern-4 .

Assume true for N=1 , _ . _ , K , and consider

C-1)
'' k ! /

•

et
-
d"ᵈt ⇒ v= e-t

±
tktidt

= 1-"
"
K ! { [¥+1 e-+7? - [ " e-

+
at }

↑ u ⇒ ᵈᵈdt=-¥z

= 1- 1)Kk ! 2kt ' e-± + 1-1)
'" '

4<+11 ! /[ ¥÷dt
Hence true ten N=ktI

,
and so true tN≥ 1 by induction . ✗

N

lb) write Ils ) = E th "
_ '
In-11 ! E "

_ '

+ tÑN, § j÷dt

n=o

consider the ' remainder ' term :

" i :÷• ,.in?ii::i:i.......-ThlMi
/ IKI - É 1-11 " nie" / = / ᵗ"neᵗ [ ¥÷dt / < N ! en

n=o

.

: / IKI - É 1-1) " HIE
" / < Ne→ 0 as 0 fr TN c- IN .

/HÉÉ
Hence IKI ~ 21-11 " n ! En as {→0

.



⑤
(c) Consider

gn (g) = NÉ 1- 1)nn ! En as N→N
,
V-E> 0

.

h=o

Plots show that 11--10.2) - SN 10.2) / Minimal for N=5

11--10.1 ) - Sn 10.1 ) / Minimal for N= 10

→
corresponds to the optimal truncation

NB ankh = 1-1)" n ! En ⇒ I ,anan+Y{ = Intile which grows
when Intl ) > &

As a result
, given o<Eat , the optimal truncation is at NK ) where

NKI
.
E ≤ I < INK /+ 1) E.

In this case
, the remainder is

Rna , (E) = / 1- 11N
"'
NK ) ! e÷ / ±•¥-+, dt / ~ III e-

±
as

E→o+

(via Laplace 's method - Sheetz .]
i. the error is infect exponentially small with the

optimal truncation !



PSII
④

1--1×1=1? t✗ e-+Pdt = /ftp.t B-
'

e- )
.ftp.tt-PH/dl-dV-dt--v--e-tPu⇒ du

2-
= ta

- p

.

'

.
1--1×1 = [¥t✗-13+1 . e- ᵗP ]

•

+ ✗-pp [ ta
-

Pe
-⇒
dt 1×20)

✗ ✗

¥

= f-✗→
+'

e-
✗ P
+ ✗-pp / tape

-+
"

dt

TIE

then 0<1--11×1 ≤ ¥ / +
✗
e-
→
dt = I¥- lx> 0)

.

lé 11--11×11 ⇐ 11=1×11 as ✗→ a

⇒ 1-7×1 ~ § ex
-Pt' e-

×"
as ✗→a

-



④
(b)

g-= f.
•

e-
✗Edt = /

°

✗
•+}
e-

ˢˢ
.

✗
- Ids (×> O)

✗
•

1- = ✗
- Is

⇒ dt = ✗→ ds

4) Suppose 8>
-b- : then ✗

•+± → was ✗→ 0
, and so

-

lower
limit

we can apply the result from part (a) with ✗↳ ✗
" b-

and ✗= 0,13=3 togive

g-= 1-3×18+5110 -3+1 ) e- ✗
"¥)? ✗

_ +3
as ✗→ *

lé
g-= 1-3×-128+1 ) e- ✗

"" "

as ✗→• .

-

41) suppose 8<1-3 : then ✗
•+±
→ o as ✗→• .

We can then use

the hint to get
✗
it's

1-= ✗
-± [71¥ ) - f

.

e-
"

ds] 1×-0)
-

= 01×0++3 ) as ✗→ o

ie J=✗→Pl¥)aN .



PSI 95 ④

(a) IIXI = Jfeᵗˢdt as ✗→a

Try 113ps as is : let 1=1×1 = /
✗

3t2eᵗˢ
. Ézdt

◦
-

~u⇒ did = -2-3+-3dv

It
⇒ ✓= et

}

Then
' IKI = [⇐ eᵗˢ ]

✗

+ [ 2-3+-3 @Edt = do léthis method

o tails .

so , re-write as 1-7×1=1! eᵗˢdt + [ eᵗˢdt for some a> 0

Change variables : let s=tˢ ⇒ 1--1×1=-31%53 esds
dˢ_dt = 3+2 = 3s

}
→

Let Jnlxl : =)
"
s
-" esds = [ s-ne.SI?+fFIs-ln+isesds--e!--e+nTn+ilx)

I
'

Tis
i. J§k ) = e¥ - et 3-5%1×1

= @
✗ 3

F-
e + 3- [ - e +5-3%1×1 ]

= e, + 23¥? - get [T§lx)- e+§J÷l✗ ']
= e¥+}e +10¥? - ¥e+,T÷k )

15%1×11--11
,
"→ds /

Hence , -1-1×1=+31 ! 53 esds -15%1×1 < §÷ / /
"

ds

S=✗
3

'

⇒ 1=1×1 __ ¥, + +01¥;) as ✗→ • = e¥ as ✗→•

-



④
(b) 1--1×1 = f ? te-t2 Ws (✗+ Idt as ✗→ • .

I- I = ✓ = tsivicxt )
⇒

= 11-21-21 e-t
' dt

a

= [ te-+? *Sinixt I] ? - f. 11-21-21e-ᵗ? * sivilxtldt
•

11-21-21 e-
"
Siri lxtldt= -¥ /

◦

=
-

age
⇒ ✓=

-* lost✗t )

dat = -4T -21-11-21-2 1) e-+2=1-61-+4+3 / e-
+2

=
-± { [ 11-21-21 e-ᵗ? -* cos 1×+11:[16+-4+3 )éᵗ?# wslxt)dt}

= -¥ + ±≥ [ l6t)e loslxtldt
U⇒ ᵈᵈdt = 16-12+2 -21-16+-41-3 1) e-+

≥

dv= cos 1×+1 ⇒ V=±sviC!a-

= -1×-2+1×-2 { (16+-41-3) e-ᵗ? *Sinixt )]?- [ *snilxt ) .ᵈᵈdtᵗdt }
= -1×-2+121×1

1121×11 = Is / [ 16-241-2+81-4 ) e-"srvilxtldt / ≤ ¥
with c= [ 116-24+2+8the_" Idt

i. IKt-x-a.to/,-s/asX-o.-


