Geometric Group Theory J

Cornelia Drutu

University of Oxford

Part C course HT 2023, Oxford

Cornelia Drutu (University of Oxford) Geometric Group Theory Part C course HT 2023, Oxford 1/15



Inspirational quotations

G.H. Hardy: “A person'’s first duty, a young person’s at any rate, is to be
ambitious, and the noblest ambition is that of leaving behind something of
permanent value.”

Aristotle in “Metaphysics”:

“The chief forms of beauty are order and symmetry and definiteness,
which the mathematical sciences demonstrate in a special degree.”
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|
Graphs of groups

Definition
The path group of the graph of groups (G, Y) is
F(G,Y) =
(lJ GUE(Y)e=e" eac(g)e™ = az(g),Ve € E(Y),g € Ge).

veVv

If G, = (5,|R,) then

FG,Y)=(JSUEM)I | R.e=e" eaclg)e ™ = az(g)).
vev vev(y)

v
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|
Graphs of groups

Remarks
Q Ifall G, = {1} then F(G,Y) = F(E*(Y)).
@ There exists an epimorphism F(G,Y) — F(ET(Y)) defined by
sending each G, to {1}.
@ Ifall G. =1 then

F(G,Y) =*,ev(v)Gy * F(ET(Y)).
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|
Graphs of groups

Definition
A path in (G, Y) is a sequence

c= (g07 €1,81,€2,..-,8n—1, en7gn)

such that t(e,-) = o(e,-+1) and gj € Gt(e,-) = GO(ei+1)' If vo = o(el),
vp = t(ep) then we call this a path from vy to v,. We call

Vo, V1 = t(el) = 0(62), V= t(e,-) = O(ei+]_), cees Vp

its sequence of vertices. We define |c| to be the element of the path group
g0€181---€ngn- If ag, a1 € V(YY) then we define

m[ao, a1] = {|c| : ¢ a path from ag to a1}
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|
Graphs of groups

Remark
If a9, a1,a2 € V(Y) and v € wlao, a1], § € m[a1, az] then v € 7[ap, a2].

Proposition

Let (G, Y) be a graph of groups and suppose agp € V(Y. The set
m[ao, ao] is a subgroup of F(G,Y).

Proof.
If
c= (gOa €1,81,€2,...,8n—1, €n, gn)

is a path from ag to ag then

el ™ = g, teng, 185t € mlao, ao]

y
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Graphs of groups with basepoint

Proposition
Let (G, Y) be a graph of groups and suppose ag € V(Y). The set
m[ao, ao] is a subgroup of F(G,Y).

We call this subgroup the fundamental group of the graph of groups
(G, Y) with basepoint ap and denote it 71(G, Y, ap).
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Graphs of groups wrto a maximal subtree

Definition
Let (G, Y) be a graph of groups, and let T be a maximal subtree of Y.
The fundamental group of (G, Y) with respect to T, denoted
7T1(G, Y, T), is
F(G,Y)/({e:eeT}))

Let g: F(G,Y) — m1(G, Y, T) be the quotient map.

Proposition
is an isomorphism to m1(G, Y, T). J

q ‘m(G,Y,ao)

Cornelia Drutu (University of Oxford) Geometric Group Theory Part C course HT 2023, Oxford 8/15



|
Graphs of groups

Proposition
is an isomorphism to 71(G, Y, T). J

q ‘7r1(G7Y7ao)

Proof: We define a homomorphism 7 : 71(G, Y, T) — m1(G, Y, ao) as
follows.

Va € V(Y), there exists a unique geodesic path e, e, ...,e, in T from ag
to a. Set

g2 =e€1...en € F(G,Y)

20 =1

We first define  : F(G,Y) — m(G, Y, ap):
o Vg € G, set f(g) = gagg; ! € mi(G, Y, ao)
e Vec ET(Y) W|th o(e) = a, t(e) = b, set
f( ) gaegb €7T1(G Y ao)
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|
Graphs of groups

The definition of f is consistent with the relations eae(g)e™! =

az(g)
since if e = [P, Q]

Fece(8)8) = (gpeggt)(8o0e(8)8g ") (80885 )
= gp(eaec(g)e gp?
= gpaz(g)gp

So f is defined on F(G,Y). Now, for every e =[P, Q] € T,
f(e) = gpeggy' = 1.

@o

Hence f defines f : 11(G, Y, T) — m1(G, Y, ao).
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|
Graphs of groups

Consider go f :m (G, Y, T) — m(G,Y,T). Forall g € G,

gof(g) = q(g.g8; ") =&
Foralle¢ T,

qgof(e) = q(gregy') = e
Hence go f =id.

Consider now foq:mi(G,Y,ay) — 7 (G, Y, ao).
If goer...engn arbitrary in m1(G, Y, ap) and e; = [Pi_1, Pi],

f o q(goer.--engn) = go(e18p, ) (8P, 8185, ) (8P, €285, )---&p, (8P, €n)En

= 80€1---€n8n

-1 -1
NB If e € T then f o q(gi-1eigi) = f(gi-181) = &p,_.8i-18p,_,8P,8i8p, =
-1
8p,_18i-1€i8i8p, - O
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|
Graphs of groups

Proposition

q|m(G7Y720) is an isomorphism to m1(G, Y, T).

Corollary

The fundamental group m1(G, Y, ao) of the graph of groups (G, Y') does
not depend on the choice of basepoint ag.

Corollary

The quotient w1(G, Y, T) of the path group does not depend on the
choice of the tree T.
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|
Reduced paths of graphs of groups

Definition

Let (G, Y) be a graph of groups. A path

c = (go, €1, 81,€2 .-, 8n—1, €n, &n) is reduced if
Q g #1ifn=0;
Q If i1 = & then g & ae(Ge,).

We say that gpe;...engp is a reduced word.

Recall that |c| is the element in F(G, Y) represented by a path c.
Theorem

If ¢ is a reduced path then |c| # 1 in F(G,Y). In particular,
G, — F(G,Y) is injective for every v € V(Y).
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|
Reduced paths of graphs of groups

Theorem

If ¢ is a reduced path then |c| # 1 in F(G,Y). In particular,
G, — F(G,Y) is injective for every v € V(Y).

Proof
First assume that Y is finite. We will argue by induction on the number of
edges in Y. If there are no edges, then the theorem holds. So assume the
theorem is true for graphs with n edges, and suppose that Y has n+1
edges.
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Reduced paths of graphs of groups

Case 1: Y =Y'U{e}, o(e) € V(Y’), v=t(e) & V(Y’). Then
F(G,Y) = (F(G, Y,) * GV)*ae(Ge)

and a reduced word containing e corresponds to a reduced word in the
HNN extension that is # 1.

Case 2: Y =Y'U{e}, {o(e), t(e)} € V(Y'). Then

F(Gv Y) = F(Gv Y/)*ae(Ge)

and the comment above holds again.
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