A3: Rings and Modules, 20222023

Tom Sanders

We begin with the course overview as described on https://courses.maths.ox.ac.

uk/course/view.php?id=1042.

Course Overview:

The first abstract algebraic objects which are normally studied are groups, which arise
naturally from the study of symmetries. The focus of this course is on rings, which generalise
the kind of algebraic structure possessed by the integers: a ring has two operations, addition
and multiplication, which interact in the usual way. The course begins by studying the
fundamental concepts of rings (already met briefly in core Algebra): what are maps between
them, when are two rings isomorphic etc. much as was done for groups. As an application, we
get a general procedure for building fields, generalising the way one constructs the complex
numbers from the reals. We then begin to study the question of factorization in rings,
and find a class of rings, known as Unique Factorization Domains, where any element can
be written uniquely as a product of prime elements generalising the case of the integers.
Finally, we study modules, which roughly means we study linear algebra over certain rings
rather than fields. This turns out to have powerful applications to ordinary linear algebra

and to abelian groups.

Learning Outcomes:

Students should become familiar with rings and fields, and understand the structure theory
of modules over a Euclidean domain along with its implications. The material underpins
many later courses in algebra and number theory, and thus should give students a good

background for studying these more advanced topics.

Course Synopsis:

Recap on rings (not necessarily commutative) and examples: Z, fields, polynomial rings
(in more than one variable), matrix rings. Zero-divisors, integral domains. Units. The
characteristic of a ring. Discussion of fields of fractions and their characterisation (proofs

non-examinable). [2]


https://courses.maths.ox.ac.uk/course/view.php?id=1042
https://courses.maths.ox.ac.uk/course/view.php?id=1042

Homomorphisms of rings. Quotient rings, ideals and the first isomorphism theorem and
consequences, e.g. Chinese remainder theorem. Relation between ideals in R and R/I.
Prime ideals and maximal ideals, relation to fields and integral domains. Examples of
ideals. Application of quotients to constructing fields by adjunction of elements; examples
to include C = R[X]/(X? + 1) and some finite fields. Degree of a field extension, the tower
law. [4]

Euclidean Domains. Examples. Principal Ideal Domains. EDs are PIDs. Unique factorisa-

tion for PIDs. Gauss’s Lemma and Eisenstein’s Criterion for irreducibility. [3]
Modules: Definition and examples: vector spaces, abelian groups, vector spaces with an
endomorphism. Submodules and quotient modules and direct sums. The first isomorphism

theorem. [2]

Row and column operations on matrices over a ring. Equivalence of matrices. Smith Normal

form of matrices over a Euclidean Domain. [1.5]

Free modules and presentations of finitely generated modules. Structure of finitely generated

modules of a Euclidean domain. [2]

Application to rational canonical form and Jordan normal form for matrices, and structure

of finitely generated Abelian groups. [1.5]
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Part 1

Rings
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1 Rings: a recap

A set R containing two (possibly equal) elements 0 and 1, and supporting two binary

operations + and x is a ring if
e R equipped with + is a commutative group with identity 0;
e X is an associative binary operation on R with identity 1;
e X is distributive over +.

Occasionally we shall have multiple rings and it will be instructive to clarify which particular
ring we are referring to. We shall do this with subscripts writing, for example, +z or 1g
instead of + and 1 above.

The operation + is the addition of the ring, 0 is the zero of the ring, and the set R
with the operation + is the additive group of the ring. For each x € R we write —x for the
unique inverse of x w.r.t. addition, and the map R — R;x — —x is the negation of the ring;
we write z —y for z + (-y).

We call a map ¢ : R — S between rings additive if it is a homomorphism of the additive

groups.

Observation 1.1. Identities are self-inverse so -0 = 0; inverses are symmetric so —(-z) =«
for all z € R; and inversion is a homomorphism of the additive group since a group operation
is commutative (if and) only if inversion is a homomorphism of the group.

Group homomorphisms map identities to identities and inverses to inverses, so if ¢ : R —
S is additive then ¢(0g) = 05 and ¢(-x) = —¢(z) for all x € R.

The operation x is the multiplication of the ring, and we write xy in place of = x y,
and in the absence of parentheses multiplication precedes addition in the usual way. We say

R is a commutative ring if the multiplication is commutative.

Remark 1.2. The modern notion of commutative ring can be traced back to Emmy Noether
[Noe21l, §1] (translated into English in [Berl4]), though unlike us her definition does not

assume the multiplication has an identity; Poonen [Pool9] defends our position.

We call a map ¢ : R - S between rings multiplicative if ¢(zy) = ¢(x)p(y) for all z,y €
R, and we call it a ring homomorphism if ¢ is additive, multiplicative, and ¢(1g) = 1g.
Observation 1.3. The composition of additive (resp. multiplicative) maps is additive (resp.

multiplicative), and hence the composition of ring homomorphisms is a ring homomorphism.

Definition 1.4. For a set Ac X and a function f: X - Y we write f(A) :={f(x):2 € A}.

For sets A ¢ X, B c Y, and a function X xY — Z denoted by infixing the symbol
+ between the two arguments, we write A* B := {a*b:a € A b e B}; and denoted by
juxtaposing the two arguments, we write AB :={ab:a € A,be B}.
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For z € X and y € Y, in the case of infix notation we put x* A := {z}*A and Axy = A*{y};
and in the case of juxtaposition we put A := {x}A and Ay := A{y}.

Units and the trivial ring

An element x € R is a unit if it is invertible w.r.t. multiplication i.e. if there is some y € R
such that zy = yz = 1. We writd| U(R) for the set of units of R, and R* for the set of
non-zero elements of R. Inverses w.r.t. associative binary operations are unique when they

exist, so for x € U(R) we can unambiguously write x~! for the inverse of x.

Observation 1.5. Identities are self-inverse and so 1 is a unit and 17! = 1, and inverses a
symmetric so if x € U(R) then 27! € U(R) and (z7!)~! = z.

For z,y € U(R) we have (y~'z7!')(zy) = 1 = (zy)(y~'z7!), and so zy € U(R), and the
multiplication on R restricts to a well-defined binary operation on U(R). This operation
is a fortiori associative; it has an identity — 1; and if x € U(R) then z~! is an inverse of z
w.r.t. this binary operation. In particular, U(R) is a group called the group of units with
identity the same as the multiplicative identity of R, such that the inverse of x in the group

U(R) is the same as the inverse of  as an element of the ring R.

Remark 1.6. If R is a finite commutative ring then U(R) is a finite commutative group, but

exactly which finite commutative groups occur as the group of units of a ring is an open
problem called Fuchs’ problem [Fuc58, Problem 72, p299].

Given y € R, the map R - R;x — yx (resp. R — R;x — xy) is called left (resp. right)
multiplication by y.

Observation 1.7. The fact that multiplication is distributive over addition in R is exactly to
say that all the left and right multiplication maps are group homomorphisms of the additive
group of R.

Group homomorphisms map identities to identities and inverses to inverses, so 20 = 0x = 0
for all x € R — we say zero annihilates; and z(-y) = —(zy) = (-z)y for all z,y € R — we

say that negation distributes. In particular (-1)z = -z for all z € R.

Example 1.8. The set {0}, with 1 = 0, and addition and multiplication given by 0+ 0 =
0x0 =0, is a ring called the trivial or zero ring. A ring in which 1 # 0 is called a non-trivial
ring.

If R is not non-trivial then it is trivial: Indeed, since 0 = 1, for all z € R we have
x = 1lx = 0z = 0 since zero annihilates and so R = {0}. There is only one function into a set
of size one, and so the addition and multiplication on R are uniquely determined and must

be that of the trivial ring.

* /\ Some authors (e.g. [Lan02] p84] and [Lam07, xiv]) write R* for the group of units of R.
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Example 1.9. The zero map 2z : R — {0};x ~ 0 from a ring R to the trivial ring is a ring

homomorphism.

The integers and characteristic

We write Z for the integers; N* for the positive integers, that is {1,2,3,...}; and Ny for the

non-negative integers, that is {0,1,2,...}.

Example 1.10. Z with their usual addition, multiplication, zero and 1 form a non-trivial
commutative ring for which U(Z) = {-1,1}.

Theorem 1.11 (The One Ring). E] Suppose that R is a ring. Then there is a unique ring

homomorphism xr:7Z — R, and we have

n times m times

XR(TL—TTL) = (1R+"'+1R)_(1R+“‘+1R)

Remark 1.12. The proof is omitted. It is a series of inductions and to do it properly we

would need to be careful about what our definitions of N* and Z are.

If there is n € N* such that xr(n) = Og then there is a smallest such n and we call this

the characteristic of the ring; if there is no such n then the characteristic is said to be 0.

Example 1.13. For N € N*, we write Zy for the integers modulo N. This is a commutative
ring whose zero is 0 (mod N'), and with multiplicative identity 1 (mod N). If N =1 then
0=1 (mod N) and so the ring is trivial; otherwise it is non-trivial.

The characteristic of Zy is N since n € N* has xz, (n) = 0z, if and only if n =0 (mod N),
son> N and xz, (N) =0z, .

Isomorphisms and subrings

A ring isomorphism is a map ¢ : R - S that is a ring homomorphism with an inverse

that is a ring homomorphism.
Example 1.14. The identity map tg: R - R;x ~ x is a ring isomorphism.

A ring S is a subring of a ring R if the inclusion map j : S - R;s — s is a well-
defined — all this does is ensure that S ¢ R — ring homomorphism called the inclusion

homomorphism; S is proper if S # R.

Example 1.15. C with its usual addition, multiplication, zero and 1 is a non-trivial com-

mutative ring and Z is a proper subring of C.

tFollowing [Tol04, Book I, Chapter 2, p66] one might describe the integes as the one ring (up to unique

isomorphism) ruling (uniquely embedding in) all others.
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Observation 1.16. The 0 and 1 of a subring are the same as for the containing ring and so
a subring of a non-trivial ring is non-trivial, and the characteristic of a subring is the same
as the characteristic of the ring it is contained in.

A\ In particular, the trivial ring is not a subring of any non-trivial ring R despite the
fact that the inclusion map taking 0 to Og is both additive and multiplicative. It follows
that the requirement that ring homomorphisms send 1 to 1 cannot be dropped from the

definition.

Proposition 1.17 (Subring test). Suppose that R is a ring and S ¢ R has 1 € S and
x—y,xy €S for all x,y € S. Then the addition and multiplication on R restrict to well-

defined operations on S giving it the structure of a subring of R.

Proof. First S is non-empty and x—y € S whenever x,y € S so by the subgroup test addition
on R restricts to a well-defined binary operation on S giving it the structure of a commutative
group. Since S is closed under multiplication, multiplication on R restricts to a well-defined
binary operation on S that is a fortiori associative and distributive, and since 1 € S and 1
is a fortiori an identity for S, we have that S with these restricted operations is a ring. The
map S - R;s ~ s is then well-defined since S is a subset of R, and a ring homomorphism

as required. O

Given a subset satisfying the hypotheses of the above lemma, we make the common
abuse of calling it a subring on the understanding that we are referring to the restricted

operations described by the lemma.

Example 1.18. For d € N* we write Z[v/=d] for the set {z + w\/~d : z,w € Z}, which is a
subring of C by the subring test. Z[i] — the case d = -1 — is called the set of Gaussian
integers.

We have U(Z[i]) = {1,-1,i,—i}: Certainly all the elements of {1,-1,7,—i} are units. In
the other direction, suppose (z+wi)(x+yi) = 1 for some x,y € Z. Taking absolute values we
have (22 + w?)(z? +y?) =1, so 22+ w? = 1, and hence (z,w) € {(1,0),(-1,0),(0,1),(0,-1)}
as required.

For d > 1 we have U(Z[v/-d]) = {~1,1} since certainly 1 and -1 are units, and if z+w/~d
is a unit then taking absolute values as above we get x, y € Z such that (z2+dw?)(z?+dy?) = 1;

since d > 1 we get w =0 and z € {-1,1} as required.

Example 1.19. Given a ring R we write Z(R) for the centre of R, that is the set of x € R
that commute with all other elements of R i.e. such that zy = yz for all y € R.

The centre is a subring by the subring test: 1z = z = z1 for all x € R, so 1 € Z(R).
Secondly, for z,z’ € Z(R), and y € R we have (x —2')y = zy + (-2')y = zy + 2'(-y) =
yr+(-y)a’ = yr+y(-2') = y(z-2a') and (z2')y = x(a'y) = x(yz’) = (xy)a’ = (yz)z' = y(za’).
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Example 1.20. The ring of integers has no proper subrings, since any such subring must
contain 1 and so by induction N* and hence N* - N* = 7Z,

A\ The set N* contains 1 and if x,y € N* then z +y, 2y € N*, but N* is not a subring of
Z because it does not contain 0. It follows that  —y may not be replaced by x + y in the

hypotheses of the subring test.

Observation 1.21. For ¢ : R — S a ring homomorphism, Im ¢ is a subring of .S by the subring
test: 1g = ¢(1g) € Im¢; and if z,y € Im ¢ then there are z,w € R such that x = ¢(z) and

y=¢(w) so xy = ¢(zw) eIm ¢ and z -y = ¢(x) - ¢(y) = ¢(x - y) € Im ¢.

Fields

We say that a commutative ring R is a field if U(R) = R*. A subring that is also a field is
called a subfield. Throughout these notes I always denotes a field.

Example 1.22. The complex numbers C are a field with R as a subfield.

Proposition 1.23. Suppose that ¢ : F - R is a ring homomorphism and R is non-trivial.
Then ¢ is an injection and Im ¢ is a subfield of R.

Proof. If ¢(x) = ¢(y) and = # y then z—y € F* and so there is u such that (z—y)u = 1 whence
0=0¢(u) = (¢(x) —P(y))p(u) = p((x —y)u) = ¢(1) = 1, which contradicts the non-triviality
of R.

The image of ¢ is a subring of R which is non-trivial since R is non-trivial, and it is
commutative since ¢(z)d(y) = ¢(xy) = d(yz) = ¢(y)d(x). If ¢(y) + 0 then since ¢ is an
injection, y # 0 and so y~! exists and ¢(y)p(y~') = #(1) = 1, whence ¢(y) is a unit in Im ¢,
and Im ¢ is a subfield. O]

Proposition 1.24. Suppose that ¢ : F - R is a ring homomorphism. Then the map Fx R —
R; (N, r) » A= ¢(N)r is a scalar multiplication of the field F on the additive group of R
giing an F-vector space such that the right multiplication maps on R are linear, and if ¢
maps F into the centre of R then so are the left multiplication maps. In particular if R is
commutative then the left and right multiplication maps are linear.

Conversely, if R is a ring which is also an F-vector space in such a way that all the right
multiplication maps are linear then the map F — R; X\ = A\.1g is a ring homomorphism and

if all the left multiplication maps are also linear then its image is in the centre of R.

Proof. The additive group of R is a commutative group by definition. We also have (Au).v =
o(Anv = (6(N)o(p))v = ¢(A)(e(p)v) = A(pv); 1pv = ¢(lp)v = 1gv = v; (A +p)o =
PA+ v = (6(A) + ¢(p))v = ¢(Mv + ¢(p)v = Av+ po; and A(v+w) = ¢(A)(v+w) =
d(AN)v+o(MN)w = Av+ Aw. It follows R is an F-vector space as claimed.
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Right multiplication by r is linear since it is a group homomorphism and A.(vr) =
d(N)(vr) = (¢(MN)v)r = (A\v)r. Finally, left multiplication by r is a group homomorphism,
and if it commutes with all elements of the image of ¢ (which is certainly true if ¢ maps to
the centre of R), then \.(rv) = p(A\)(rv) = (¢(AN)r)v = (ro(N))v =r(é(A)v) =r(A.v), and so
left multiplication by r is linear.

Conversely, write ¢ for the given map then ¢(1p) = 1p.1g = 1g; ¢(z+y) = (r +y).1g =
rlr +ylg = ¢(z) + ¢(y); and ¢(zy) = (2y).1gr = z.(y.1g) = z.¢(y) = z.(1rd(y)) =
(z.1r)o(y) = ¢(z)p(y) since the map R - R;z — z¢(y) is linear. It follows that ¢ is a
ring homomorphism as claimed. If all left multiplication maps are linear then for r € R we
have r¢(A\) =r(A.1) = A (rlg) = A.(1gr) = (A.1)r = ¢(A)r and so ¢(\) € Z(R). O

We call the vector space structure of the proposition the F-(vector) space structure
on R induced by ¢.

Example 1.25. The inclusion map R - C induces the usual R-vector space structure on
the additive group of C. {1,i} is a basis for this vector space, which is another way of saying

that every complex number can be written uniquely in the form a + b¢ for reals a and b.

Example 1.26. Complex conjugation, C - C;z ~ Zz is a ring homomorphism that is
different from the identity. The identity map induces a C-vector space structure with \.z :=

Az, and complex conjugation a different structure with .z := Az.

Zero divisors and integral domains

In a ring R we call an element y € R a left (resp. right) zero-divisor if the left (resp.
right) multiplication-by-y map has a non-trivial kernel i.e. if there is some x # 0 such that
yx =0 (resp. zy = 0). A non-trivial commutative ring R is an integral domain if it has no

non-zero zero-divisors.
Example 1.27. Z is an integral domain — it is our prototypical example.

Observation 1.28. If x € U(R) then x is not a left (resp. right) zero-divisor since if xy = 0
(resp. yz =0) then 0 =270 =27 (2y) = ly =y (resp. 0 =0z~ = (yz)z~t =yl = y).

Example 1.29. Every field F is an integral domain since it is certainly a non-trivial com-

mutative ring and every non-zero element is a unit and so not a zero-divisor.

Example 1.30 (Example[1.13] contd.). By Bezout’s Lemma if ged(a, N') = 1 then there are
a, B € Z such that aa+ SN =1 and so aa =1 (mod N). Since Zy is commutative it follows
that aa =1 (mod N) and so a is a unit in Zy. On the other hand, if ged(a, N) > 1 then
a(N/ged(a,N)) =0 (mod N) and N/ged(a,N) # 0 (mod N), so a is a zero-divisor and
hence not a unit. It follows that U(Zy) = {a (mod N) : ged(a, N) = 1}.
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If p > 1 is prime then for all a, either p | a or ged(a,p) = 1. Hence U(Z,) = Z and so Z,
is a field; we denote it ), to emphasise this fact.

If N> 1 is composite, say N =ab for a,b> 1 then ab=0 (mod N) but a,b# 0 (mod N)
and so Zy is not even an integral domain.

If N =1 then Zy is trivial, and so not even non-trivial!

Observation 1.31. If R is an integral domain and S is a subring of R then S is an inte-
gral domain: S is certainly non-trivial and commutative since R is, and for y € S, the
multiplication-by-y map on S is the restriction of the multiplication-by-y map on R, and so

if the kernel of the latter is trivial then so is the kernel of the former.

Example 1.32. For d € N*, the ring Z[v/-d], and in particular the Gaussian integers, is a

subring of C and so an integral domain.

Example 1.33. The algebraic integers, denoted Z, are the complex numbers o for which
there is d € N* and aq4_1, ..., ap € Z such that a?+a4_ja% 1 + -+ a;a+ ag = 0. We shall make
use of arguments from the modules part of the course to show that Z is a subring of C, and
given this we conclude Z is an integral domain.

7Z is not a field since 1 /2 ¢ 7Z, because if it were then there would be ay_1, ..., ag € Z such

that 1+ 2(ag1 + -+ ag2¢ ') = 0; a contradiction.

Proposition 1.34. Suppose that R is a ring with no non-zero zero divisors that is also a
finite dimensional vector space in such a way that left and right multiplication maps are

linear. Then U(R) = R*, and in particular if R is an integral domain then R is a field.

Proof. For a € R the map R - R;x ~ za is linear, and since R is an integral domain it is
injective if a € R*. Since R is finite dimensional the Rank-Nullity theorem tells us that the
map is surjective, and hence there is x € R such that za = 1. Similarly there is y such that

ay =1, and finally = = 21 = z(ay) = (xa)y = 1y = y so a € U(R) as required. O

Products of rings

For rings Ry,..., R, the product group Ry x --- x R, of the additive groups of the rings R;
may be equipped with a binary operation defined by (zy); := z;y; for 1 < i < n making it
into a ring with identity 1 = (1g,,...,1g,). This ring is called the direct product of the
RiS.

Observation 1.35. The group of units of a product ring is equal to the product group of the
groups of units of the rings i.e. U(Ry x -+ x R,) = U(Ry) x - x U(R,,).

Example 1.36. The maps m; : Ry x -+ x R, - R;;x —~ x; are ring homomorphisms called

projection homomorphisms.
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Example 1.37. The map R - R";z +~ (x,...,x) is a ring homomorphism called the diag-
onal homomorphism (into R").

The diagonal homomorphism F — F” induces an F-vector space structure on F” which is
the usual F-vector space structure on F” i.e. having scalar multiplication A\.v = (Avy, ..., Av,,)
for A e F and v e Fn. A The ring F" has more structure than the vector space F" because

the former comes with a multiplication.

Example 1.38. For R a ring, R? is never an integral domain: if R is trivial then 1pe =
(1R71R) = (OR,OR) = 0R2, so R? is trivial. Otherwise (OR, 13)(13,03) = (OR,OR) = OR2

(Og,1g),(1g,0g) € (R?)* and so these are non-zero zero-divisors.

Prototypical rings

Groups of symmetries are the prototypes for abstract groups and rings have a similar pro-

totype in which the underlying set is replaced by a commutative group.

Proposition 1.39. Suppose that M and N are commutative groups with binary opera-
tions +y; and +y, and identities 0y and Oy respectively. Then Hom(M,N), the set of

group homomorphisms M — N, is itself a commutative group under + defined pointwise on
Hom(M, N) by

(¢ +9)(x) = ¢(2) +n Y (x) for all x e M,
with identity z : M — N;x — Oy, and the inverse of ¢ is the pointwise negation, meaning

for all x € M, (-¢)(x) is the inverse of ¢p(x) in N.

Proof. Suppose that ¢,1 € Hom(M, N). Then for all x,y € M we have

(p+V)(x+my) =d(x+my) +nY(z+ay) > 6 and  are group
= (6(x) +x 6W)) +x V() +x (1)) ) N
= (¢(x) +x () +n (8(y) +n V(1)) )

= (¢+9)(2) +n (+¢) (y).

It follows that ¢ + ¢ € Hom(M,N). Pointwise addition is commutative and associative

definition of pointwise
addition

because addition on N is commutative and associative. The map z is a homomorphism
because z(x)+n2(y) = On+n0xn = 0n = z(x+17y), and it is an identity for pointwise addition
because Oy is an identity for N. Finally, if ¢ € Hom(M, N) then —¢ € Hom(M, N') because
it is the composition of the homomorphism ¢ and negation which is a homomorphism on N
since +y is commutative, and this map is an inverse for ¢(x) under pointwise addition by

design. O

Remark 1.40. To show that Hom (M, N) is a closed under pointwise addition and negation

it is essential that NV be commutative.
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Proposition 1.41. Suppose that M, N, and P are commutative groups, and +xn and +p
are the group operations on N and Hom(M,N), and P and Hom(N, P) respectively. If
¢ € Hom(M,N) and ¢ € Hom(N, P), then ¢ o ¢ € Hom(M, P); if 1 € Hom(M,N) then
Yo (p+nT)=(Yod)+p (Vo) and if m e Hom(N, P) then (+pm)od = (o d)+p(mo).

Proof. The composition of homomorphisms is a homomorphism which says exactly that if
¢ € Hom(M, N) and ¢ € Hom(N, P), then ¢ o ¢ € Hom(M, P). Now, if ¢, 7 € Hom(M, N)
and ¢ € Hom(N, P), then

o (o+nm)(x) = ¥(P(x) +n (1)) = p(d(2)) +p P(m(2)) = (Yo @)+p(om))(x)

by definition and the fact that ¢ is a homomorphism, and we have that ¢ o (¢p+n7) =
(Yo p)+p(1hom) as claimed. On the other hand, if ¢ €e Hom(M, N) and ¢, 7 € Hom(N, P),
then

(Y+pm) o p(x) = P(d(x)) +p m(¢(2)) = (Vo @)+p(m o d))(x)

by definition. The result is proved. O]

Remark 1.42. For the identity ¢ o (¢p+y7) = (¥ 0 ¢)+p(1h o ) we used the homomorphism
property of v, while the identity (¢+pm) o ¢ = (¢ o ¢)+p(7 o ¢) followed simply from the

definition; c.f. Exercise |[.1

Theorem 1.43. Suppose that M is a commutative group. Then the set Hom(M, M)
equipped with pointwise addition as its addition and functional composition as its multi-
plication is a ring whose zero is the map M — M;x — 0y and whose multiplicative identity

1s the map M — M;x — x.

Proof. Hom(M, M) is a commutative group with the given identity under this addition, and
by the second part the proposed multiplication distributes over this addition. It remains to
note that composition of functions is associative so the proposed multiplication is associative,
and the map M — M;x ~ x is certainly a homomorphism and an identity for composition.

O

Matrix rings

Given a ring R, we write M, ,,(R) for the set of n x m matrices with entries in R, and
M, (R) = M, ,(R). For A, A" € M,, ,,(R) and B € M,,,(R) we define matrices A+ A’ €
M, n(R) and AB € M,, ,(R) by

(A + A,)i,j = AZ,] + A;,] and (AB)z,k =

Ms

Ai,ij,k- (].].)

7=1

We write 0,,x,, for the matrix in M,, ,,(R) with Og in every entry, and I,, for the n xn matrix

with 1zs on the diagonal and Ogs elsewhere.
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Proposition 1.44 (Algebra of matrices). Suppose that R is a ring. Then M, (R) is a
commutative group under + with identity Onxy, and for which the inverse of A € M, ,,(R)
is the matriv —A with (-A);; = —A;;. Furthermore, if A € M, ,,(R), B,B" € M,,;(R),
and C,C" € M,,(R) then C(AB) = (CA)B, A(B+ B’) = (AB) + (AB’), (C+C"A =
(CA)+(C'A), AL, = A and I,A = A.

Remark 1.45. We omit the proof. One can proceed directly using a change of variables and
distributivity, or using some of the language of modules.

The commutative group M, (R) with multiplication M, (R)x M, (R) - M,(R); (A, B) -
AB is a ring with multiplicative identity [,, as a result of the algebra of matrices. A matrix
ring is a subring of M,,(R).

Remark 1.46. For A € M, (R) the determinant of A is defined to be
det A := Z Sign(U)ALJ(l)---An,U(n),

oeSy

where S, is the symmetry group of permutations of {1,...,n}, and sign(o) is the sign of
the permutation o.

We shall see in the second half of the course that for R commutative, A € U(M,(R)) if
and only if det A € U(R), generalising what we already know for fields since det A € U(F)
if and only if det A # Op. For non-commutative rings Exercise gives an example to show

that this equivalence can fail.

Example 1.47. For R non-trivial the ring M>(R) is not commutative:
11 10_21¢11_10 11
01 /\11) \11 12) \11)\o 1)

Example 1.48. Given a ring R, the map

A:R— M,(R);\~
0 - 0
is a ring homomorphism called the diagonal homomorphism (into M, (R)).
The diagonal homomorphism into M, (F) induces the usual F-vector space structure
on M, (F) with scalar multiplication (\.A);; = A\A; ;. Writing E(*J) for the matrix with

Ez(l]]) =1 and E,Efl’j) =0 for (k,1) # (i,7), the set { () : 1< 4,5 <n} is a basis for this vector

space.
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Example 1.49. The quaternions are the set

They form a subring of M,(C) by the subring test, and in particular H has zero 0o and

multiplicative identity I5. Now,

-w =z

A= ( Z_ li) ) # Oy if and only if det A = |2[* + Jw|* # 0,

and hence if A € H* then the inverse of A in M,(C) exists and it is also in H. Hence A € U(H)
and since H is non-trivial, U(H) = H*. The quaternions are not, however, commutative and
so this is not a field. A not-necessarily commutative ring in which U(R) = R* is called a
division ring or skew field.

Frobenius showed that any real division ring that is also a vector space over R in such a
way that left and right multiplication is linear, is isomorphic (via a map that is both a ring

isomorphism and a linear isomorphism) to either R, C, or H.

R->H; A~ AD
0 A

has image equal to the centre of H, and so induces a real vector space structure on H in

The ring homomorphism

which left and right multiplication maps. The vector space if 4-dimensional and

G ) (0]

form a basis. As element of the group U(H), these generate an 8 element subgroup called
the quaternion group and denoted Qs.

There is another natural ring homomorphism: the map

C->-H; A~ )\9 ,
0 A

which induces a 2-dimensional C-vector space structure on H in which right multiplication
maps are linear, but left multiplication maps are not (in general).

In fact there is no C-vector space structure on H such that all left and right multiplication
maps are linear: If there were it would give rise to a ring homomorphism C — H mapping
into the centre of H. The centre of H is isomorphic to R, and hence we would have a ring
homomorphism C - R which we see in Exercise is not possible. A In particular, H is
not a subspace of the usual C-vector space My(C) as defined in Example because in
that structure the left and right multiplication maps are linear, and since H is a subring if

it were also subspace they would restrict to be linear on H.
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Polynomial rings

Proposition 1.50 (Algebra of polynomials). Suppose that R is a subring of S, X\ € S
commutes with all elements of R, and ag,ay,...,bg,b1,--- € R have a; =0 for all i >n and
bj =0 for all j >m. Then

n m max{n,m} n n
(Z CLl)\Z) + (Z bj)\j) = Z (CL,L—FbZ))\z and — (ZOJZ)\Z) = Z(—ai))\i,
i=0 j=0 i=0 =0 i=0

n m n+m [ k
(Z CL,)\Z) (Z bj)\j) = Z ( ak_jbj) /\k
i=0 j=0 Jj=0

k=0
Remark 1.51. We omit the proof though it is not difficult: it makes essential use of distribu-
tivity and changes of variables.
For a non-trivial ring R there is a non-trivial ring R[X] called the polynomial ring
over R with variable X with R as a subring, and a distinguished element X € R[X] which
commutes with all elements of R[X], i.e. pX = Xp for all p e R[X], such that

R[X]={ay+ a1 X+ +a,X":neNy,ag,...,a, € R}, (1.2)
and
agta X +-+a,X"=0r = ag,...,a, =0g. (1.3)

Remark 1.52. We omit the proof that such a ring exists, but the idea is to take the additive
group of functions Ny - R with a finite number of non-zero entries and group operation

coordinate-wise addition, and identify X™ with the function taking m to Og if m # n and 1y

if m=n.
For more variables we define R[X7,..., X, ] = R[X1,..., X,,_1][X,] and call it the poly-
nomial ring over R in the variables Xi,..., X,,.

The algebra of polynomials and allows the equating of coefficients, meaning
that if ag+ a1 X +--+a, X" =byg+ 01 X +---+b,, X™ for ag,aq,...,by, b1, - € R with a; =0 for
i>mn and b; = 0 for j >m, then a; = b; for all 7.

If p e R[X]* then there is a minimal d € Ny and unique elements ag, ay,...,aq € R with
ag # Or such that p(X) = ag+ a1 X + -+ + agX?% We call this minimal d the degree of p
and denote it degp; we call a; the coefficient of X*; a; the lead coefficient and a, the
constant coefficient.

A polynomial is monic if its lead coefficient is 1, and the constant polynomials are

those for which the constant coefficient is the only coefficient that may be non-zero.

Example 1.53. The inclusion homomorphism F — F[X] induces an F-vector space struc-
ture on F[X] in such a way that all multiplication maps are linear. In this space, (|1.2)) says
exactly that {1, X, X2,...} is a spanning set, while (1.3)) tells us it is linearly independent.
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Proposition 1.54. Suppose that ¢ : R - S s a ring homomorphism from a non-trivial
ring, and A € S commutes with all elements of the image of ¢. Then there is a unique ring

homomorphism R[X] — S extending ¢ and mapping X to X, and we have
ag+ a1 X + -+ ag X% ¢p(ag) + pla) A+ -+ ¢ag) \.

Proof. The proposed map is well-defined because we can equate coefficients. It extends ¢
since the constant polynomial  is mapped to ¢(r), and it certainly maps X to A. Finally, it
is additive and multiplicative by the algebra of polynomials, and certainly maps 1 to 1 since
it extends ¢, and ¢ maps 1 to 1. It follows that the given map is a ring homomorphism.
Any other ring homomorphism v with ¢(r) = r for all r € R, and ¢(X) = X\ must agree
with the given map on R[X] by the homomorphism property of ¢, and hence uniqueness
follows. O]

We call the homomorphism of this proposition the evaluation homomorphism at A\
extending ¢ and write p(\) for the image of p under this map. 4 The notation p()\) does
not make explicit reference to ¢.

For R a subring of S and A\ € S commuting with all elements of R, the image of the
evaluation homomorphism at A extending the inclusion homomorphism R — S is denoted
R[] and is a subring of S.

Remark 1.55. This proposition for polynomial rings should be compared with Theorem [1.1]]

for the integers.

We say that « is a root of p if p(«) = 0.

Theorem 1.56 (Factor theorem). Suppose R is a non-trivial ring and « is a root of p.
Then there is q € R[ X ] such that p(X) = ¢(X)(X - «).

Proof. Write p(X) =ag+ a1 X + -+ a,X™ and note that

p(X) = p(X) —pla) = Y as(X' — ') = (Zn:ai(Xi_l s X204+ Xt o/‘-l)) (X ).
i=0 i=0
O
Integral domains produce polynomial rings where the degree function behaves nicely:
Proposition 1.57. Suppose that R is a non-trivial commutative ring. Then TFAE:
(i) R is an integral domain;

(i1) R[X] is an integral domain;

(111) for every p,q € R[X]* we have pq e R[X]* and degpq = degp + degq.
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Proof. Certainly implies since R is a subring of R[X], and implies since
R[X] is a non-trivial commutative ring, and so the fact it is an integral domain follows by
forgetting the degree equation in .

To seeimpliessuppose that p,q € R[ X ]* have degree n and m, and lead coefficients
a, and b, respectively. Then by the algebra of polynomials we see that degpq < n +m and
the coefficient of X™*™ is a,b,,. The coefficient of X™*™ is non-zero since R is an integral
domain and a,, b,, € R*. We conclude that pg e R[X]* and degpq=n+m =degp+degq as
required. O

Example 1.58. Z[X] is an integral domain since Z is an integral domain.

Example 1.59. F[X,..., X, ] is an integral domain by induction on n: for the base case

every field is an integral domain, and for the inductive step we have Proposition [1.57]

Example 1.60. When R is an integral domain we have U(R[X]) = U(R). To see this,
suppose that p € U(R[X]). Then there is some ¢ € U(R[X]) such that pg = 1, and so
0 = degp + degq, whence degp = 0 and degq = 0. Thus p(X) = ag and ¢(X) = by for some
ag, b € R*. Since agby = 1 and R is commutative we have byag = aghy = 1, so p(X) = ag € U(R)

as required. Conversely, if p € U(R) then p e U(R[X]) and we are done.

2 Ideals and quotients

Subrings are an important substructure of rings, but just as groups have subgroups and
normal subgroups, rings have subrings and a further type of structure called an ideal. Normal
subgroups are connected to quotient groups, and ideals are connected to quotient rings in
the same way:.

Given an ring R, a left (resp. right) ideal in R is a subgroup I of the additive group
of R that is closed under multiplication on the left (resp. right) by all elements of R i.e. I
is a subgroup with rz € I (resp. ar € I) for all r € R and z € I. An ideal in R — also called

a two-sided ideal — is a left ideal and right ideal.

Remark 2.1. Left and right ideals are connected with the module structure of rings which
we will examine more closely in the second part of the course. For now, two-sided ideals are

our focus.

Observation 2.2. If R is commutative then every left ideal (resp. right) ideal is a (two-sided)
ideal and hence a right (resp. left) ideal.

Example 2.3. In any ring R the sets {0} and R are ideals called the zero ideal and unit

ideal respectively.
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Observation 2.4. If I is a left (resp. right) ideal containing a unit x then for all r € R,
re~tx € I (resp. xx~lr € I) so I = R. In particular, any left, right, or two-sided ideal

containing a unit is the unit ideal.

Example 2.5. Every non-zero element of a field is a unit, and so any non-zero ideal is the

unit ideal. In other words, fields have only two ideals.

Example 2.6. Since every non-zero element of the quaternions H is a unit, the only ideals

in H are the zero ideal and the unit ideal.

For x € R the set Rx is a left ideal, and xR is a right ideal but neither, in general, is an
ideal. The set

o / r . !/ !
(x):={riwri+-+ryarl ineNg,ry,...,r, 7, ..., 7L € R}

is a subgroup by the subgroup test and is closed under multiplication on the left and right

by elements of R and so is an ideal. A In general (z) # Rz R.

Example 2.7. In the ring M,(F) put

A= Lo and P := 01 so that A+ PAP = Lo )
00 10 0 1

Then I, = A+ PAP € (A), but A is not invertible so none of the matrices in My (F)AM,(F)
is invertible, and hence (A) # My (F)AM,y(F).

If there is x € R such that I = (z) then we say I is principal and is generated by z.

Example 2.8. For N € N*| the ideal (V) in Z is the set of multiples of N. Moreover, if I is
a non-zero ideal in Z then it has a minimal positive element N. If z € I, then by the division
algorithm we can write z = Nw +r for some g€ Z and 0 <7 < N. But r =2 - Nw € I and

hence r = 0 by minimality of N, and so I = (V). In particular, every ideal in Z is principal.

Observation 2.9. Given (left, right, resp. two-sided) ideals I,..., I, in aring R, I1 +---+ I,
and N}, I; are both (left, right, resp. two-sided) ideals.

For x1,...,x, € R we define (xq,...,x,) = (x1)+--+(x,), and call it the ideal generated
by z1,...,2,. We say that an ideal is finitely generated if I = (xy,...,2,) for some
T1yeveyTp.

Remark 2.10. Rings in which every ideal is finitely generated are called Noetherian rings
and these, and their close cousins for left and right ideals, are very important but will not

be our focus in this course.

Example 2.11. The algebraic integers contain an ideal that is not finitely generated. Ex-
ercise develops a proof of this.
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Example 2.12. The ideal (2, X) in Z[X] is the set of polynomials with even constant
coefficient. Certainly the polynomials with even constant coefficient form an ideal in Z[ X |
containing 2 and X, and conversely every such polynomial is in (2, X) since it can be written
in the form 2¢(X) + Xp(X) for some p € Z[ X] and constant polynomial g € Z[ X].

The ideal (2, X) is not principal. To see this, suppose that p € (2, X} were such that
(2,X) = (p). Since 2 € (p) = p(X)Z[X] there is r € Z[ X] such that 2 = pr. But 0 = deg?2 =
degp + degr, so degp = 0; say p(X) = a for a € Z*. Since X € (p) = p(X)Z[X] there is
q € Z[ X ] such that X = p(X)q(X), and hence 1 = p(1)q(1) = aq(1). Hence p(X) = +1 and
(p) = Z[ X] contradicting the fact that (2, X) # Z[ X].

Quotient rings

Ideals are particularly important because they let us generalise the construction of the rings
Zpy from Z.

Theorem 2.13. Suppose that R is a ring and I is an ideal. Then the commutative group
R/I may be endowed with a multiplication such that the quotient map q: R — R[I;x — x+1
is a surjective ring homomorphism with kernef] I. If R is commutative then so is this

multiplication.

Proof. I is a subgroup of a commutative group and so normal, and so by the quotient group
construction R/I is a commutative group and ¢ is a surjective group homomorphism with
kernel I. The key is now to show that ¢(xy) = ¢(x'y’) whenever x+1 =2'+1 and y+1 = y'+1.
By distributivity of multiplication and negation we have that zy—x'y’ = (x—2")y+z'(y—y').
But then x — 2’ € I and y—y" € I and so xy —2'y’ € [y+ 'l c I since I is closed under
multiplication by any element of R (in this case y on the right and z’ on the left). We
conclude that ¢(xy) = ¢(x'y’) as required, and so we may define X on R/I: first, for u,v € R/I
let x,y € R be such that g(z) = v and ¢(y) = v. Then put uxv := g(zy); this is well-defined
by the previous.

For u,v,w € R/, let z,y,z € R be such that u = ¢(z), v = ¢(y) and w = ¢(z). Then
(uxv)xw = q((zy)z) = q¢(x(yz)) = uX(vXw) so that X is associative. ¢(1)q(x) = q(x) =
q(z)q(1) so q(1) is an identity for X since ¢ is surjective. Finally, for ¢(x) € R/I, we have
a(@)R(a(y) +a(=)) = a(aly + 2)) = a(zy + 22) = q(wy) + ¢(22) = q(2)Rq(y) + g(x)Rg(2) and
since ¢ is surjective it follows that left multiplication by ¢(x) is a homomorphism. So is
right multiplication by a similar argument, and hence (again since ¢ is surjective) it follows
that X distributes over addition.

Finally, we have seen that ¢(1) is the identity; ¢ is a homomorphism of the additive
group by definition of the quotient group; and ¢ is multiplicative by definition. Thus ¢ is

A ring homomorphism is, in particular, a group homomorphism and so has a kernel.
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a ring homomorphism. Moreover, X is visibly commutative if the multiplication on R is

commutative. The result is proved. ]

Since the map ¢ above is a surjective ring homomorphism the multiplication on R/I is
determined by ¢: 1g/r=1+1; (x+ 1) xg (y+1)=(xy)+1 for all z,y € R; and if x € U(R)
then x + I e U(R/I) and (x + I)~' = 7! + I, where the first (-)~! is multiplicative inversion
in R/I, and the second is in R.

By the ring R/I we mean this ring structure and we call this the quotient ring of R
by the ideal /.

Example 2.14. The ring of integers Z has (N) as an ideal, and the quotient ring Z/(N) is

none other than the ring Zy.

Formally Zy is realised as a set of cosets, but this can lead to burdensome notation so
in practice we just do arithmetic with the integers as usual, but with a coarser notion of
equality: that of equivalence (mod N). The fact that we can do this is exactly the fact
that the quotient map ¢ is a ring homomorphism.

The same notational convenience is useful in polynomial rings. If f € F[X]* we write
p =q (mod f) to mean that p+ (f) = ¢+ (f) or, equivalently, that p — ¢ is a multiple of f.
We can do arithmetic in F[X]/(f) by doing it first in F[X ] and then declaring two results
to be equivalent if they differ by a multiple of f.

Proposition 2.15. Suppose that f € F[X]* has degree d. The map F x F[X]/(f) -
F[X]/(f); (\,p (mod f)) = Ap (mod f) is a scalar multiplication of F on the additive
group of F[X]/(f) such that the ring multiplication maps are linear and 1,X,..., X% is a

basis.

Proof. For the first part it is enough to note that the inclusion map F — F[X] composed
with the quotient map F[X]| - F[X]/(f) induces an F-vector space structure with the given
scalar multiplication such that the ring multiplication maps are linear.

To see that 1, X, ..., X% is spanning, note that by the division algorithm for polynomials,
for every g e F[ X ] there is ¢,r € F[X] with ¢g(X) = f(X)¢(X) +r(X) and r(X) =ag + -+
ag-1 X%, whence g(X) =ag+ -+ a1 X% (mod f).

To see that 1, X, ..., X% is linearly independent, suppose that ag,...,a4-; € F have ag +
a1 X + -+ a1 X =0 (mod f). If the a;s are not all 0 then the polynomial r(X) =
ag + a1 X + -+ ag_1 X% has a degree, and its degree is at most d — 1. This contradicts the
fact it is divisible by f. m

Example 2.16. The ring R[X]/(X?) is called the ring of dual numbers, and in this
ring we have (1 + X)" = 1+nX (mod X?). So for a polynomial f we have f(1+ X) =
f()+ f(1)X (mod X?) where f’ denotes the usual derivative of f.
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Example 2.17. In the ring R[X]/{X? + 1), we have
(a+bX)+(c+dX)=(a+c)+(b+d)X (mod X?+1)

and

(a+bX)(c+dX) = (ac-bd) + (bc+ad)X (mod X*+1).

These are the same rules for arithmetic as those on the complex numbers with X replaced

by i. Put formally, the map
¢:C—>R[X]/(X?+1);a+bi~a+bX (mod X?+1)

is a ring homomorphism. Moreover, ¢ is a surjection because {1, X} is a basis for the
codomain, so every f e R[X]/(X?+1) can be written as f =a+bX (mod X2+ 1) for some
a,b € R, and hence f = ¢(a+bi) (mod X2+ 1); and ¢ is an injection because it is a group
homomorphism, and if ¢(a + bi) =0 (mod X2 + 1) then a + bi = 0 since {1, X} is a basis.
Thus C and R[ X ]/(X? + 1) are isomorphic.

The Chinese remainder theorem

Theorem 2.18. Suppose that R is a ring and I,..., 1, are ideals with I; + I; = R for all
t#j. Then the map

v:R— (R/L) x-x(R[L,);x~ (x+1,...,x+1,)
1S a surjective ring homomorphism.

Proof. The given map is certainly a ring homomorphism; the content of this proof is sur-
jectivity: For j # ¢ let y;; € I; have 1 -y, ; € I;, and put w; = y;1--Yiio1 - Yijis1""Yin- Lhen
w; +I; = I; for all j # 4; and w; + [; = 1 + I;. In particular for all 1 < ¢ < n we have
Y(w;) = (Orj1ys- -, 0r/1, 15 1R/1, OR)Lsy s - - - Oryr, ) and so if z € R™ then ¢ (21w + -+ + zpwy,) =

(z1+11,...,2, + I,) and the map is surjective as claimed. O

Remark 2.19. For G a group and Hy, Hy, < G with HiHy = G the map G — (G/H;) x
(G/H3);x — (xHy,xHy) is surjective though the codomain need not even be a group; the
substance of Theorem is in the fact it applies for n > 2.

Remark 2.20. The history of this theorem is involved — see [She88] — but the starting point
is work of Sun Zi (f4#F) from around 400AD with the particular problem of finding an
integer z such that z =2 (mod 3), z =3 (mod 5), and z = 2 (mod 7). To connect this to
Theorem note that 3, 5, and 7 are coprime in pairs, so Bezout’s Lemma tells us that

(3)+(5)=2Z,(3)+(7)=Z, and (5) +(7) = Z,
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and hence the map
7 — Ly xZs*ZLr;z+~ (z (mod 3),z (mod 5),z (mod 7))

is surjective from which we can conclude that an integer satisfying the desired congruences

exists.

The first isomorphism theorem and consequences

Theorem 2.21 (First isomorphism theorem). Suppose that ¢ : R - S is a ring homomor-

phism. Then ker ¢ is an ideal in R, and the map
¢: R/kerp » S;x +kerp — ()
is a well-defined injective ring homomorphism. In particular, R/ ker ¢ is isomorphic to Im ¢.

Proof. Since ¢ is a group homomorphism the kernel is an additive subgroup of R. Now
suppose z € ker ¢ and r € R. Then ¢(ar) = ¢(z)d(r) = 06(r) = 0 since zero annihilates, and
similarly ¢(rz) = 0. It follows that xr,rz € ker ¢ so that ker ¢ is an ideal.

The map ¢ is a well-defined injective group homomorphism by the first isomorphism

theorem for groups. In addition,

O((z +ker @) (y +ker ¢)) = ¢((xy) + ker @)
= ¢(zy) = ¢(2)d(y) = ¢z + ker ) d(y + ker ),
and ¢(1z +ker¢) = ¢(15) = 1. The result is proved. O

Example 2.22. For R a subring of S and A € S commuting with all elements of R, the
kernel of the evaluation homomorphism at A extending the inclusion homomorphism R — S,
that is the set {p € R[X]:p(\) =0} of polynomials of which X\ is a root, is an ideal.

The first isomorphism theorem is often used to show that a given ring homomorphism
is well-defined by showing that it arises by factoring a homomorphism that is more easily

seen to be well-defined.

Example 2.23. The map ¢ from Theorem is a surjective ring homomorphism with
keryp) ={x e R:x el for all i} = Iy n---n I, and hence by the first isomorphism theorem we
have an isomorphism between R/([; n---n1,) and (R/Iy) x--- x (R/I,) when I,... I, are
ideals in R with I; + I; = R for all 7 # j.

Example 2.24. Given a ring homomorphism ¢ : R — S and an ideal J contained in ker ¢,
the map R/J — S;z+ J ~ ¢(x) is a well-defined ring homomorphism: Apply the first
isomorphism theorem to the map R — (R/J) x S;x = (x + J,¢(x)). The kernel of this
map is J since J c ker¢ and hence the map R/J — (R/J) x S;x +J ~ (z+ J,¢(z)) is a
well-defined ring homomorphism and the result follows by composition with projection onto

the second factor.
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Relationship between ideals in R and R/I

Given an ideal [ in R we write Ideals;(R) for the set of ideals J in R with I c J, and
Ideals(R)(= Ideals(oy (R)) for the set of ideals of R.

Theorem 2.25. Suppose that R is a ring and I is an ideal in R. Then the map
¢ : Ideals;(R) — Ideals(R/I); I' — q(1I")
is a well-defined inclusion-preserving bijection.

Proof. Since q is a surjective ring homomorphism, if I’ is an ideal in R then ¢(I’) is an
ideal and the map is well-defined. It is visibly inclusion-preserving. If J is an ideal in R/I
then ¢~'(J) is an ideal in R since ¢ is a ring homomorphism. Since I = Og/; € J we have
I c ¢'(J), and hence ¢71(J) € Ideals;(R). Since ¢ is surjective ¢(¢~'(J)) = J, and so ¢
is surjective. Finally, if I’ # I are two ideals containing I then I'+ I = 1"+ 1" = 1"+ 1
and so, without loss of generality, there is x € I such that (z+ 1) n I’ = @. It follows that
q(x) ¢ q(I"), and hence q(I') # ¢(I"). In particular, ¢ is injective. ]

This result also goes by the name of the Correspondence theorem and sometimes the

Fourth Isomorphism theorem for rings.

Example 2.26 (Example [1.13] contd.). Zy is a ring in which every ideal is principal. To
see this, let ¢ : Ideals(yy(Z) — Ideals(Zy) be the map from the Correspondence theorem
and suppose J is an ideal in Zy. Since every ideal in Z is principal, ¢p=1(J) = (M) for some
M e N*, and furthermore (M) o (). Since ¢ is a bijection, J = ¢({M)) = {Mz (mod N) :
zeZ}=(M (mod N)) is principal.

Proper, prime, and maximal ideals

Some of the properties of ideals are reflected in properties of quotient rings, and we will look

at three important ones now. An ideal I is proper if 1 ¢ I or, equivalently, I # R.

Observation 2.27. An ideal I is proper if and only if R/I is non-trivial since 1g;; # Og/s if
and only if 1+ 7 # I, if and only if 1 ¢ I.

We say that an ideal I is prime if it is proper and whenever ab € I we have either a € [
orbel.

Proposition 2.28. Suppose that R is a commutative ring and I is an ideal in R. Then I
is prime if and only if R/I is an integral domain. In particular R is an integral domain if

and only if {Or} is prime.
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Proof. For ‘only if” we have (a+1)(b+1) =0pg/; = I, so abe I and therefore a € I or be I by
primality. Consequently a+ 1 =1 = 0gj; or b+ 1 =1 =0g; i.e. R/I is an integral domain.
(R/I is non-trivial since I is proper.) In the other direction, I is proper since R/I is non-
trivial, and if ab € I then (a+ I)(b+ 1) = Opjr, and a+1 =0gyy =1 or b+ 1 =0g;=1. We

conclude a € I or b e I as required. O

We say that an ideal I is maximal if [ is proper and whenever [ c J c R for some ideal
J we have J =1 or J=R.
A Maximal here is maximal with respect to inclusion amongst proper ideals; all ideals

in R are contained in the ideal R.

Proposition 2.29. Suppose that R is a commutative ring and I is an ideal in R. Then [
is maximal if and only if R/I is a field.

Proof. Suppose that R/I is a field. Then R/I is non-trivial and so I is proper; suppose J
is an ideal with I ¢ J ¢ R. Then there is x € J \ I and since R/I is a field some y € R such
that xy+ I =1+ 1 whence 1 e xR+ 1 c J and so J = R, whence [ is maximal as claimed.
Conversely, if I is maximal and x € R has x + [ # I then I + xR is an ideal properly
containing / and so by maximality equals R. It follows that there is some y € R such that
1 e xy+1 whence (x+1)(y+1) = 1/ so that U(R/I) = (R/I)* and R/I is a field as required.
(R/I is non-trivial as [ is proper.) O

Discussion of fields of fractions and their characterisation

A subring of an integral domain is an integral domain and so, in particular, a subring of a

field is an integral domain. Conversely we have the following:

Theorem 2.30. Suppose that R is an integral domain. Then there is a field F containing

R as a subring.

Remark 2.31. The proof of this is omitted, but such a field can be constructed in a similar
way to the way to which one constructs the integers from the naturals by ‘adding in’ the

negative numbers.

For R an integral domain and F a field containing R the field of fractions of R in F
is the field Fracg(R) := {ab™' : a € R,b € R*}. This is a subring of F containing R by the
subring test since it contains 1 = 1.17!, and is closed under subtraction and multiplication

since

act —bd™! = (ad - bc)(ed)™ and (ac™t)(bd™') = (ab)(cd)™.

Now, if ab™' # 0 then a € R* so ba™' € Fracp(R), and hence Fracg(R) is closed under

multiplicative inverses and so a field.
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For the most part the containing field ' will be clear — indeed it will very often be C —

in which case we write Frac(R) for Fracp(R).
Example 2.32. The field of fractions of Z in C is QQ, and this is the prototype.

Observation 2.33. If R ¢ K c F for fields K and F, then Fracp(R) c K. In particular,
Fracp(K) = K.

Our definition of field of fractions characterises it in the following sense:

Theorem 2.34. Suppose that F and K are fields containing R as a subring. Then there is
a unique isomorphism ¢ : Fracp(R) — Fracg(R) such that ¢(r) =r for all r € R.

Remark 2.35. Again we omit the proof, but the idea is to define ¢ by ¢(rs!) := rs=! for
reRand se R*. A s7! on the left is the inverse of s in IF, and on the right in K.

Example 2.36. We write Q(¢) for their field of fractions of the Gaussian integers inside C.
Since Z c Z[i] we must have Q c Q(¢), and since i € Z[i] we must have Q +iQ c Q(i). On
the other hand by the subring test Q +iQ is a subring of C, and if 0 # a + bi € Q[¢] then

a
+
a? +b?

-b
. _1 _ . .
(a+bz) = Za2+b2€(@+@@7
so Q +1iQ is a field and hence Q(7) = Q + Q.
A Complex conjugation Q(i) - Q(7); z = Z is an isomorphism that is different from the
identity map Q(i) - Q(7); z ~ z isomorphism, but complex conjugation is not the identity

on Z[i], and hence this does not violate the uniqueness of the isomorphism in Theorem m

Field extensions

We say that K is a field extension of F if K is a field and F is a subfield of K. Given a
field extension K of IF, the inclusion map F — K induces an F-vector space structure on K
(such that the multiplication maps on K are F-linear) and we call the dimension of this the
degree of the field extension, denoted |K: .

Given a field extension K of F, we say a € K is F-algebraic if there is some p € F[ X ]*

such that p(«) =0, and it is F-transcendental if there is no such polynomial.

Example 2.37. C is a field extension of R of degree 2, and any z € C is R-algebraic since
p(X):=X2-2RezX +|2? has p e R[X]* and p(z) = 0.

Example 2.38. R is an infinite degree field extension of Q, and « in R is Q-algebraic (resp.

Q-transcendental) if and only if it is algebraic (resp. transcendental) in the usual sense.
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For IF a subfield of K, and « € K, the set F[«] (recall the definition from Example
is an integral domain since it is a subring of a field, but in general F[«] is not a field. We
write F(«) for Frack (F[«]), the field of fractions of F[a], and call it the field F adjoined
by a — we ‘construct F(«) by adjoining « to F’.

Example 2.39. The ring Q[v/2] contains Q as a subfield and is a ring by the subring test,
and so an integral domain. It follows by Proposition that it is in fact a field and so
Q(v2) = Q[Vv2].

The ring Q[\/§ + \/§] is certainly contained in Q + v/2Q + v/3Q + /6Q which itself is a
ring by the subring test and hence an integral domain. This ring contains Q as a subfield
and so has an induced Q-vector space structure in which it is (at most) 4-dimensional — in
particular it is finite dimensional — and so by Proposition in fact it is a field, and hence
it contains the field Q(v/2 + v/3), and we conclude the latter is a field extension of Q of

degree at most 4.

Theorem 2.40 (Tower Law). Suppose that L is a field extension of K and K is a field
extension of F. Then L is a field extension of F, and if either |L: F| < oo or|L: K|, |K: F| < co
then |L:F|=|L: K|K:F|.

Proof. The first part is immediate because the relation ‘is a subfield of’ is transitive, and

certainly if |L : F| < oo then |L : K|,|K: F| < co. Let ey,...,e, be a basis for IL as a vector

space over K, and let fi,..., f.,, be a basis for K as a vector space over F. Now, for x € L
there are scalars A1, ..., \, € K such that z = A\je;+---+ \,.e,,, and since fi,..., f,, is spanning,
for each 1 < j < n there are scalars 1 5, ..., ftm;j € F such that X\; = piq j f1+---+ fi j frn. Hence

T = Y7 Xt pijfiej, so we have that (fie;);2)";_; is an F-spanning subset of .. Now suppose
P15 fimn € F are such that 37, 30 ;5 fie; = O Then Y7, (X7 pijfi) e; = Ou, but
S i fi € K for each 1
Yicitijfi = Og for all 1

pij = Op for all 1 <4 <m and 1 < j <n. It follows that (fie;)";; is a basis for L as an

< 7 < n and since e, ..., e, are K-linearly independent we have
< j <n. But now fi,..., f, are F-linearly independent and so

F-vector space as required. ]

Remark 2.41. If F is a finite field, and K :F| =n, |[L:K|=m, and |L: F| = k then |K| = |F|,
IL| = [K|™, and [L| = |F|* from which it follows that k = nm. The proof above is really just

the observation that we only need to use the ‘relative size of F in K’.

Example 2.42 (Example contd.). The field @(\/5+ V/3) contains /2 = %((\/§+
V3)3-9(V2+3)), and hence also contains /3. Now, /3 ¢ Q(+/2). Indeed, suppose for a
contradiction that there were a,b € Q with V3=a+b/2 (which would have to be the case
since Q[v/2] = Q(v/2)). Then squaring both sides and using the irrationality of v/2 (which
exactly says that 1 and \/2 are rationally independent), we have 2ab = 0. But b # 0 since
V3 is irrational; and a # 0 since \/§/ V2 is irrational. We have a contradiction.
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By the Tower Law [Q(v2 +V3) : Q(V2)||Q(V2) : Q| = |Q(v/2 + /3) : Q| < 4. However,
1Q(v/2) : Q| > 2, since v/2 ¢ Q; and |Q(v/2+v/3) : Q(V/2)| > 2 since /3 ¢ Q(v/2). Hence both
of these extensions are of degree exactly 2, and |Q(v/2 ++/3) : Q)| is 4.

3 Divisibility

Divisibility in Z is a mysterious relation of intrinsic mathematical interest as well as wider
importance. It is similar to divisibility in rings of the form F[X], and in this section we
look to understand the source of these similarities.

In a commutative ring R we say a is a divisor of b, or a divides b, or b is a multiple
of a, and write a | b, if there is x € R such that b = ax(= za); or, equivalently, if b € (a); or,
equivalently, if (b) c (a).

Observation 3.1. If a | by, ..., by, and x1,..., 2y, Y1,...,Ys € R then a | z1b1y; + - + 2,b,Yn.

The relation | is reflexive and transitive — relations that are reflexive and transitive are
sometimes called preorders, and we shall think of divisibility with the language of order in
mind. When a | b and b | a we say that a and b are associates and write a ~ b; ~ is an

equivalence relation.

Example 3.2. Divisibility in fields is very simple: all elements divide zero, and every
non-zero element divides every other non-zero element, and so all non-zero elements are

associates.

Lemma 3.3. Suppose that R is an integral domain. Then
(1) for all x € R*, za | xb if and only if a | b;
(i1) a ~b if and only if there is uw € U(R) such that a = bu.

Proof. For [(i)| the ‘if” is immediate. To prove the ‘only if” suppose xa | xb. Then there is
z € R such that x(az) = (za)z = b. x # 0 and so left multiplication by x is injective, and
az=bi.e alb.

For , again the ‘if’ part is immediate. To prove the ‘only if’ suppose a ~b. Then a | b
and b | a, so there are v, w € R such that av = b and bw = a, and hence b(wv) = (bw)v = av =
b=">01. If b # 0 then left multiplication by b is injective and 1 = wv(=vw) so w € U(R) and

we may take u = w; if b =0 then a =0, and we may take u to be any unit. [

Remark 3.4. The commutative rings where |(i)| holds are exactly the integral domains, since
if R is a commutative ring that is not an integral domain then there are x,a € R* with
za =0, and so za | 20, but a | 0.

Commutative rings where holds are sometimes called associator rings. Exercise

asks for a proofs that C'(R) with the operations of pointwise addition and multiplication,
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which is a commutative ring, is not an associator ring; and that Zy is an associator ring,

though Zy is not an integral domain when N is not prime.

Irreducibles, primes, and uniqueness of factorisation

We say that x € R is irreducible if = 4 1 and whenever a | x we have a ~ x or a ~ 1; or,
equivalently, if (z) is maximal amongst proper principal ideals. In particular, if y ~ x and z

is irreducible then y is also irreducible.

Remark 3.5. A 0 is sometimes explicitly excluded from being irreducible. If 0 is irreducible
in the sense above, then in fact R is a field: For x € R* we have (x) 2 (0), and so by the
maximality of (0) amongst proper principal ideals, we conclude that (z) is not proper i.e.

(x) = R. Hence there is y € R with 1 = zy(= yx), meaning x € U(R).

Example 3.6. A Irreducible elements can have unexpected behaviours: 2 = 2x2x2 (mod 6)
but 2 is irreducible in Zg (the ideal does not contain 3, and so is proper, and has index 2,

so by Lagrange’s theorem is maximal.

Example 3.7. The irreducible positive integers in Z are exactly the prime numbers, and

hence the irreducible integers are those of the form +p for p a prime number.

Example 3.8. The algebraic integers are a non-trivial commutative ring containing no
irreducible elements. (Exercise asks for a proof.)

We say that an element x € R is prime if z ¢ 1, and = | ab implies z | a or = | b. In the

language of ideals (z) is a prime ideal.

Observation 3.9. By induction if = is prime and z | [],; b; then there is ¢ € I such that = | b;.

Example 3.10. A In the ring Z this replaces any previous definition of prime, though we
shall see later that a positive integer is prime in the old sense if and only if it is prime in
the new sense.

The integer 2 is prime because i) it is not either 1 or —1; and ii) if 2 | ab — in words, if
ab is even — then 2 | @ or 2 | b — in words, at least one of a or b is even.

The integer 0 is prime because i) it is not either 1 or —1; and ii) if 0 | ab then in fact
0 = ab and so either 0 = a, which can be rewritten as 0 | a, or 0 = b, which can be rewritten
as 0 | b. This is the special case in the integers of the fact in Proposition that a ring is

an integral domain if and only if O is prime.

Example 3.11. For R an integral domain and « € R, if X—-a | f(X)g(X) then f(a)g(a) =0
and hence either f(«) =0and X -« | f(X) by the Factor theorem, or g(«) = 0 and similarly
X -a | g(X). Since X —a ¢ 1 we have that it is prime.
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Proposition 3.12. Suppose that R is an integral domain. Then r € R is prime as an

element of R, if and only if r is prime as an element of R[X].

Proof. First U(R) =U(R[X]) and so r ¢ 1 in R if and only if r £ 1 in U(R[X]).

Suppose r is prime in R[X], and that r | ab in R. If either a or b is 0 then without loss
of generality a = 0, and r | a. Thus we may restrict attention to the case when a,b € R*. By
primality of r in R[ X ], without loss of generality r | a in R[X]. Hence there is p(X) € R[ X ]
such that rp(X) = a. Since a € R* we have degp = degr + degp = dega =0, and hence r | a
in R as required.

Now suppose that r is prime in R, and r | pg in R[X | with p(X) =ap+ a1 X + -+ a, X"
and ¢(X) =bg+ b1 X + -+ b, X™ with r | p in R[X] so that there is some minimal k € N
such that r | a; in R. Suppose that [ > 0 and that we have shown 7 | b; in R for all j < [.
The coefficient of X**! in pq is

k+l

k-1 -1
Z (Ijbk+l_j = Z (Ijbk+l_j + akbl + Z ak+l_jbj.
=0 =0

=0
r divides the left hand side (in R) by hypothesis; it divides the first summand on the right
(in R) since r | a; in R for all 0 <4 < k by minimality of k; and it divides the last summand
(in R) since r | b; in R for all 0 < j < by the inductive hypothesis. It follows that = | axb,
in R. But r is prime in R and r [ a; in R by hypothesis, so we conclude r | b; in R. Thus
by induction 7 | b; in R for all [ € Ny so that r | ¢ in R[X] as required. O

Remark 3.13. A Neither direction follows simply because R is a subring of R[X]: For
example Z is a subring of Q and 2 is prime in Z; and Z[ X ] is a subring of Q[ X ], but 2X is
prime in Q[ X ], since 2X ~ X and X is prime in Q[X], but 2X is not prime in Z[X] since
2X | 2x X but 2X [ 2 and 2X | X.

Primes are particularly important because they ensure a uniqueness of factorisation.
To be precise a (possibly empty) vector (xi,...,x,) is a factorisation of an element z
if x ~ x1---x,. The x;s are called the factors of the factorisation, and if all the factors
are irreducible then we say that x has a factorisation into irreducibles. We say that
a factorisation (z1,...,z,) of z into irreducibles is unique if whenever (yi,...,ys) is a
factorisation of x into irreducibles there is a bijection 7 : {1,...,7} - {1,...,s} such that
Ti ~ Yr@y for all 1 <4 <. A\ In particular, every unit has a unique factorisation into

irreducibles with the convention that the empty product is 15.

Proposition 3.14. Suppose that R is an integral domain and x € R* has a (possibly empty)
factorisation in which every factor is prime. Then any factorisation of x into irreducibles

1S uNique.

Proof. Let (x1,...,z,) be a factorisation of z in which every factor is prime. We shall prove

that if (y;);e; are non-zero irreducible elements indexed by a finite set I such that z ~ [T, vs
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then there is a bijection 7 : {1,...,r} = I such that x; ~ y.q for all 1 <4 <r, and by
transitivity of association the result follows.

We proceed by induction on r. For r = 0 we have [[;;y; ~ 1 (by definition of the
empty product) and so there is u € U(R) such that [],;;y; = u. Hence for all j € I, we
have y; (u‘l Hid\{j}yi) =1 and so y; € U(R). It follows that [ is empty since no unit is
irreducible, and we have the base case.

Now, suppose that » > 0. Then x, is prime and x, | [[,.; ;- By primality there is some
g € I such that z, | y;. But y; is irreducible and z, 4 1 and so z, ~y;. Cancelling y; we get
x1-r-1 ~ [lier gy ¥i and by the inductive hypothesis there is a bijection 7 : {1,...,r=1} >
I~ {j} such that z; ~ yz¢; for all 1 <i<r—1. Extend this to a bijection m: {1,...,7} = I
by setting 7(r) = j and the result is proved. ]

Proposition 3.15. Suppose that R is an integral domain and x € R* is prime. Then x is

1rreducible.

Proof. First, 2 4 1. Now suppose that a | z. Then there is b € R such that x = ab, and b # 0
since x # 0. By primality of z either z | @ and so x ~a; or ab=x | b, but b+ 0 and so a | 1,

and hence a ~ 1 (since certainly 1 | a). O

Example 3.16 (Example contd.). For R an integral domain we saw that the poly-
nomials X — « are prime in R[X], but then R[X] is an integral domain and so X — « is

irreducible by the above.

Example 3.17. 2 is an irreducible element of Z[+/~5] that is not prime; Exercise I11.2 asks
for a proof.

A X (mod 2X) is a non-zero prime in the commutative ring R = Z[X]/(2X), but it
is not irreducible. Of course R is not an integral domain! For primality, the evaluation
homomorphism Z[ X ]| — Z; p(X) = p(0) has kernel (X), which contains (2X) and hence by
Example R - Z;p(X) (mod 2X) ~ p(0) is a well-defined surjective ring homomor-
phism. Its kernel is (X (mod 2X)), and Z is an integral domain so X (mod 2X) is prime by
the first isomorphism theorem and Proposition[2.28, To see X (mod 2X) is not irreducible,
(3 (mod 2X)) is a proper principal ideal in R which properly contains (X (mod 2X)).

In the integers (as we shall see shortly) the converse of Proposition holds as a
consequence of Bezout’s Lemma, and we make a definition which captures rings in which
Bezout’s Lemma holds: we say that an integral domain R is a Bezout domain if every

finitely generated ideal is principal.

Example 3.18. The ring of integers, Z, is a Bezout domain since every ideal is principal,
so in particular every finitely generated ideal in principal. However, the connection with

Bezout’s Lemma is closer: in the language of ideals this states that any ideal in Z that is
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generated by two elements can also be generated by one element i.e. is principal, and by

induction that any finitely generated ideal in Z is principal.

Example 3.19. The algebraic integers Z is a Bezout domain. A proof may be found in

[Kap70, Theorem 102] though the prerequisites are considerable.

Example 3.20. Z[X] is an example of an integral domain that is not a Bezout domain
because (as we saw in Example 2.12]) (2, X') is finitely generated but not principal.

Proposition 3.21. Suppose that R is a Bezout domain and x € R is 1rreducible. Then x s

prime.

Proof. Suppose x | ab and let d be a generator of the ideal (x,b). Then d | x, and since x
is irreducible either d ~ x or d ~ 1. Since we also have d | b, if d ~ x then = | d | b. On the
other hand, if d ~ 1 then there are elements u,v € R such that 1 = ux + bv. Multiplying by a

we have aux + abv = a, but z | aux and x | abv, and so x | a as required. O

Proposition 3.22. Suppose that R is a Bezout domain. Then for every pair a,b e R there
is d and | with ab=1d, and {a) + (b) = (d), and (a) n (b) = (I).

Proof. Since every finitely generated ideal in R is principal there is some d € R such that
(a)+(b) = (a,b) = (d). Let x,y € R be such that d = xa + by, and z,w € R be such that b = zd
and a = dw; put [ := zdw and note ab = ld.

Now, | = bw € (b) and | = za € (a), so [ € (a) n(b). On the other hand if m € (a) n (b)
then a,b | m so ab | am, and ab | mb. Hence ld = ab | zam + mby = md. If d #+ 0 then by
cancellation we have [ | m which is to say m € (l) as required. If d = 0 then a =b =0, and so

[ =0 and we are done. O

Remark 3.23. The set (a) is the set of multiples of a, and the set (b) is the set of multiples of
b, hence (a)n(b) is the set of common multiples of a and b, and to say that it is generated by
[ is exactly to say that there is a common multiple of a and b that divides all other common
multiples — such a common multiple is called a least common multiple (lcm).

On the other hand if (a) + (b) = (d), then a € (d) and b € (d) so that d | a and d | b i.e.
d is a common divisor of a and b. Moreover there are z,w € R with d = za + by, so if ¢ is
another common divisor of a and b then ¢ | xa+by = d — which is to say that every common
divisor of a and b divides d. A common divisor such that every other common divisor is a

factor is called a greatest common divisor (gecd).

Euclidean domains and division algorithms

The process of dividing integers (or polynomials) is captured by the division algorithm, and
rings where we have such an algorithm will be particularly good to work with. A Euclidean

function on an integral domain R is a function f: R* - Ny such that
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e f(a) < f(b) whenever a | b (both non-zero);

e and if a,b € R* then either b | a, or there are ¢ € R, r € R* such that a = bg + r and
f(r) < f(b).

We say that an integral domain R is a Euclidean domain if R supports at least one

Euclidean function.

Remark 3.24. A Keating [Kea98, p17] uses an even stronger definition of Euclidean function
f requiring that f(ab) = f(a)f(b) whenever a,b e R*. This is a genuinely stronger definition,
meaning there are Euclidean domains in our sense but not in the sense of Keating, though
this is a recent discovery: [CNT19, Theorem 1.3].

Example 3.25. Let f:F* - Ny be the constant function 1. Since f(a) = f(b) for all a and
b, and every two non-zero units divide each other in a field, f is a Euclidean function for F

and so F is a Euclidean domain.

Example 3.26. If a,beZ* and b | a then let bg be (one of) the multiple(s) of b nearest to
a. Then r := a—bq has |r| < |, and |-| is a Euclidean function on Z and Z is a Euclidean

domain. (It certainly has |a| < |b| whenever a | b.)

Example 3.27. If a,b € F[X]* and b | a then a - bg is not the zero polynomial for any
q € F[X], and we can pick bg such that a — bq has smallest possible degree. Then r := a + bq
has degr < degb, since otherwise writing A\ for the ratio between the lead coefficient of r and
that of b we have r(X) — A\Xdegr—degbp( X) of the form a —bqg’ and of strictly smaller degree
than r. Finally, degp < degq whenever p | ¢, and so deg is a Euclidean function and F[X]

is a Euclidean domain.

An integral domain in which every ideal is principal is called a principal ideal domain
(PID). In particular, every PID is a fortiori a Bezout domain so all the work of the previous

section applies to PIDs.
Proposition 3.28. Suppose that R is a Fuclidean domain. Then R is a PID.

Proof. Let f be a FEuclidean function on R and suppose [ is a non-zero ideal. Let x € [
have f(x) minimal, and suppose that y € I. If y ¢ (x) then there is ¢ € R and r € R* with
y=qx+7 and f(r) < f(x) so that r € I, contradicting minimality of f(z). ]

Remark 3.29. The ring Z[0], where §? - + 5 = 0, is an example of a PID that is not a
Euclidean domain, though in view of Exercise we shall not treat them very differently;
a proof may be found in [Conl, Theorem 5.13].
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The ACCP and unique factorisation domains

Other than Bezout’s lemma, the integers enjoy another important property: we cannot ‘keep
dividing indefinitely’, and this is what ensures the existence of factorisations into primes.
An integral domain R has the ascending chain condition on principal ideals or

ACCP if for every sequence (d,,)32, of elements with d,.1 | d,, for all n € Ny, there is some
N € Ny such that d,, ~ dx for all n > N.

Proposition 3.30. Suppose that R is a Bezout domain. Then R has the ACCP if and only
if R is a PID.

Proof. For ‘only if’, suppose that I is an ideal in R that is not principal and generate a chain
of elements of [ iteratively: Let dy € I, and suppose we have dy,...,d, € I. Since I is not
principal there is d’ € I\(d,) and since R is Bezout there is d,,,; such that (d,,1) = (d’,d,) c I,
so in particular d,,,; € I. Since d' ¢ (d,,) we have d,,.1 | d, and d,11 ¢ d,,. The chain (d,,)2,
violates the ACCP, and this contradiction proves the result.

For the ‘if” direction, suppose that (d, ), has d,.1 | d,, for all n € Ny, so that (dp) c
(dy) c -~ and let I = Upen, (dn). I is an ideal: If s,t € I then there are n,m € Ny such that
s € (d,) and t € (d,,) and so 5,1 € (dmax{n,m}) by nesting, and hence s =t € (dmaxfnm}) € 1.
Since 0 € I, it is a subgroup by the subgroup test, and finally if r € R then rs, sr € (d,) c I
as required.

Since R is a PID there is some d € I such that I = (d). Since d € I there is some N € Nj
such that dy | d, but then d, € I for all n € Ny and so dy | d | d,, for all n € Ny and hence
d, ~dy for alln> N. O

Example 3.31. The ring of algebraic integers Z does not satisfy the ACCP giving an
example of a Bezout domain that is not a PID. Exercise develops a proof of this.

Proposition 3.32. Suppose that R is an integral domain with the ACCP. Then every x € R*

has a factorisation into irreducibles.

Proof. Write F for the set of elements in R* that have a factorisation into irreducibles so
that all units and irreducible elements are in F. F is closed under multiplication, by design
and since R is an integral domain.

Were F not to be the whole of R* then there would be some xy € R* N\ F. Now create a
chain iteratively: at step ¢ suppose we have z; € R* \ F. Since z; is not irreducible and not
a unit there is y; | x; with y; ¢ 1 and y; 4 x;; let z; € R* be such that x; = y;2;. If z; ~ z,
then z; ~ y;z; and by cancellation 1 ~ y;, a contradiction. We conclude y;, z; ¢ ;.

Since F is closed under multiplication we cannot have both y; and z; in F. Let x;,1 €
{yi, z;} such that z;,1 ¢ F; by design z;,1 | x; and x;,1 ¢ x;. This process produces a sequence
o+ | o | 21 | o in which z; ¢ x;,1 for all i € Ny contradicting the ACCP. O
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Remark 3.33. Integral domains in which every non-zero element has a factorisation into
irreducibles are called factorisation domains or atomic domains. There are factorisation
domains not having the ACCP but these are not easy to construct; the first example was

given by Anne Grams in [Gra74].

Finally, a unique factorisation domain or UFD is an integral domain in which every

x € R* has a unique factorisation into irreducibles.
Theorem 3.34. Suppose that R is a PID. Then R is a UFD.
Proof. Since every PID has the ACCP, Proposition tells us that every x € R* has a

factorisation into irreducibles. But every PID is a Bezout domain, and every irreducible in

a Bezout domain is prime, and the result follows from Proposition [3.14] O

Example 3.35. Z[X] is an example of a UFD that is not a PID; see Exercise for
details.

Finding irreducibles

Irreducible elements of a ring are of interest in the same way that the elements (in the
sense of the periodic table) are of interest in chemistry: they are the building blocks of the
non-zero elements (in the sense of elements of a set) of the ring.

In PIDs irreducibles are of even more interest because they generate maximal ideals: not
just maximal amongst principal ideals, but maximal amongst all ideals, because all ideals
are principal in a PID. This means that the quotient of a PID by the ideal generated by
an irreducible element produces a field. We have already seen this with the primes in 7Z
producing the fields [F,, but there are many more fields arising from quotient rings.

We begin with a short technical lemma which can help in finding irreducible polynomials

of degree 2 and 3.

Lemma 3.36. Suppose that R is an integral domain and f € R[X]. Then if f has a root
and degree at least 2, it is not irreducible; and if f is monic of degree at most 3 and is not

wrreductble then it has a root.

Proof. If f has a root « then by the Factor theorem X — « divides f. Since deg(X —a) =1
we have X — « ¢ 1, and since additionally deg f > 2 we have X —«a ¢ f. We conclude that f
is not irreducible.

If f has degree at most 3, and g | f has g 4 1 and g ¢ f then let h € R[X]* be such
that f = gh. Since g,h | f, and f is monic the lead coefficients of g and h are both
units. Since g ¢ 1 we have degg > 0; since g ¢ f we have degg < deg f. But then since
3 > deg f = deg g+ deg h we have either degg =1 or degh = 1. In the first case, since the lead
coefficient of g is a unit, g has a root in R; in the second case similarly A has a root in R.
It follows that f has a root in R. O]
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Example 3.37. X2+ X + 1 € Fy[X] has no root in Fy and is monic, so is irreducible in
Fy[ X]. Hence (X2+ X +1)2=X*+ X?2+1 is not irreducible but it is also monic and has no

root.

Example 3.38. The polynomials X3+ X?2+1 and X3+ X +1 are the only degree 3 irreducible
polynomials in Fo[ X]: There are only eight degree 3 polynomials in Fo[ X] and the constant
term may not be 0, or else 0 is a root. Hence there are only four polynomials to consider:
X3+X?2+X+1, X3+ X +1, X3+ X?2+1, and X3+ 1. The first and last of these have 1 as

a root, and the other two do not.

Every finite field has size a power of a prime (Exercise asks for a proof of this), and
we can produce a field of order pm for p a prime if we can find f e F,[X] irreducible of
degree n. A proof that we can find such irreducibles, modelled on the proof of Bertrand’s
postulate, may be found in [Sou20]; for now we content ourselves for finding a large class of

fields of order p?:

Example 3.39. We call a € [F, a quadratic non-residue if there is no = € F, such that
2% = a (mod p). For example, —1 is a quadratic non-residue if p is a prime with p =3 (mod 4)
because if x € F,, had 22 = -1 (mod p) then = would generate a subgroup of order 4 in U(F,).
However, U(F,) has order p -1, which is not divisible by 4 violating Lagrange’s theorem.
Thus when p =3 (mod 4), X% +1 is irreducible, and hence F,[X /(X2 +1) is a field and
it is 2-dimensional in the F,-vector space structure induced by the quotient map (composed
with the inclusion of F,). In particular, it has size p? and so is not isomorphic to I, for any
prime ¢ — these are new fields — and it is not isomorphic to Z, since this is not even an

integral domain.

The rationals are an infinite field and so checking a polynomial for rational roots does
not yield to the same brute force approaches that can work in finite fields. However, there
is a result of Gauss which lets us connect irreducibility of polynomials in Z[X], where we

only have to check for integer roots, with irreducibility in Q[X].

Example 3.40. A 2X e Z[X] is not irreducible in Z[X] because 2 | 2X and 2 4 1 and
2 4 X. On the other hand 2X ~ X in Q[X], and so it is irreducible in Q[ X].

We say that f e Z[X] is primitive if 1 is a greatest common divisor of the coefficients

in f. In particular, if f is primitive and of degree 0 then f is a unit in Z[X].

Theorem 3.41 (Gauss’ Lemma). Suppose that f € Z[X]. Then f is non-constant and
irreducible in Z[ X | if and only if f is primitive and irreducible in Q[ X].

Proof. Suppose that f is irreducible in Z[ X ]. This immediately tells us that f is primitive
since it were not there would be n ¢ 1 such that n | f in Z[X]. Since n ¢ 1 we conclude
that n ~ f (in Z[X]) by irreducibility of f, contradicting the fact that f is non-constant.
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Now, suppose that f = gh for g,h € Q[X]. Then let X € N* be minimal such that there is
q € Q* with \¢~'g and ¢h both in Z[X]. Suppose that p € Z is prime with p | A\. Then p is
prime as a constant polynomial in Z[X | and since p | Af = (Ag tg)(gh), we have p | Ag™1g
or p | gh (both in Z[X]). The former contradicts minimality of A directly, and the latter
once we note that (¢/p)h € Z[X] and (Ap)(q/p)~tg = A\g7'g € Z[ X]. We conclude that A
has no prime factors and hence (since Z is a UFD) is a unit. Thus ¢7'g | f in Z[X] and so
by irreducibility of f in Z[X] we conclude that either g-lg ~ 1 or ¢7'g ~ f in Z[X]. Hence
either g ~ 1 in Q[X] or g ~ f in Q[X] and finally, since f is non-constant we have f ¢ 1 in
Q[X] and so f is irreducible in Q[ X].

Conversely, suppose f € Z[ X ] is primitive and irreducible in Q[ X]. First, f 4 1 in Q[X]
and so f is non-constant. Suppose ¢ | f in Z[X]. By irreducibility of f in Q[X], either
g~1in Q[X] so degg =0, and since f is primitive g ~ 1 in Z[X]; or g ~ f in Q[ X], then
degg = deg f and writing f = gh for h € Z[X] we have degh = 0, and since f is primitive
h~1in Z[X], whence g ~ f in Z[ X ]. The result is proved. O

Example 3.42. The polynomial p(X) = X3+ X +1 is non-constant and irreducible in Z[ X |

because it has degree at most 3 and no root in Z. Hence it is irreducible in Q[X].

Proposition 3.43 (Eisenstein’s Criterion). Suppose that f(X) =a, X"+ +a; X +ag is a
primitive polynomial in Z[X] and p is a prime in Z such that p | a; in Z for all 0 <i < n;
p | an; and p? | ag in Z. Then f is irreducible in Z[ X].

Proof. Suppose that f = gh for g,h € Z[X]. Write ¢ : Z[X] - F,[X] for the evaluation
homomorphism at X (i.e. mapping X to X) extending the quotient map Z — F,. Then

o(f) = ¢(g)¢(h) and degq > degd(q) whenever ¢(q) € F,[ X]".

Since p | a; for all i <n and p [ a, we have ¢(f) ~ X™.

Since ¢(g) and ¢(h) can be factorised into irreducibles, and X € F,[ X ] is prime it follows
that ¢(g) ~ X? and ¢(h) ~ X" by Proposition [3.14] If i > 0 then ¢(g) has zero constant
coefficient and so p divides the constant coefficient of g. aq is the product of the constant
coefficients of g and h and since p? | ap we conclude that p does not divide the constant
coefficient of h, so i = n. But then degg > deg¢(g) =n, and n = deg f = degg + degh, so
degh = 0. Since f is primitive, h is then a unit and so g ~ f. The case ¢ = 0 is handled
similarly and leads to g ~ 1 O

Example 3.44. For n € N* the polynomial X™ — 2 is irreducible in Z[X] by Eisenstein’s

Criterion with the prime 2 since it is visibly primitive (with the lead coefficient being 1).
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4 Modules: an introduction

Suppose that R is a ring and M is a commutative group with operation +. A map .: RxM —

M; (r,x) ~ r.z is called a scalar multiplication of R on M if
(M1) 1.z =z for all z € M,

(M2) r.(s.z) = (rs).x for all r,s € R and z € M;

(M3) (r+s).x=(rx)+(s.x)forall r,se R and x € M;

(M4) r.(z+y)=(r.x)+(ry) forall r € R and z,y € M.

An R-module is a commutative group M, called the additive group of the module and
whose operation is called addition, equipped with a scalar multiplication of R on M. We
often speak of simply the module M if all other data is clear, and in this case R is the ring
of scalars of M.

The elements of M are called vectors and the elements of R are called scalars. The
identity of M is called the zero of the module and denoted 0, and for each x € M we write

—z for the unique inverse of z; the map M — M;x — —x is the negation of the module.

Another way of capturing the axioms is to say that the map

U:R - Hom(M,M)
M - M

r = X

r [

is a well-defined ring homomorphism, where Hom (M, M) is the ring of group homomor-
phisms of the additive group of M. Indeed, to say that U is well-defined, meaning it really
does map into Hom (M, M), is exactly to say |(M4); and to say that ¥ is a ring homomor-

phism is exactly [(M1)H(M3)|

Remark 4.1. Since M is a commutative group, -0 =0, —(-x) = x for all x € M, and negation
is a homomorphism.

says exactly that for r € R the map M — M;x ~ r.x is a group homomorphism of
the additive group of M, so 7.0y = 05 and r.(-x) = —(r.x) for all z € M.

says exactly that for x € M the map R - M;r ~ r.x is a group homomorphism
from the additive group of R to the additive group of M, so Og.x =0y and (-r).z = —(r.x)
for all r € R.

Example 4.2 (Vector spaces as modules). Given a field F, a vector space V' is exactly an

F-module, with the two notions of scalar multiplication coinciding.
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Example 4.3 (The zero R-module). For a ring R, the trivial group — usually denoted {0}
in this context — and the scalar multiplication defined by r.0 := 0 for all » € R is a module
called the zero R-module.

A Tf R is trivial this is the only R-module, since v = l.o = (1+1).z=1lax+l.o=2+uz,

sox =0 for all x e M.

Example 4.4 (The R-module R). For a ring R, the multiplication map on R is also a scalar
multiplication of the ring R on the additive group of R making R into an R-module which
we call the R-module R.

is exactly the statement that 1p is a left identity of ring multiplication;
is exactly associativity of ring multiplication; is exactly that all right multiplication
maps on a ring are homomorphisms of the additive group; and is exactly that all left
multiplication maps on a ring are homomorphisms.

A\ There may be more than one scalar multiplication of the ring R on the additive
group of R: we saw in Example that A\.z := Az and \.z := \.z are two different scalar

multiplications of C on C.

Example 4.5 (Direct sums). Given R-modules My, ..., M, the product group My x---x M,
equipped with the map (r,x) » (r;.x1,...,7,.2,) where the ith instance of . is the scalar
multiplication in M;, is a scalar multiplication of R on Mj x---x M,,. This module is denoted
M; & ---® M, and is called the direct sum of the R-modules M, ..., M,.

In particular the direct sum of n copies of the R-module R is called the R-module R"
and the scalar multiplication is given by r.x = (rxy,...,7r2,).

The F-module F™ is the usual vector space F”.

Example 4.6 (The M, (R)-module R%, ). For a ring R, we write R?, for M, (R). By
Proposition [1.44] this is a commutative group and the map M, (R) x RZ,, — R ; (A,v) —
Aw is a scalar multiplication of the ring M, (R) on R%, . We call this the M, (R)-module
Reo.-

Example 4.7 (The R-module R?,, ). For a ring R, the additive group R?,, has the structure

of an R-module called the R-module R?, with scalar multiplication
Ty r 0 T I
2 I = : for r e R,x € R{,,.
Ty, 0 T Tn Ty,

The F-module F?2, is the usual F-vector space F2, .

Example 4.8 (The R-module M, (R)). For a ring R, the additive group M, (R) has the
structure of an R-module called the R-module M, (R) with scalar multiplication (r.A); ; :=
rA;; for all 1 <,7 <n.

For fields this is the vector space structure described in Example [1.48]
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Example 4.9 (The Z-module of a commutative group). Given a commutative group M,
the map Z x M — M defined by

n times m times

A

(n-m)x:=(x+-+z)-(x+-+1)

is a scalar multiplication of Z on M giving it the structure of a Z-module called the Z-
module M.

Example 4.10 (Polynomial rings as R-modules). The additive group of the ring R[X ] can
be made into an R[X ]-module — for example the R[ X ]-module R[X] — but it can also be
made into an R-module with scalar multiplication r.(ag+a; X +-+a, X™) = (rag) +(ra;) X +
et (rag) X

Example 4.11 (Modules over matrix rings as vector spaces). An M, (F)-module M is also

vector space over ' with scalar multiplication

A 0

A w for Ne F v e M, (F).

0 A

Example 4.12 (Vector spaces with an endomorphism). For T': V' — V' an F-linear map we

can define a scalar multiplication of F[ X ] on the additive group of V' by
(ag + a1 X + -+ agX?)v:=agv+a,. T(v) +ag.Tv) for all pe F[X] and v e V

where the . on the right is the scalar multiplication of F on V resulting from the given vector

space structure.

Linear maps

As with rings we shall be interested in the structure-preserving maps for modules: An R-

linear map between two R-modules M and N is a group homomorphism ¢ : M — N with
o(r.x) =r.¢(z) for all z € M and r € R.

Remark 4.13. Since an R-linear map ¢ : M — N is a group homomorphism, ¢(0,) = Oy
and ¢(-z) = —¢(x) for all x € M.

Example 4.14 (Example contd.). For vector spaces V and W over a field F, the linear

maps V — W in the usual sense are exactly the F-linear maps in the sense defined here.

Example 4.15. For an R-module M and elements z1,...,z, € M, the map ¢, : R* —
M;r > ry.xq + - + 1.2, is R-linear by [((M2)| and [(M3)]
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Example 4.16. For A € M, ,,,(R) the map R* -» R™;v — vA between the R-modules R"
and R™ is an R-linear map between the R-modules R™ and R™ since r.(vA) = r(vA) =
(rv)A = (rw)A for all r € R and v € R*, and (v+w)A = vA +wA for all v,w € R" by

Proposition [I.44]

Example 4.17. For A € M, ,,,(R) the map R — R"  :v ~ Av between the R-modules
R, and R, is additive since A(v+w) = Av+ Aw by Proposition [1.44]

If R is commutative then (writing A(r) for the matrix with rs on the diagonal and
0 elsewhere as in Example we have A(r) is in the centre of the ring M, (R) and
so A(rwv) = A(A(r)v) = (AA(r))v = (A(r)A)v = A(r)(Av) = r.(Av). Hence the map
R, — R ;v Av is R-linear.

If R is a non-commutative ring then there are elements r, s € R with rs # sr and the map

1 1. : : ' _ _
Rl,, = Rl,.;x~ rx is not linear since r(s.1) =rs # sr = s.(rl).

Example 4.18. For M an R-module and x € M, the map ¢ : R - M;r ~ r.x from the
R-module R to M is R-linear since (r + s).x = (r.x) + (s.z) by for M, and (s.r).x =

(sr).x = s.(r.x) for all r,s € R by definition of scalar multiplication in the R-module R and

(M2)| for M.

Example 4.19. If R is commutative then the scalar multiplication map M — M;z — s.x
is R-linear since s.(r.x) = (sr).x = (rs).x =r.(s.x) for all r € R and x € M.
On the other hand, for any ring R if M is the zero-module then the map M - M;x ~ s.x

is R-linear.

Proposition 4.20 (Algebra of linear maps). Suppose that M and N are R-modules. Then
L(M,N), the set of R-linear maps M — N, is a subgroup of Hom(M, N) (under pointwise
addition). Furthermore, if p € L(M,N) and € L(N, P) theno¢p € L(M,P), and L(M, M)
is a subring of Hom(M, M).

Proof. Certainly L(M, N) is a subset of Hom(M, N), and the zero map z: M — N;x ~ Oy
is a homomorphism, and linear since z(r.x) = Oy = 7.0y = r.z(x) and so L(M,N) is non-
empty. If ¢, € L(M,N) then ¢ — 1 is a homomorphism since Hom(M, N) is a group,
and (¢ - ¥)(r.o) = ¢(r.o) - v(rx) = r.o(z) - r.o(z) = r(é(z) - ¢(z)) = r.((¢ - ¥)(z)) so
¢ -1 e L(M,N) and hence L(M,N) is a subgroup by the subgroup test.

For the second part, ¥o¢ is a group homomorphism, and it is R-linear since (po¢)(r.x) =

Y(p(r.x)) =(r.g(z)) =rap(p(z)) =r.(og)(x) forall r e R and x € M i.e. Yo e L(M, P)
as claimed. Finally, the identity map ¢ : M — M is R-linear since ¢(r.xz) = r.x = r..(z) for
all r € R and @ € M, 50 luom(a,ny € L(M,M). L(M, M) is closed under differences by the
first part of the proposition, and is closed under products by what we just showed. By the
subring test L(M, M) is a subring of Hom(M, M) as claimed. O
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Remark 4.21. If R is a commutative ring then we can define a scalar multiplication on
L(M,N) by (r.¢)(x) := ¢(r.z) giving it the structure of an R-module.
A\ In Exercise [[11.10] there is an example of a ring R and R-module M such that the

commutative group L(M, M) cannot be given the structure of an R-module.

Isomorphisms and submodules

We say that ¢ : M - N is an R-linear isomorphism if it is R-linear and it has an R-linear

mverse.

Observation 4.22. If ¢ : M — N is an R-linear bijection then its inverse map is a group

homomorphism, and ¢~1(A.x) = o1 (A\.@(¢71(x))) = o7 (p(N.071(x))) = X\.o~!(x) so that ¢

is an R-linear isomorphism.

Example 4.23. The map
!
R = Réoy ;=
Tn
is an R-linear bijection between the R-module R™ and the R-module R?, , and hence an

R-linear isomorphism.

Example 4.24. The map Q — Q;x ~ 2z is a Z-linear bijection from the Z-module Q to
itself arising via scalar multiplication as in Example [4.19] /A The inverse map, while also
Z-linear does not arise via scalar multiplication when Q is considered as a Z-module since

there is no integer z € Z such that 2zx = z for all z € Q.

An R-module N is a submodule of an R-module M if the map j: N - M;x — z is a
well-defined R-linear map. We write NV < M and also say that N is proper if M # N.

Example 4.25 (Example , contd.). When V' is a vector space, a submodule of V' is

exactly a subspace of V.

Example 4.26 (Left ideals are submodules). I is a left ideal in a ring R if and only if [ is
a submodule of the R-module R.

Example 4.27. The ideal (2) in the ring Z is a proper submodule of the Z-module Z and
it is Z-linearly isomorphic to the Z-module Z via Z — (2); z — 2z.

A\ This is quite different from the situation with vector spaces: the only subspaces of
the F-vector space F are {0} and F.

Lemma 4.28 (Submodule test). Suppose that M is an R-module and @ + N ¢ M has
x+y €N forall x,y € N, and r.x € N whenever x € N and r € R. Then addition on M
and scalar multiplication of R on M restrict to well-defined operations on N giving it the

structure of a submodule of M.
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Proof. First, -1 € Rand (-1).x = —z for all z € M so that by the hypotheses, N is non-empty
and x —y € N whenever z,y € N. It follows that N with addition on M restricted to N,
is a subgroup of M by the subgroup test. Since r.x € N whenever r € R and x € N, scalar

multiplication of R on M restricts to a well-defined function R x N - N which a fortiori
satisfies (M1)H(M4)l Finally, the inclusion map is R-linear and the result is proved. O

As with rings, given a subset satisfying the hypotheses of the above lemma, we make the
common abuse of calling it a submodule on the understanding that we are referring to the

induced operations.

Quotients and the first isomorphism theorem

Theorem 4.29 (Quotient modules). Suppose that M is an R-module and N is a submodule
of M. Then the commutative group M [N may be endowed with the structure of an R-module
such that q: M - M[N;x — x+ N is an R-linear surjection with kernel N.

Proof. Since N is a commutative subgroup of M we have that M /N is a commutative group
and the map ¢ is a surjective homomorphism with kernel N by definition of the quotient
group. Define a scalar multiplication of R on M /N by r.(x + N) := r.x + N. This is well-
defined: if x + N =y + N then x +n =y +n' for some n,n’ € N, so r.x +r.n=r.y+r.n’, but
since N is a submodule r.n,r.n" € N and hence r.x + N =r.y + N as required.

follows since 1.(x + N) = (1.x) + N = z + N for all z € M by for the scalar
multiplication on M. [(M2)|follows since r.(s.(x+N)) =r.(s.x+N) = (r.(s.x))+ N = (rs).x +
N =(rs).(z+N) for all , s € R and x € M by [(M2)| for the scalar multiplication on M.
follows by for the scalar multiplication on M and the fact that ¢ is a homomorphism so
(r+s).(z+N)=(r+s).x+N =((rax)+(sx))+N = (rz+N)+(s.x+N) =r.(x+N)+s.(z+N)
for all r,s € R and x € M. Finally, follows by for the scalar multiplication on
M and the fact that ¢ is a homomorphism so r.((z + N) + (y+ N)) = r.((z +y) + N) =
r(z+y)+N=((rz)+(ry)+N=(rax+N)+(ry+N)forall re Rand z,y€ M.

Finally, it remains to note that ¢ is R-linear by definition and the result is proved. [J

Remark 4.30. Since the map ¢ above is a surjective R-linear map the scalar multiplication
on M/N is determined by ¢: r.(x+ N) =r.x+ N for all z € M and r € R, where the first . is
scalar multiplication in M /N, and the second in M.

By the R-module M /N we mean the module structure of this theorem.

Theorem 4.31 (first isomorphism theorem for modules). Suppose that ¢ : M - N is R-

linear. Then ker ¢ is a submodule of M; Im ¢ is a submodule of N; and the map

¢: M[ker¢ > Nz +ker ¢~ ¢(x)
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s an injective R-linear map with image Im ¢. In particular, Im ¢ is R-linearly isomorphic

to M/ ker ¢.

Proof. Both ker ¢ and Im ¢ are subgroups of the additive groups of M and N respectively by
the first isomorphism theorem for groups since ¢ is, in particular, a group homomorphism.
Therefore by the submodule test ker¢ and Im¢ are submodules since if z € ker¢ then
Oy =7.0x =7.¢(x) = ¢(r.z) and so r.x € ker ¢; and if x € Im ¢ then there is y € M such that

z=¢(y) and so r.x =1.¢(y) = ¢(r.y) € Im ¢.

By Theorem M/ ker ¢ is an R-module. ¢ is an injective well-defined group homo-
morphism by the first isomorphism theorem for groups. It remains to check that it is linear
which follows since @(r.(z +ker¢)) = ¢((r.z) + ker @) = ¢(r.z) = r.¢(x) = r.¢(z + ker ¢) for
all e R and x € M. O

5 Free modules
(Generation
For an R-module M and A ¢ M we write
(A) :={rx1++rpx,:neNgxy,...;x e Ay, .., € R},

This is a submodule of M by the submodule test, and we call this submodule the module

generated by A. For zq,...,x, € M we write
(1, xp)={rixy++r,x,:71,...,7 € R},
and since Og.x; = 0py we have that (z1,...,2,) = ({z1,...,2,}).

Example 5.1. An R-module M is generated by the set M itself, and M is generated by
the empty set if and only if it is the zero R-module.

Example 5.2 (Vector spaces, contd.). For F a field, V an F-module, and A ¢ V the

submodule generated by A is the same as subspace spanned by A.

Example 5.3. Write ¢; := (0,...,0,1,0,...,0) for the elements of R® with 1 in the ith
position and Op elsewhere. Similarly writer e} for the column vector in R, with 1g in the
1th row and Ogs elsewhere.

{e1,...,e,} generates the R-module R" since if € R™ then r = ry.e; + --- + r,.¢,, and

similarly {ef,... el } generates RZ, .

If there is a finite set A such that M is generated by A then we say that M is finitely
generated. If M is generated by a set of size 1 we say that M is cyclic.
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Example 5.4 (Commutative groups, contd.). A commutative group M is cyclic if and only
if the Z-module M is cyclic.

For M a finite commutative group, the Z-module M is finitely generated since it is
generated by the finite set M.

Example 5.5. The Z-module Q is not cyclic. Indeed, for any g € Q* there is no z € Z such
that zq = ¢/2, and since Q # (0) the claim follows. A The Q-module Q is cyclic and it is
generated by any set {¢q} with ¢ € Q*.

Example 5.6. For R a ring, the R-module R is cyclic — it is generated by 1 — and if K a
submodule of the R-module R (equivalently K is a left ideal in the ring R), the quotient
module R/K is cyclic — it is generated by 1+ K.

In fact every cyclic R-module is isomorphic to a module of this form: if M is a cyclic
R-module then the map ¢ : R - M;r ~ r.x is surjective and R-linear, and so by the first
isomorphism theorem there is a submodule K of the R-module R — in this case ker ¢ — such
that R/K is R-linearly isomorphic to M.

Observation 5.7. The R-linear image of an R-module generated by a set of size n is generated

by a set of size n.

Proposition 5.8. Suppose that ¢ : M — N is an R-linear map and Im ¢ and ker ¢ are

generated by sets of sizes n and m respectively. Then M is generated by a set of size n+m.

Proof. Let xy,...,x, € M be such that ¢(x1),...,¢(x,) generate Im ¢, and let 41, ..., Tpim
generate ker ¢. Then if x € M, there are elements r1,...,7, € R such that ¢(x) =r1.¢(z1) +
+1,.0(x,), and hence ¢(z—ry.x1——r,.x,) = 0 and so there are elements r,,1,...,7m € R

with x —r.x1 — - =1, Ty = Tpi1-Tpg1 + - + Tnaem -Tnam. Rearranging the result is proved. [

Example 5.9 (Vector spaces, contd.). The proof above is modelled on a proof of the Rank-
Nullity theorem, and in fact since a basis for a vector space is certainly a spanning and so
generating set, it tells us that if V' is a vector space and T : V' — W is linear with finite rank
and nullity then dim V' < rk(7") +n(7"). The Rank-Nullity theorem is the stronger claim that

we have equality here.

In an R-module M, we say £ c M is a minimal generating set if £ generates M and
no proper subset of £ generates M.
Observation 5.10. A finite generating set for an R-module M contains a minimal generating

set by induction.

Example 5.11. A Minimal generating sets need not exist: Exercise [[11.1] asks for a proof
that the Z-module Q does not have a minimal generating set. In particular, in view of the

preceding observation, the Z-module Q is not finitely generated.
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Example 5.12. The set {2,3} is a generating set for the Z-module Z, and no proper subset

is generating so it is a minimal generating set. /A There are smaller generating sets of Z —
{1} and {-1}.

Proposition 5.13. Suppose that M is a finitely generated R-module. Then every generating
set for M contains a finite subset that is also a generating set. In particular, every minimal

generating set is finite.

Proof. Let {x1,...,x,} generate M and suppose that £ is a generating set for M. For each

1 <i < n there is a finite subset S; c € such that z; € (S;), and hence x1,...,x, € (U, S;).
Since {x1,...,2,} generates M we have M = (x1,...,x,) c ((U, S;)) = (U~ S;). However,
*15;c &, and a finite union of finite sets is finite as required. O

Linear independence

For an R-module M we say that a finite sequence x1,...,z, € M is (R-)linearly indepen-
dent if whenever rq,...,r, € R have r{.xq + -+ r,.x,, =03y we have r,...,r, =0g. A set A
is (R-)linearly independent if for every n € Ny, x1,...,z, is R-linearly independent for
every sequence of distinct xq,...,x, € A.

Sets and sequences are (R-)linearly dependent if they are not R-linearly independent.

Example 5.14. In an R-module M the empty set or empty sequence is R-linearly indepen-
dent.

Example 5.15 (Vector spaces, contd.). A subset of a vector space is linearly independent

in the usual sense if and only if it is linearly independent in the sense here.

Example 5.16 (Example[5.3] cont.). ey, ..., e, are R-linearly independent in R™: if r;.e; +

o+ 7y.e, =0 for r,...,r, € R then rq,...,7, =0, and similarly for et,... el in RZ,.

Example 5.17 (Commutative groups, contd.). If M is a finite commutative group then
by Lagrange’s theorem |M|.z = 0 for all z in the Z-module M, and hence there are no

non-empty Z-linearly independent subsets of M.

Example 5.18. The Z-module Q has no Z-linearly independent subset of size 2. Indeed,
suppose that e, e; € Q were a Z-linearly independent sequence with ey # 0. There is z € Z*
such that zej, zes € Z, and hence (zey).eq + (—ze1).ea = 0 but zes # 0 80 e, e is Z-linearly

dependent — a contradiction.

Bases

For an R-module M we say that &£ is a basis for M if it is a linearly independent generating

set for M. A module with a basis is called free.
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Example 5.19. The zero R-module has the empty set as a basis and so is free.

A Tf R is trivial then {0} is also a basis since it is R-linearly independent.

Example 5.20 (Commutative groups, contd.). If M is a non-trivial finite commutative
group then the Z-module M is not free since the only independent sets are empty and the

module generated by the empty set has only one element: zero.

Example 5.21. The Z-module Q is not free: If it were it would have a basis €. If £ had more
than one element then it would contain two linearly independent elements contradicting the
conclusion of Example[5.18} if it had strictly fewer than two elements then Q would be cyclic

contradicting the conclusion of Example [5.5]

Example 5.22 (Example [5.3| contd.). In view of Examples & {e1,...,e,} is a
basis for the R-module R™ and {¢!,... el } is a basis for the R-module R?, — these are

both free modules.

Example 5.23 (Example 4.15| contd.). If {z1,...,2,} is a basis for the R-module M then

the linear map @, : R* - M;r v r1.21 + -+ + 1r,,.2,, i injective since {z1,...,x,} is linearly
independent, and surjective since {z1,...,x,} is a generating set, hence ®, is an R-linear
isomorphism.

Proposition 5.24. Suppose that M is an R-module with a basis €. Then £ is a minimal
generating set. In particular, if M is finitely generated then & is finite.

Proof. Suppose that £ c £ generates M and e € £\ E’. Since £’ generates M, l.e = e € (£')
and so {e}U&’ is linearly dependent. But this is contained in £ which is linearly independent
and linear independence is preserved under passing to subsets. This contradiction establishes
the first claim. The last part follows by Proposition [5.13| O]

Example 5.25. The set {2,3} is a minimal generating set for the Z-module Z, but it is not

linearly independent and so not a basis.

Example 5.26 (Vector spaces, contd.). A minimal generating set in a vector space is
linearly independent and so a basis. In particular, any finitely generated vector space has
a minimal generating set and so has a finite basis. In other words, every finitely generated

vector space has a basis, by contrast with the case of more general modules (Example |5.20)).

Remark 5.27. A In a vector space any two finite bases have the same size — this is sometimes
called the Dimension theorem. For more general rings, finite bases of modules over those
rings need not have the same size: the zero module over the trivial ring has @ and {0} as
bases of sizes 0 and 1 respectively; Exercise gives an example of a non-trivial ring and

a module over that ring with bases of sizes 1 and 2.
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Presentations

A quotient of a finitely generated module is finitely generated, but the same is not true of

submodules:

Example 5.28. In Exercise we saw that Z contains an ideal that is not finitely gener-
ated, and this ideal is therefore a submodule of the cyclic Z-module Z that is not finitely

generated.
A matrix A € M, (R) is said to be upper triangular if A;; =0 whenever j <.

Proposition 5.29. Suppose that R is a PID and M < R™. Then there is an upper triangular
A€ M,(R) such that M = R*A.

Proof. For each 1 <i<ntheset M;:={z;e R:xe M and z1,...,x;1 =0} is a submodule of
the R-module R and since R is a PID every such submodule is an ideal and generated by an
element of R. Let A e M, (R) be such that the ith row of A is (0,...,0,A4;,;,...,4;,) e M
where A;; generates M;.

By design A is upper triangular and every row of A is in M, so any linear combination
of rows of A is in M — in other words R®"A c M. In the other direction, suppose that

M ~ R™A is non-empty. The zero vector is not in this set, and so if it is non-empty then it

contains an element x with ¢ < n maximal such that z,...,2,4 =0. By design A;; | z;, say
z; = zA;;. Then ' :=2-(0,...,0,2,0,...,0)A e M ~ R"A, but z/,...,z] = 0 contradicting
the maximality of . O

Remark 5.30. Being free and finitely generated are properties that are preserved by isomor-
phisms so in particular, if M is a submodule of a free and finitely generated module over a
PID then it is finitely generated.

Example 5.31 (Vector spaces, contd.). For V' a subspace of F" the above tells us that V'

is generated by at most n vectors since any field is a PID and so dim W < n.

An R-module M has a finite presentation with presentation matrix A € M, ,,(R)
if there is an R-linear isomorphism ® : R"/R™A — M.

Example 5.32. For M an R-module with basis x1,...,x,, the linear map R"* - M;r —
71.21 + - + T2y 18 an R-linear isomorphism. For any m € Ny, we have R™0,,x, = {Ogn}
and hence by the first isomorphism theorem M has a finite presentation with presentation

matrix 0,,,xp,.

Observation 5.33. A module with a finite presentation is finitely generated. On the other
hand, Exercise |[[I1.6| gives an example of a finitely generated module that does not have a

finite presentation.
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Example 5.34. For R a PID and M an R-module generated by z1,...,xz, there is an R-
linear surjection R* - M;r — ri.x1 + - +71,.2,. By Proposition the kernel of this map
is R"A for some upper triangular A € M, (R), and hence by the first isomorphism theorem

M has a finite presentation with presentation matrix A.

6 Elementary operations and the Smith normal form

There are three types of elementary column (resp. row) operation that can be applied
to matrices in M, ,,(R) — transvections, dilations, and interchanges — and these correspond
to right (resp. left) multiplication by matrices from M,,(R) and M, (R) respectively.

Write £, (1, 7) for the matrix in M,,(R) with Ogs everywhere except for row ¢ and column
j where the entry is 1g. Then E,(i,7)E,(k,1) = E,(i,1) if j =k and E,(7,7)E,(k,1) = Opxn
if j+k.

Transvections

For 1 <i,j <m with i # j and A € R put 1T,,(¢,5;A) = L, + \.E,,,(4,5) (where . is the scalar
multiplication of the R-module M,,(R)) so that

Tm(27]> )‘)Tm(27]7 _)‘) = Im = Tm(iaj; _)‘)Tm(zajv >‘)

Given A € M,, ,,(R), the matrix AT,,(i,7;\) is the matrix A with the ith column times A

added to the jth column; we write this

Cj>Ci+C;

A AT, (G, §: 0.

Similarly the matrix T,,(4, j; \) A is the matrix A with A times the jth row added to the ith

row; we write this
T¢HTi+/\Tj

T (i, j; M) A.

Dilations

For 1<i<m and uwe U(R) let D,,(i;u) = I, + (u—1).E,,(7,7) so that
Dy (i;u) Dy (i;u™) = 1, = Dy (5 u™) Dy, (35 10).

The matrix AD,,(i;u) is the matrix with the ith column replaced by the ith column times

u and as above we write this and the corresponding row operation as

cimCiu iU

A—> AD,,(i;u) and A —— D, (i;u)A.
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Interchanges

For1<i,7<mlet S, (4,5) = Ln+En(i, )+ En(J,7)-En(i,1)-E, (7, 7) so that S, (i,7)? = I,.

The matrix AS,,(i,7) is the matrix A with columns i and j swapped and as above we write
AZTY A8, (6, 5) and A =2 S, (i, ) A

for this and the corresponding row operation.

Remark 6.1. We write GL,,(R) for the group U(M,(R)), and GE, (R) for the subgroup of
GL,(R) generated by the transvections, dilations, and interchanges.

In general GLy(R) # GEy(R), though this can be hard to show. An example, taken from
[Coh66l, p23], is the ring Z[0] where 02 — 0 + 5 = 0. Here the matrix

. ( 3-0  2+6 )
-3-20 5-26

is in GLy(Z[#]) but not in GEL(Z[6]).

We say that A, B € M, »,(R) are equivalent by elementary operations and write
A ~¢ B if there is a sequence A =: Ag > A; —» -+ > Ap_; > A := B such that A;,; is the
result of an elementary row or column operation applied to A; for all 0 <7 < k.

We say that A,B € M, ,(R) are equivalent and write A ~ B if there are matrices
S e GL,(R) and T € GL,,(R) such that A= SBT.

Observation 6.2. Both ~¢ and ~ are equivalence relations, and in view of the definition of
GE,(R) we have A ~¢ B if and only if there is P,Q € GE,(R) such that A = PB(Q), so that
A ~¢ B implies A ~ B.

Example 6.3. For A € M, ,,,(R) write r1,...,r, for its rows, and ¢, ..., ¢, for its columns.
For any o € .S,, and 7 € S,, we have
1 To(1)
~E : and ( c1 vt Cm )Ns( Cr(1) " Cr(m) ),
Tn To(n)
since o (resp. T) is generated by transpositions, and interchanging rows (resp. columns) i

and j corresponds to apply the transposition (ij) to the row (resp. column) indices.

We say that A € M, ,,(R) is diagonal if A;; = 0 whenever ¢ # j. A\ In particular, we
do not insist that that A be square.

Example 6.4. If A€ M, ,,(R) is diagonal, interchanging rows ¢ and j and columns ¢ and j

gives the matrix A with A;; and A;; interchanged. Hence for any o € Syinn,m) wWe have

As(1),0(1) 0
A~g 0 As(2),0(2)
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Example 6.5. Two matrices A, B € M, (F) are said to be similar if there is P € GL,(F)
such that A= P~'BP, and so if A and B are similar then A ~ B. However,

A0 V)ae (PO p
00 00

so that here A ~¢ B, but B is diagonal and A is not similar to a diagonal matrix 7.e. it is

not diagonalisable.

Theorem 6.6. Suppose that R is a Fuclidean domain. Then every A € My, ,(R) is equiva-

lent by elementary operations to a diagonal matrizx.

Proof. Let A; be those matrices B ~¢ A with the additional property that whenever i < k
and j # ¢, or j < k and 7 # j, we have B;; = 0. We shall show by induction that A; is
non-empty for k < min{m,n} +1; A; contains A and so is certainly non-empty.

Let f be a Euclidean function for R, and suppose that A # @ and k < min{m,n}. Let
B € A be a matrix with f(Bj) minimal (with the convention that f(0) = c0). First we
show that By | By, for all i > k (including in the case By = 0): if not, there is some i > k

with By, = ¢Byx + 7 and f(r) < f(Byx), so we apply the elementary operations

By 0 « 0 -« 0 - 0
0
B- 0 0 0
0 0 B;@k : Bk,z‘ Bk m
0 O Bn,k Bn,i Bn m
By 0 0 0 0
0
Ci—>C;—CLq O e 0 e 0
0 0 Bk By i — By rq Bim
0 0 Bn,k Bn,i - Bn,kq By
B, 0 0 0 0
0
Cl<>C; - T 0 oo 0 O = BI‘
0 0 Byi— Brrg By x Bim




Then B’ € A, has By, = Bri—qByy =1, but f(B,’gk) = f(r) < f(Bgy) which contradicts
the minimality in our choice of B. Similarly, but with row operations in place of column
operations, By | B, for all 7 > k.

For k <i<m let ¢; be such that By ; = By 1q;. Apply elementary column operations

(Biy 0 - 0 0 0 - 0 )
0 .
0 0 0 0
B Ck+17Ck+1—Ckqk+1
0 Bk,k 0 Bkz,kz+2 Bk,m
0 Biiik Brsigr1 — Brsip@rer Brsigs2 =+ Briim
0 0 Bn,k: Bn,k‘+1 - Bn,ka+1 Bn,k+2 Bn,m
B, 0 0 0 0 \
0 .
: 0 0
Cm—=>Cm—CkQdm
0 - 0 Bk 0 = B’
0 - 0 Brug DBreigsr = Bre1kQesr - Breim — Bre1,kGm
0 0 Bn,k Bn,k+1 - Bn,ka+1 Bn,m - Bn,ka

For k <i<n let p; be such that B, = p;Bj . Apply elementary row operations

By 0 - 0 0 0
0
0 0
B Tk+17Tk+1~Pk+1Tk 0 Bk,k 0
0 0 Bl,c+1,k+1 Bl,c+1,m
0 Bk+1,k Bl,c+2,k+1 Bl,c+2,m
0 « 0 Bux B, = B,
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By 0 0 0 0
0
0 0
'n=>Tn—PnTk 14
> 0 By 0 0 = B".
0 0 Bllc+1,k+1 Bllc+1,m
0 -« 0 0 B;?,,k+1 o Bl
Then B" ~¢ B' ~¢ B ~¢ A and B" € Aj,;. The inductive step is complete. It follows that
Amin{mni+1 # @; any B in this set is diagonal and equivalent to A. O

For dy,...,d, € Ny and By € My, (R),..., B, € My, (R) we write

B]. Od1><d2 e Odlxdn
Od xd
Bi®--®B,:= 2
Odnflxdn
Odnxdl Od"xdnq Bn

We call the B;s the blocks of the matrix B; @ --- @ B,,, and it will be useful to allow
‘degenerate’ 0 x 0 blocks.

Example 6.7. A matrix A € M,,(R) is diagonal with entries dy, ..., d, if A= (dy)®--&(d,).

Example 6.8. If dy +---+d,=nthen I, =1, ®--- & 1,,. A\ This is not a special case of

the previous example because we are allowing 0 x 0 blocks.

Observation 6.9. If B; ~ B! (resp. B; ~¢ B!) for 1<i<n then By®--® B, ~ B} & & B/,
(resp. B1®--® B, ~s B/ &--& B]).

Lemma 6.10. Suppose that R is an integral domain, k <1 and A € M,, ., (R) is diagonal with
(d) = (Agx) + (A1) for some d #0, and md = A Arx. Then A is equivalent by elementary
operations to the matriz A with Ay, replaced by m and Ay replaced by d.

Proof. Let «,B,p,q € R be such that Ay ia + SA;; = d and Ay = dp, Ay = qd, and so
m = gdp. Then

Ak Ap pa Ap d

A e . rEeTE+6T] . CpCL—CLp
- - " . - . —_—
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rIPT—qT . T
—_— Ea—

ree(=1)rg
—_—

The result is proved. [

We say that A € M, ,,(R) is in Smith normal form over R if it is diagonal and

A | Ais1ia for all 1 <i<min{n,m}.

Proposition 6.11. Suppose that R is a Bezout domain. Then every diagonal matriz A €

M,,.m(R) is equivalent by elementary operations to a matriz in Smith normal form.

Proof. Let Ay, be the set of diagonal matrices that are elementarily equivalent to A, and such
that if the diagonal entries are denoted ai,as, ..., Gmingmn}, then a; | a; whenever 1 <i <y
and 7 < k. Certainly A € Ay since the hypotheses on the entries is vacuous then, so there is
a maximal k € N* with k& — 1 < min{m,n} such that Aj_; is non-empty.

By maximality of k for each matrix in A;_; with diagonal entries ai,as, ..., Gminfmn)
there is a minimal [ > k with a; | a;; let B € A1 have [ maximal with this property. By
Lemma [6.10] and Proposition we can replace a; and a; by the greatest common divisor
and least common multiple respectively of a, and a;, to get a matrix C' that is equivalent
to B by elementary operations.

Write af,...,a’

min{m.ny for the diagonal entries of C', so that for i ¢ {k,l} we have a = ;.

ay, and a; are linear combinations of a, and a; and so for i < k-1, a] divides them both, and
hence for 1 <7< j we have we have a] | a;.. It follows that C' € A;_;. Finally a}, | a; and so

ay, | aj for k< j <[, but also a;, | a; contradicting maximality of [. The result is proved. [

Theorem 6.12. Suppose that R is a Euclidean domain. Then every A € M, ,,(R) is equiv-

alent by elementary operations to a matriz in Smith normal form.
Proof. This follows from Theorem [6.6 and Proposition [6.11] O

Remark 6.13. Following the work of Kaplanksy [Kap49] an integral domain R for which

every A € M, ,,(R) is equivalent to a matrix in Smith normal form, is called an elementary
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divisor domain, so in this language Theorem shows that every Euclidean domain is
an elementary divisor domain.

In the other direction Kaplansky showed [LLS74, Theorem 3.1] that every elementary
divisor domain is a Bezout domain, and it is an open problem [Lorl2] (going back at least
to [Hel43]) to give an example of a Bezout domain that that is not an elementary divisor

domain.

7 Applications of Smith normal form

With these tools we are in a position to describe the structure of finitely generated modules

over a Fuclidean domain:

Theorem 7.1. Suppose that R is a Fuclidean domain and M is generated by x1,...,x,.

Then there are elements ay | as | -+ | a, in R and a matriz Q € GL,(R) such that

(Rf{a1)) ® & (R/{as)) - M
(r1+(a1),...,rn+{an)) ~ (@Q)xyi+-+(rQ).z,

is a well-defined R-linear isomorphism.

Proof. The map

P, R" > Mirw—>rixi+-+1r,.2,

is an R-linear surjection. Since R is a Euclidean domain it is a PID and hence by Proposition

there is A € M,,(R) such that the kernel of this map is R"A. By Theorem there
is a diagonal matrix B € M,(R) with entries a; | --- | a, and P,Q € GL,(R) such that
A=PB@Q. The map
R" > M;r— (r@Q).zy +-+ (rQ).x,

is an R-linear map which is surjective because @) is invertible and ®, is surjective. The
kernel is the set of r € R™ for which r(Q) € ker ®, i.e. for which there is ' € R" such that
r@Q =r'A. This is true if and only if r = (+'P)(P~tAQ') = (+'P)B. Since P is invertible r
is in the kernel if and only if 7 € R"B = (a;) @ --- @ (a,). Finally, the composition of maps

(R/{a1)) & & (R/(an)) - R*[R"B - M
(r1+(a1),...,rn+{an)) ~» r+{a)o-o{a,) - (rQ)xi+-+(rQ).x,
is a composition of well-defined R-linear isomorphisms by the first isomorphism theorem. [

This in turn lets us describe the structure of finitely generated commutative groups:

Corollary 7.2. Suppose that G is a commutative group generated by xq,...,x,. Then

there are natural numbers dy | dy | -+ | d,, (which may be 0) such that G is isomorphic to

Z/(d) @ - @ Z){d,).
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Proof. This is a corollary of Theorem since a commutative group is a Z-module, and
7 is a Euclidean domain. We may ensure the d;s are natural numbers by multiplying by a

unit in Z as necessary. O

Matrix forms

In this section we work with matrices multiplying columns on the left rather than rows
on the right. Equivalent matrices induce isomorphisms in the same way as in the proof of

Theorem [7.1k

Proposition 7.3. Suppose that A, B € M,(F[X]), and P,Q € GL,(F[X]) are such that
A=PBQ. Then the map

F[XCor/AF[X Jeor = F[X ]G0/ BF[X 8o, @ + AF[X o, = P~lw + BF[X e,

COL
is a well-defined F[ X ]-linear isomorphism.

Proof. Since F[X] is commutative BF[X |7, is an F[X]-module, and hence F[X |7, —
F[ X2, /BF[X]¢,;x — P lx + BF[X]?,, is a well-defined F[ X ]-linear surjection. It has
kernel AF[X |7, since P~'z € BF[X]?,, if and only if P~z = Bz’ for some z’ € F[ X7, ,
but P-tx = Bz’ if and only if 2 = (PBQ)(Q~'2") = A(Q~'z'), and hence P~lx € BF[ X7,
if and only if z = Az for some z'" € F[ X |7, since @ is invertible. The result then follows

by the first isomorphism theorem. O]

Forp=ag+--+a,X?eF[X] and C € M, (F[X]) write p.C for the matrix with (p.C'); ; =
p(X)C;;(X) — the . is the scalar multiplication in the F[X]-module M, (F[X]) — and
write p(C') the evaluation homomorphism at C' extending the ring homomorphism F —

M, (F[X]), which is a composition of the inclusion homomorphism F — F[X] and the
diagonal homomorphism F[X] - M, (F[X]) i.e.

p(C) = ag. I, + -+ aq.C%.

Lemma 7.4. Suppose that A € M,(F). Then €} + (X.I, - A)F[X]%,.,.... e, + (X.I, -
A)F[ X7, is a basis of the F-vector space F[ X2, [(X. 1, - A)F[X]7,.

Proof. Since the matrix X.I,, is in the centre of M, (F[X]),
(X.I,) - A" = (X1, - A)((X.L,) ™t + -+ ATYY;

and since F[ X ] is commutative, left multiplication in M, (F[X]) is F[X ]-linear, so

p(X.I) ~p(A) = (X.I,, - A) iai.(Ai‘l Foet (X)) = (X0~ A)Q
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for some @ € M, (F[X]). Now, the map
O F[X 0o, = Foosp > pr(A)e] +-- + pa(A)e,

is [F-linear, and to identify its kernel we use the same method of proof as for the Factor

theorem: Specifically, for p € ker & we have

p=p-2(p) = (p(X.I,) = pi(A))el + -+ (pu(X.I,) = pu(A))e],
= (X1, - A)(Qrel + - + Quel),

for some Q1,...,Q, € M,,(F[X]). In particular, p e (X.I,, - A)F[X ]2,

In the other direction, €! + (X.I,, - A)F[X]%,,..., et + (X.I, - A)F[X ]2, is F-linearly
independent as a subsequence of the subspace F[X |7, /(X.I, - A)F[X]?,.. To see this,
suppose Aq, ..., A, € F have Aj.el + -+ \,.ef, € (X.1, - A)F[ X2, say Ar.el +-+ \,.ef, =
(X.I, - A)q for some g € F[X]7,,. If ¢ is not the zero vector then there is ¢ with degg; > 0
maximal, and so the degree of the ith entry of (X.I,, - A)q is degq; + 1 > 0, a contradiction.

Hence Aj.ef +--+ \,.ef, =0 and so Ay,..., A, =0.

Finally, the vectors e} + (X.I,, - A)F[ X ]2, ... e, + (X.[, - A)F[X ]2, are also spanning
since ®(ef) = et for all 1 <i < n, and €},..., ¢! is a spanning subset of F7, . The result is
proved. O

Proposition 7.5. Suppose that A, B € M,(F). Then X.I,,— A and X.1I,, - B are equivalent
as matrices in M, (F[X]) if and only if A and B are similar as matrices in M, (F).

Proof. If A and B are similar then there is P € GL,(F) such that A = PBP-!, but then
X.I,-A=P(X.I[,-B)P'and X.I,,—- A is similar, and so equivalent, to X.I,, — B as matrices
in M, (F[X]).

In the other direction, since X.I,, - A ~ X.I,, — B, Proposition gives an F[ X ]-linear

isomorphism
@ F[X ]G0/ (X 15 = A)F[X [Co, = F[X 8o, /(X 15 — B)F[X ], -

By Lemmal[7.4 we know e} + (X.1,, - A)F[X ]2, ..., e\, +(X.1,, - A)F[X ]2, is an F-basis for
F[X ]2, /(X.I, - A)F[X]7,., and similarly with A replaced by B. Since ® is, in particular,
an [F-linear bijection we conclude that there is P € GL,(IF) such that

O(v+ (X.I, - AF[X]2,) = Pv + (X.I, - BYF[X]%, for all v e F" .
Now, ® is F[X]-linear, so for v € F?, we have

0=0((X.1, - A)v+ (X.I, - AF[X]%,)
=X®(v+ (X1, - AF[X]2,.) - P(Av+ (X1, - A)F[X]%.0)
= XPv-PAv+(X.I, - B)F[X]",.
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In other words, X Pv— PAv = Xw - Bw for some w € F[X |7, . Since v € F?  , no entry on
the left can have a non-zero coefficient of X? for any ¢ > 2, and hence w € F?,. Equating
coefficients we have w = Pv and PAv = Bw, and hence Av = P~'BPv. Since v was arbitrary
we have that A= P-'BP as claimed. O

Given a monic polynomial f(X) = X4+ ag 1 X% + - +ag € F[X]* we define the d x d

matrices

0 0 —Qg
1 .
) . 0 1
c(f)y=o . .+ and D(f) =
0
: 0 0 0 1
0O -~ 0 1 -ag1

The matrix C(f) is called the companion matrix to f. A We allow d = 0 when these are

‘empty’ 0 x 0 matrices.

Example 7.6. For f(X) e F[X]* we have X.I; - C(f) ~¢ D(f). To see this write f(X) =
X+ ag 1 X+ + ag, and put fo(X) =1 and f; = X f;_1(X) +aq; for 1 <4 < d so that
f1(X) =X +aq41 and f3(X) = f(X); and apply row and column operations in four groups:

(X 0 - 0 ag 0 0 - 0 fuX)
. . . . Tq-17Td-1+X1g . . .
-1 T . : : . -1
. . . rl'—;r1+Xr2 . .
: . X aq-2 0 fQ(X)
0 ~ 0 -1 X+ag | \ 0 0 -1 fi(X)
0 0 0 fu(X) )
Cd'—>cd+f1(X)cd_1 .
) -1 0
cg~cqtfa-1(X)er
0 0
0
0 0 -1
c1>Ca fd(X) o - 0 ca(-1)c2
;:.._ <, 0 -1 . c.;»— c
d-1>Cg &D(fd):l)(f)'
: . .0
0 - 0 -1

A\ The order of the row operations in the first group and the column operations in the third

group matter, so we do r4_1 = rq_1 + Xry first and ry » r; + X7y last in the first group, and
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cqr cg+ f1(X)cq first and ¢y — cq + fa-1(X)ep last in the third group; in the other two

groups the operations commute.

For A € F and d € Ny define the d-dimensional Jordan matrix with eigenvalue ) to

be the (possibly empty) d x d-matrix

A1 0 0
(X=X 0 - 0
0 A .
0 1
JOd) = - .. . o |; and recall D((X - \)?) =
0
: ’ 1 0 0 1
0O - -« 0 X

Example 7.7. For A € F we have X.I; - J(\,d) ~¢ D((X = \)9).
To see this note that X.I; — J(\,d) equals

X-\ -1 0 0 0 -1 0 - 0
Cd—l’_’cd—1+(X_>\)cd
0 X - 0 0
Cl’—>Cl+(X—)\)C2
0 0
: X-)\ -1 ; 0 -1
\ 0 0 X -\ (X-N)% -« = 0 0
riery (X - /\)d 0 0 ca(-1)ca
7'"..,1<—>r 0 -1 : C‘_’ —he
d d a<>(~1)ca D((X—A)d)
: 0
0 0 -1
Theorem 7.8. Suppose that A € M, (F). Then there are monic polynomials f1 | == | fn
such that A ~g C(f1) @@ C(f,).
Proof. By Theorem there are polynomials fi | -+ | f, such that X.I,, - A ~¢ A(X)

where A(X) is the diagonal matrix with entries fi,..., f,. In particular, there are P,(Q €
GL,(F[X]) such that P(X)(X.[,-A)Q(X) = A(X). Since P(X) and Q(X) are invertible
we have det P(X)det P(X)~' =1 and hence det P(X),det Q(X) € U(R) (see Exercise [[V.7]
for the proof that determinant is multiplicative), hence det(X.1,—A) are associates det A(X)
in F[X]. In particular, since det(X.I,, — A) is monic and of degree n, none of fi,..., f, is
identically 0 and so they all have degrees which we denote dy, ..., d, respectively and satisfy
n =d; +---+d,. Moreover, by multiplying by units we may assume that fi,..., f, are monic.

By permuting columns and rows as necessary we have A(X) ~¢ D(f1)@®--® D(f,). The
calculation in Example [7.6 shows us that D(f;) ~¢ X.15, — C(f;) and hence X.I,, - A ~¢
X.I,-C(f1)®--aC(f,). The result now follows from Proposition |7.5| O
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A matrix is said to be in rational canonical form if it is a block diagonal matrix with
blocks C(f1), ..., C(f.) for monic polynomials f; | - | f,. In particular, the above says

that every matrix is similar to a matrix in rational canonical form.

Remark 7.9. Although we shall not prove it, if two matrices in rational canonical form are

similar then they are equal.

Example 7.10. For f(X) = (X = A;)%-+(X = \,)% with Ay,..., A\, pairwise distinct and

di +--+d, =n, we have
D(f) ~e D((X = \)™) & & D((X = A)™).
To see this, we use induction on r to show that
D((X =A)™) @@ D((X = \)™) ~¢ D(f;) & D((X = Aa)*) @+ @ D((X = \,)™)

where f,.(X) = (X - \)% f,-1(X) and fo(X) = 1. This is certainly true when r = 0, and
for the inductive step when r < n note that the ideal generated by f, and (X — A\.;q)%+
is principal, say generated by g,. If g, has a root then it is a root of (X — \.,1)%+! and
also of f,., hence g, has no root and (f.) + ((X = A\,41)%+1) = (1). By Lemma we can
replace the first element on the diagonal — that is f,. — by f.(X = A.y1)%+t = f.41, and the
(deg f, + 1)st element on the diagonal — that is (X — A.41)%+ by 1. The resulting matrix
has (deg f,) = 1 +d,;1 = (deg f,11) — 1 copies of 1 on the diagonal after the initial f,,1, and
hence equals D(f,11) @ D((X = A\11)% 1) @@ D((X - A\,)%™). The example is complete.

Theorem 7.11. Suppose that A€ M,(C). Then there are A1,..., A\, € C and ty,...,t, € Ny
with ty + -+ 1, =n such that A ~g J(A1,t1) @& J( Ay, 1n)-

Proof. By Theorem [6.6| there are polynomials fi,..., f,, such that X.I,, — A ~¢ A(X) where
A(X) is the diagonal matrix with entries fi,..., f,. As in the proof of Theorem we
conclude that we may suppose each f; is monic and write d; for its degree, and n = dy+---+d,,.
By permuting columns and rows as necessary we have A(X) ~¢ D(f1) @@ D(f,).

If f e C[X] is irreducible then f(X) ~ X — X for some A € C — this is where we use
the fact that the field is the complex numbers rather than a more general field — so since
C[X] is a Factorisation domain, we conclude that f;(X) = (X = A;1)%1+(X = \;, )%m with
Aids-- -, i, Dairwise distinet and d; 1 +---+d; », = d;. In view of the calculation in Examples

[7.7 & [7.10] we have

D(f) e DX = Ais) ) @0 DX - )
~g (X]dzl - J()\i,la di,l)) DD (X]dzrz - J()\i,’/‘ia dl,n))

Finally, let Ay, ..., A, be A1, 0, A0, 20,5 A2y -5 A1y - - o Ay, 10 order and similarly
for ¢,...,t,. The result is proved by Proposition [7.5 O
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A matrix is said to be in Jordan normal form if it is a block diagonal matrix with
blocks J(A1,dy), ..., J(A\n,dy) for Aq,.... N, € F and dy,...,d, € Ny. In particular, the

above theorem says that every matrix over C is similar to a matrix in Jordan normal form.
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