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Reduced paths of graphs of groups

Definition

Let (G, Y) be a graph of groups. A path

c = (go, €1, 81,€2 .-, 8n—1, €n, &n) is reduced if
Q g #1ifn=0;
Q If i1 = & then g & ae(Ge,).

We say that gpe;...engp is a reduced word.

Recall that |c| is the element in F(G, Y) represented by a path c.
Theorem

If ¢ is a reduced path then |c| # 1 in F(G,Y). In particular,
G, — F(G,Y) is injective for every v € V(Y).
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Reduced paths of graphs of groups

Theorem

If ¢ is a reduced path then |c| # 1 in F(G,Y). In particular,
G, — F(G,Y) is injective for every v € V(Y).

Proof
First assume that Y is finite. We will argue by induction on the number of
edges in Y. If there are no edges, then the theorem holds. So assume the
theorem is true for graphs with n edges, and suppose that Y has n+1
edges.
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Reduced paths of graphs of groups

Case 1: Y =Y U{e}, o(e) € V(Y'), v=t(e) & V(Y'). Then
F(G,Y)=(F(G,Y')* G)*a.(c.)

with stable letter e. A reduced word containing e corresponds to a
reduced word in the HNN extension that is # 1.

Case 2: Y = Y'U{e}, {o(e), t(e)} C V(Y’'). Then
F(G7 Y) = F(G, Y,)*Oée(Ge)

and the comment above applies again.

Now suppose that Y is infinite. Any reduced path c involves finitely many
orbits of vertices and edges and so c¢ lies within a finite subgraph Y7 of Y.

c is a reduced path in F(G, Y1) and so ¢ # 1 in F(G, Y1). O

v
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Reduced paths of graphs of groups

Theorem

If ¢ is a reduced path then |c| # 1 in F(G,Y). In particular,
G, — F(G,Y) is injective for every v € V(Y).

Corollary

For every v € V(Y'), the homomorphism G, — m1(G, Y, T) is injective.

v

Proof.

G, — F(G,Y) is injective and 7 : m1(G, Y,v) — m1(G, Y, T) is an
isomorphism.
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Graphs of groups

One can easily see that
@ If Y has 2 vertices and one edge then

m(G,Y,T)= G, x¢g. Gy.

@ If Y has 1 vertex and 1 edge with stable letter ‘e’ then
7T1(G, Y, T) = Gv*ae(Ge)

and 0 : ae(Ge) — as(Ge) € Gy, 0(g) = azoazt.
@ If Y=Y U{e} and t(e) = v & Y’ then

m(G,Y,T)=m(G, Y T *c, G,.

Q If Y=Y U{e}and v =t(e) € Y then
!
7(1(G, Y, T) = 7T1(G, Y y T) *Ole(Ge) .
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Reduced words of graphs of groups

We will find a choice of representatives for elements in F(G, Y), where
(G,Y) is a graph of groups. For each edge e € E(Y'), pick a set S, of left

coset representatives of as(Ge) in Go(e), With 1 € Se.

Definition

An S-reduced path is a path (s1, e1, ..., Sn, €n, &) with
o s;£Lif =268 _q;

° g € Gt(en)'

Lemma

Given a,b € V(Y), every element in 7[a, b] is represented by a unique
S-reduced path.
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Reduced words of graphs of groups

Lemma
Given a,b € V(Y), every element in w[a, b] is represented by a unique
S-reduced path.

Proof

Existence: Let v € 7[a, b] and consider the path

¢ = (8o, €1, 81, €2, -+, 8n—1, €n, &n) such that t(e;) = o(ej+1),
8i € Gy(e;) = Go(e;,y) and v = [c|.

We will prove by induction on n that v can be represented by an
S-reduced path. For n =0 it is obvious. For n =1,

v = goe181 = sos (ho)ei1g1 = soerae (ho)g1 = soe181

A similar argument holds for the inductive step.
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Reduced words of graphs of groups

Uniqueness: Consider two reduced paths

Cc = (517 €1, .-+, Sny emg)
/

c = (0177717 ~--,Uk;77k77)

such that [c| = |c’|. Then
-1, -1 -1 -1 _—-1
ol lnk O) 1)1 01 S1€1...5p€n8 =1

We will prove that ¢ = ¢’ by induction on the length. The above word
cannot be reduced hence 771_1 = el_1 and 01_151 € g (Ge,). So 01 = s1.
And so we can apply the inductive assumption. []

v
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Graphs of groups and actions on trees

Theorem

H =m1(G,Y,ap) acts on a tree T without inversions and such that
© The quotient graph H\ T can be identified with Y;
@ Letq: T — Y be the quotient map:

@ Forallve V(T), Staby(v) is a conjugate in H of Gg(,y;
© Forall e € E(T), Stabp(e) is a conjugate in H of Gge).

Proof: For all a € V(Y), we define an equivalence relation on [ap, a] by
lc1| ~ || <= |c1| = |c2|g for some g € G,

Vertices of the tree:

V(T)= || nlao,al/ ~

acVv(y)

Part C course HT 2023, Oxford 10 /
Cornelia Drutu (University of Oxford) Geometric Group Theory 12



Graphs of groups and actions on trees

V(T) = | =lao,al/ ~

acVv(y)

By the lemma, every element of 7[ag, a]/ ~ has a unique representative
corresponding to an S-reduced path of the form (si, €1, ..., Sn, €n),

o(e1) = ap, t(e,) = a. Thus V(T) can also be identified with S-reduced
paths as above.

Edges of the tree: {(s1,€1,...,Sn, €n), (S1, €1, .-, Sn, €ny Sn+1, €nt1)}-
Connectedness is obvious.

By our definition of edges, a cycle/circuit gives an S-reduced path with
corresponding element 1 € m[ag, a] contradicting the uniqueness of the
representation of a reduced path.
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Graphs of groups and actions on trees

Action of H = 7m1(G, Y, ap) = m[ao, ao] on T: For all h € w[ap, ag] and for
all [g] € V(T) (equivalence classes of r[ag, a]/ ~) define the action

h-[g] = [hg]

o If [g1], [g2] are such that h- [g1] = [g2] then a1 = a2 where
gi € mlao, ajl.
o Conversely, if [g1], [g2] € 7[ao, a] then h = grg; * € 7[ag, a0] and
hlgi] = [g2]-
Thus H\V/(T) can be identified with V/(Y). And likewise H\E(T) can be
identified with E(Y).
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