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1 Equations of motion

1.1 Introduction

We begin by deriving the equations of motion for an inviscid fluid, that is a fluid with
zero viscosity. We treat the fluid as a continuum. This means that it can be described by
a number of state variables, namely density p, velocity u, pressure p and temperature 7T,
all of which depend continuously on position « and time ¢. In fact we assume throughout
this section that p, u, p and T are all continuously differentiable functions of & and t.
Later we will examine what happens when this assumption is relaxed, when analysing
shock waves.

We start with the equations for incompressible flow, then introduce the equation of
state to describe compressible flows, and the concept of entropy. Finally, we consider
the equations of motion in a rotating frame, required for describing atmospheric and
oceanic flows.

1.2 Reynolds’ transport theorem

We begin by proving a theorem that will be very useful in deriving the equations repre-
senting conservation of mass, momentum and energy.

Consider a time-dependent volume V() that is convected by the fluid, so that it
always consists of the same fluid particles. Then, for any function f(x,t) that is con-
tinuously differentiable with respect to all of its arguments,

/R R

We first give a simple-minded derivation of (1.1) before presenting a more rigorous proof,
using Lagrangian variables, in section 1.3.
Denote by I(t) the integral on the left-hand side of (1.1), that is

1) = ///v@ Fla,t)dV. (1.2)

At some slightly later time ¢ + 6t, the integral is modified to

I(t + 6t) :///V(H&) F@,t+ 6t) dV. (1.3)
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V(t+ )

Figure 1.1: (a) A material volume V at times ¢ and ¢ 4+ §t. (b) A schematic showing
how the volume is swept out by the boundary with velocity w.

It follows that

I(t+6t) — ///V(t+6t) x,t+ dt) — f(x,t) dV—l—// . f(z,t)dV, (1.4)

where 6V = V(t + dt) \ V(t) is the volume swept out by the boundary 9V in the small
time dt.

As shown in figure 1.1, 6V comprises thin shell whose thickness is approximately
u -1 0t, where n is the unit normal to V. On the other hand, the first integral in (1.4)
may be estimated by applying the mean value theorem to the integrand, so (1.4) implies

By letting 6t — 0, we obtain
// —dV +/ fu-ndS, (1.6)
ov

and application of the divergence theorem to the final integral leads to (1.1).

1.3 Lagrangian variables

For a more careful derivation of (1.1), we define Lagrangian variables X = (X,Y, Z)
as follows. At any time ¢, suppose the fluid element whose current position vector is
x = (z,y,2) was initially at position X. As the fluid moves, the Lagrangian variables
follow the flow, in that a fixed value of X always corresponds to the same fluid particle
for all time. In contrast, the Fulerian variables x remain fixed in space as the fluid flows
relative to them.

For this reason, the time derivative in the Lagrangian frame (i.e. with X fixed) is
referred to as the convective derivative, or the material derivative or simply the derivative



B5.4 Waves & compressible flow 3

following the flow. It may be related to the normal Eulerian time derivative by using
the chain rule, viz.

ory _of
ot|x Ot

ox

ot

of

of , ou| of , o

x O0x  Ot|x Oy Ot

x

where f is any continuously differentiable function of position and time.
Now, if we follow the fluid, then the rate of change of the (Eulerian) position vector
x = (z,y, 2) is simply the velocity u = (u,v,w), so (1.7) may be written as

of| _or, 08 o5, o1 of
N X— 5t —i—uax—i—vay—i-waz— 5t +u-Vf, (1.8)

where (u - V) is shorthand for the directional derivative in the direction of u, that is
(u-V)=u—4v—+w—. (1.9)
x

We use the notation

D 0 0
—_ - == v 1.10
Dr ot o Y (1.10)
for the convective derivative, although d/d¢ is also common.

Now we transform the integral I(¢) defined by (1.2) into Lagrangian variables to

obtain
I(t) = // fdaxdydz = // fJdXdYdZz, (1.11)
V(t) V(0)
where o )
_ x? y7 Z
J = 78()(, Y. Z) (1.12)

is the Jacobian of the transformation. In (1.11), the Lagrangian integral is over the
fixed initial domain V'(0) corresponding to the moving volume V' (¢). We can therefore
integrate through the integral as follows

% _ ///V(O) D%(fJ) dxdydz, (1.13)

where the time derivative is taken with the integration variables (X,Y, Z) held fixed.



B5.4 Waves & compressible flow 4

Now we calculate DJ/Dt by differentiating the determinant row-by-row.

Jxr Ox Oz D [/ oz D /ox D [0z
X 9y 0Z Dt <<9X> Dt (8}/) Dt (az)

DJ D | oy 9y 9y |_ y dy dy

Dt Dt| ox oY 0z | X Y 0z
0z 0z Oz 0z 0z 0z
X 9y 0Z X Y 0z
ox Oz Oz ox Oz ox
X )% EY4 X )% EY4

n D<3y> D<5y> D<5y> - %y Oy
Dt \0X /) Dt\oYy ) Dt \oZ 0X Y YA

0z 0z Oz D [0z D [0z D [0z
X 5% % (%) 5 () o (z)

(1.14)

For convenience we denote the three determinants on the right-hand side of (1.14) by
A1, As and Agj respectively. Since the convective derivative is taken with X fixed,
it commutes with X-, Y- and Z-derivatives. Recalling also that Dz/Dt = u, we can
rewrite Aq as

ou ou o
0X oY 07
A =| Py 9y Oy (1.15)
oX oY 07
0X oY 07
We apply the chain rule to each of the derivatives in the first row to obtain
Or  Or Or 9y 9y 9y 9z 0z 0
0X oY 07 0X 0Y 07 0X 0Y 07

ou| 9y 0Oy Oy ou| 9y 0Oy Oy ou| 9y 0Oy Oy
Oxr| 90X Y 0Z dy | X oY 8Z 0z | X Y 0Z
0z 0z 0z 0z 0z 0z 0z 0z 0z
X 9y 0z 0X oY 0z X 9y 0Z

(1.16)

The final two determinants in (1.16) have repeated rows and are therefore identically

zero. It follows that 5
u
A= — 1.17
1 81’ ) ( )

and analogous manipulations lead to

ov ow
= As = —J. 1.1
J, 3 8zJ (1.18)
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By substituting these into (1.14), we obtain Fuler’s identity

DJ
Dt

Now we expand out the derivative in (1.13) and use (1.19) to obtain

///V(O <+fV u> JdXdYdZ = ///V(t —+fv wdzdydz.  (1.20)

The definition (1.10) of the convective derivative then leads to Reynolds’ Transport
Theorem (1.1).

= JV - u. (1.19)

1.4 Conservation of mass

As a first application of (1.1), consider the mass M of a volume V(¢) that moves with

the fluid, namely
M= /// pdV, (1.21)
V(t)

where p is the density. Since mass can be neither created nor destroyed, M must be

constant in time, that is
W[5 a

Since the volume V'(t) is arbitrary, we deduce that the integrand must be zero (assuming
it is continuous), that is

op B
o TV (w) =0. (1.23)

We can use (1.23) to deduce the following useful corollary of the transport theorem.
If f = phin (1.1), where h is any continuously differentiable function, then

1L o= 1],

1.5 Conservation of momentum

Next we apply Newton’s second law, namely “rate of change of momentum equals applied
force” to a material volume V' (¢). The net momentum of such a volume is

[

while the applied force has two ingredients. First there is the external body force,
assumed to be solely due to gravitational acceleration g, which contributes a net force

[l o
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Second there is the internal force exerted on each volume V' by the surrounding fluid.
We suppose that this may be accounted for by a pressure, p, which acts in the inward
normal direction at each point, so the net internal force on V is

s 5o

using a well-known corollary of the divergence theorem. Here we have assumed that the
fluid is inwiscid: a viscous fluid would transmit tangential as well as normal internal
forces.

Now we can formulate Newton’s second law in the form

o [l s fff o

To calculate the left-hand side, we apply the transport theorem corollary (1.24) and

hence obtain D
/// p—u—l-Vp—png:O, (1.26)
v Dt

which must hold for all material volumes V. It follows that (assuming it is continuous)
the integrand must be zero, and we therefore obtain the momentum equation

Du
_ 1.2
a5y Vp + pg, (1.27)

which is often known as Fuler’s equation.

1.6 Potential flow

So far we have derived (1.23) and the vector equation (1.27) representing conservation
of mass and momentum respectively. These comprise four scalar equations in total,
although p, p and the three components of u give us five unknown dependent variables.
It is clear, therefore, that we need one more piece of information to obtain a well posed
problem. The simplest additional assumption is that the fluid is incompressible, meaning
that the density p of each fluid element is constant, expressed by

Dp
D = 0. (1.28)
Often, but not necessarily, p takes the same known constant throughout the fluid (which
is a stronger statement than (1.28)). The assumption of incompressibility is a good
approximation for most liquids, whose densities typically do not vary much unless they
are subjected to very high pressure. Gases, though, are relatively easy to compress, and
(as we shall see) well-known phenomena such as sound waves and shock waves behind
supersonic aircraft cannot be explained without considering compressibility effects.
Mass conservation (1.23) now reduces to

V.ou=0, (1.29)
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which, along with (1.27), this gives us four equations for p and the three components of
u.
The problem is simplified further if we assume that the flow is irrotational, meaning
that
V xu=0. (1.30)

If this is true, then there must exist a velocity potential ¢ such that

u = Vo. (1.31)
By substituting this into (1.29), we find that ¢ satisfies Laplace’s equation

Vi =0. (1.32)

Given suitable boundary conditions, (1.32) allows us to determine ¢ and hence the
velocity u, and the pressure is then found from (1.27). This final step may be simplified
as follows. The gravitational body force g is conservative and so may be described using
a gravitational potential function y such that

g=-Vx. (1.33)

(For example, if g = —ge, as usual, then y = gz.) We also expand out the convective
derivative on the left-hand side of (1.27) to obtain

ou 1
. = _= — . 1.34
5 + (u-V)u pr Vx (1.34)

On the left-hand side, we use the vector identity
(u-V)u=V (3ul?) +(V x u) x u, (1.35)

which is readily established by taking components. By substituting this into (1.34) and
using (1.31), we obtain

oV 1
Wqﬁ +V (%\V(;ﬂz) = —;Vp - Vy. (1.36)

Since the t-derivative commutes with V and p is constant, we can rearrange this to

¢ 1 2, P _

It follows that the quantity in braces can be a function only of ¢, that is

9  iioa2 P
9t + 31V 9| +p+x—F(t), (1.38)

which is known as Bernoulli’s equation.
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In (1.38), the function F(t) may be chosen arbitrarily to make the equations as
convenient as possible. This is because the velocity potential is only defined up to an
arbitrary function of ¢; if we define

¢ =0+ f(t), (1.39)

then qg is a potential corresponding to exactly the same velocity field through (1.31). In
addition, (1.38) then becomes

99 1o P

3¢ TalVor Tt x=Ft) - 1) (1.40)
so we can, for example, obtain (1.38) with F(¢) = 0 by choosing f'(t) = F(¢).

Finally, we should ask ourselves whether it is reasonable to assume that the flow
is irrotational. We will now justify this assumption by showing that, if the flow is
irrotational initially, then it is so for all time. We will do so by first establishing Kelvin’s
circulation theorem, for a closed curve C(t) that is convected by the flow. We define the
circulation around such a curve by

T(t) = 7{)@ w-do = //S(t)(v X w)-mdS, (1.41)

where S is any surface spanning C', the latter identity following by Stokes’ theorem.
Kelvin’s theorem states that I' is independent of ¢, and we will prove it by showing that
dI’/dt is zero.

To differentiate I', it is helpful to transform the integral to Lagrangian variables,
using the chain rule. We follow the summation convention, in which summation is
assumed over any repeated suffix, to obtain

dlr  d d ox; D 0x;
—_ = Uq dl‘i = f uiide = _ <uzx> de, (1.42)
At dt Jog dt Joe) 0X; co) Dt \ "X

where we hold the integration variables X constant when differentiating through the
integral. We expand out the derivative in the integrand, using the fact that D/Dt
commutes with 0/0X, to obtain

C(0)

< L X = dz s dus. 1.4
dt Dt 0X; | ox; ! +f{C(t)“ ! (1.43)

The second integral here can be performed immediately, and we use (1.34) to substitute
for the acceleration in the first integral:

dr ) 2 1
A LR IO NS R

where [-]C(t) denotes the change in - as the closed loop C' is traversed. Since p, x and
u are all single-valued functions of position, we deduce that the right-hand side is zero
and, hence, that I" is constant.




B5.4 Waves & compressible flow 9

Now, we can use this property to show that an initially irrotational flow remains
irrotational for all time. Suppose for contradiction that V x w = 0 at ¢ = 0 but that
V X w is nonzero at some later time t. By (1.41), we can thus find a closed loop C(t)
such that the circulation I'(¢) is nonzero. Since I is independent of ¢, I'(0) must likewise
be nonzero, which is impossible because V x u was supposed to be zero initially.

1.7 The energy equation

If we do not assume that the density is constant, then (1.23) and (1.27) are insufficient
to determine p, u and p. We obtain a further equation by applying the principle of
conservation of energy as follows. The total energy contained in a material volume V()
consists of the kinetic energy and the thermal energy, given by

1
/// —plu|?*dV  and /// pc, T dV
v 2 v

respectively, where T is the absolute temperature (i.e. relative to absolute zero) and
¢y is the specific heat. In SI units, ¢, is the energy required to raise a kilogram of
fluid by one degree in temperature, while keeping the volume constant. We will assume
throughout that ¢, is constant although, in general, it may depend on temperature.

The internal energy changes due to the work done by the external body force g and
by the pressure on the boundary of V; these are respectively given by

///pg-udV and // —pu - ndS.
1% v

Energy may also flow through dV by thermal conduction. Fourier’s law of conduction

gives the heat flux into V as
/ / EVT -ndS,
ov

where k is the thermal conductivity. Finally, we allow for internal production of thermal
energy (by, for example, microwave heating) at a rate ¢ per unit mass.
Putting all these effects together, we arrive at the equation

d/// 1p|u]2+pchdV—/// pg-udV—// pu-ndS
de JJ Jv 2 v av
+// kVT-ndS+/// pqdV, (1.45)
oV 1%

representing net conservation of energy. By using the transport theorem and the diver-
gence theorem, we rewrite this equation as

D DT
/// {pu-u—i-pcv—pg'u—l—V-(pu)—V-(k:VT)—pq} dV =0, (1.46)
v Dt Dt
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which must hold for all material volumes V' (¢). It follows that the integrand, if continu-
ous, must be identically zero. The resulting energy equation may be simplified further
by using (1.27), leading to

DT

B = PV ut V- (kVT)+pg. (1.47)

PCuy

Under most practical conditions, gases are rather poor conductors of heat, so the

energy transport by conduction may be neglected.! Henceforth, we will therefore assume
that (1.47) is well approximated by

T
= —pV - u+pqg. (1.48)

PCy Dt

1.8 The equation of state

We have now succeeded in obtaining the energy equation (1.48) to supplement our
model, but at the expense of introducing a further unknown: the temperature 7. We
are therefore still one equation short. The final piece of information we need is an
equation of state, relating the pressure, density and temperature. For a so-called perfect
gas, this equation reads

p=pRT, (1.49)

where R is called the gas constant.? If a fixed mass M of gas occupies a volume V, then
(1.49) reads
pV = MRT. (1.50)

Thus, if the temperature is fixed, then pV is constant, which is known as Boyle’s Law.
On the other hand, if the pressure is fixed, then the gas expands as it heats, with the
volume being proportional to T this is Charles’ Law.

Now let us imagine heating up a mass M of gas under two different conditions, as
shown schematically in figure 1.2. We start with the gas at temperature Ty, occupying
a volume Vj, subject to an ambient pressure pg. According to (1.50) these are related
by poVo = M RTj, and recall that the internal energy associated with such a scenario
is By = Mc,Tp. If the volume is kept fixed, as depicted in figure 1.2(a), then the
temperature may be raised by an amount AT by supplying a thermal energy

AE, = Mc,AT. (1.51)

!This approximation may be made more rigorous by nondimensionalising the equations and identify-
ing a dimensionless parameter that measures the importance of conduction. Here the relevant parameter
is the Péclet number Pe = pc,UL/k, where U and L are typical magnitudes of u and « respectively. If
Pe is large, which is true for gases under most conditions of practical interest, then thermal conductivity
is negligible. It is also worth noting that, in gases, the Péclet and Reynolds numbers are roughly equal,
so neglecting thermal conductivity is consistent with neglecting viscosity.

’If M, is the molar mass of the gas (i.e. the mass of one mole), then R = R*/M,, where
R* ~ 8.3143510 Jmol ™' K~! is the universal gas constant.
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Priessure = py

fah

Cross-section
area = A

N

11

Figure 1.2: Schematic of a mass of gas heating up under (a) constant volume, (b) con-

stant pressure.
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If instead we raise the temperature by AT while keeping the pressure py constant
then, as indicated in figure 1.2(b), the gas will expand by an amount AV, which may
be found from (1.50):

poAV = MRAT. (1.52)

The final thermal energy contained in the gas is still given by E = Eg + Mc, AT but
now the gas, by expanding, has done some work to the external atmosphere. In the
setup shown in figure 1.2(b), the gas occupies a cylindrical container, on the lid of which
it exerts a force pgA, where A is the cross-sectional area. The work done when the lid
rises by a distance Az is therefore pgAAz, that is

work done = pgAV. (1.53)

It is easy to show that the work done by a gas at constant pressure py expanding by
a volume AV is always given by (1.53), not just for the simple geometry shown in
figure 1.2(b).
The net energy that must be supplied to effect this temperature change and expan-
sion is thus given by
AE, = Mc,AT + pyAV, (1.54)

where the subscript p indicates that the temperature change occurs at constant pressure
rather than constant volume. By using (1.52) we can write this as

AE, = Mc,AT, (1.55)

where ¢, is the specific heat at constant pressure (as opposed to the specific heat at
constant volume c¢,), given by

cp = R+c,. (1.56)
1.9 Entropy

Using (1.23) and (1.49), we can write the energy equation (1.48) in the form

DT"  pDp (Cv) D (p\ pDp (1.57)
= Cpy—— — —— = —_— —_— —_ —_ . .
PE=Peony = o~ \R)PDi\,p) ~ oDt

If we define the ratio of specific heats
R
=P 14 (1.58)

then (1.57) becomes
1 Dp pD 7D (p
pg=—|=-——=1,= P~ (L (1.59)
v—1 t Dt v—1Dt \ p7

() o
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By using the equation of state (1.49) once more, we thus obtain

DS
=T — 1.61
q Dr (1.61)
where
p
S = SO + Cy log (m) s (162)

and Sy is a constant.

The function S is called the entropy of the fluid per unit mass. Since internal
radiative cooling, as opposed to heating, is thought to be physically impossible, ¢ must
be non-negative and (1.61) then shows that the entropy is a non-decreasing function
of time. This is an example of the so-called Second Law of Thermodynamics. If, as is
usually the case, there is no internal heating, then (1.61) reduces to

DS
— =0, 1.63
Di (1.63)
which implies that the entropy of each material element of fluid is constant. Such a flow
is called isentropic. This means that, if the entropy is spatially uniform initially, then
it is so for all time, and the flow is then called homentropic.

In homentropic flow, we thus have a simple functional relation
p=Cp’ (1.64)

between p and p, where C' is constant. The exponent v is a constant greater than 1; for
example v =~ 1.4 in air. By combining (1.64) with the mass- and momentum-conservation
equations (1.23) and (1.27) we finally have a closed system of equations for p, u and p.

1.10 Boundary conditions

If the fluid is in contact with a fixed rigid boundary B, then the normal velocity of the
fluid there must be zero, that is

u-n=0 on B, (1.65)

where n denotes the unit normal to B. This condition states that the fluid can neither
flow through B nor separate from B, leaving behind a vacuum.?

Next consider a moving boundary B(t), for example a piston or a moving membrane.
The condition corresponding to (1.65) is that the velocity of the fluid normal to B must
equal the velocity of B normal to itself, that is

u-n=vp-n, (1.66)

3Notice the contrast with a wviscous fluid, in which all the velocity components are zero on a fixed
boundary: w = 0 on B. While a viscous fluid “sticks” to B, an inviscid fluid may slide past.
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where vg is the velocity of B. At each instant t of time, B is a surface whose equation
may be written implicitly as
flx,t) =0 (1.67)

for some function f. By writing n in terms of f, (1.66) may be written as
u-Vf=vp -VFf. (1.68)
Now, any point @ = xp(t) that is fixed to the boundary B(t) must satisfy

de

E =wvp and f($B(t)’t) =0. (1'69)

By differentiating the latter equation with respect to t, we obtain

0
af{—i-vB'Vf:O. (1.70)
Hence (1.68) implies that
of _Df B

This so-called kinematic boundary condition implies that, if any fluid element starts at
f = 0, then f remains at zero for that particular element. In other words, any fluid
element that starts on B(t) must stay there.

If the boundary B is prescribed, whether it be fixed or moving, then just one bound-
ary condition is needed, and either (1.65), (1.66) or (1.71) will suffice. One more condi-
tion is needed at a free boundary, whose position is unknown in advance. The simplest
example is the interface between two impermeable fluids, for example water and air. If
surface tension is neglected, then the pressure must be continuous across such an inter-
face. Otherwise the interface would experience a finite force, which is impossible since
it has zero mass.

1.11 Rotating fluids

To describe the flow in the Earth’s atmosphere or oceans, it makes sense to express the
equations of motion relative to axes that rotate with the Earth instead of “inertial” axes
fixed in space. However, the governing equations we have derived so far apply only in
an inertial frame. We must determine how the equations transform when we switch to
a rotating frame.

Let S be an inertial frame, and R a rotating frame, rotating with angular velocity
Q with respect to S. Let (€1, €2, é3) be a basis fixed in the rotating frame R. Then the
motion of each &; as viewed in S is given by

<d6z‘) =Qxé;. (1.72)
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We can express any vector v in terms of its components with respect to the basis
{é;} by writing v = v;&; (where we have adopted the summation convention). Then

d’U dUZ‘ R A
<dt>S = Eez + ’UZ(Q X ez) (173)

The first term on the right-hand side can be interpreted as the time derivative of v in
the rotating frame R, since it is obtained by differentiating each component in the basis

fixed in R. Hence we obtain
dv dv
—_ = — Q 1.74
(dt)s (dt)R+ o )

which holds for any vector v.
By setting v = x(t) the position of a fluid element, we obtain

(%) = (2) ~oa wr

Then, by applying (1.74) again with v = (dz/dt)g, we get
d’x d dx dx
Ty _ 2((E) 40 0 Y 1o
(), = (@), roe) o (&), 90e)

d’x dx dQ2
= | == 20 x | — — Qx (Q . (1.76
(dt2>R+ X<dt>R—|—<dt>Rxm+ X (Qxx). (1.76)

‘We now note that
dx d%x Dug
htad — el = [ == 1.
(dt)s ws <dt2>s (Dt >S’ (1.77)

where ug is the fluid velocity as seen in the inertial frame S. Similarly we have

da d%x Dug
=) = -} = =) . 1.78
<dt>R e <dt2)R ( Dt )R 47
With Q taken to be constant, the two results (1.75) and (1.76) therefore become

D D
us=ur+ N xx, “Us) _ (ZUR 2 Xxur+2x (2 xx). (1.79)
Dt /g Dt /g

The change of frame from S to R affects only the time derivatives of vectors, so mass-

and energy-conservation equations (1.23) and (1.48) are unchanged when we move the

rotating frame. Using the result (1.79), and dropping the subscript Rs, the momentum
equation (1.27) becomes
Du

1
ﬁ+2ﬂxu+ﬂx(ﬂxm):—;Vp+g (1.80)

in the rotating frame R.
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2 Models for linear wave
propagation

2.1 Introduction

In this section we derive several different models for the propagation of waves in fluids.
In each case, we assume the amplitude is sufficiently small for the equations to be
linearised. Our first example is acoustic waves in a gas, which are governed by the wave
equation and therefore move at a well-defined constant wave-speed. In contrast, gravity
waves on the surface of a layer of fluid are dispersive, meaning that waves with different
wavelengths move at different speeds. We also derive models for internal gravity waves
in a stratified fluid and inertial waves in a rotating fluid.

2.2 Acoustic waves in a gas

The wave equation

Here we consider so-called barotropic flow, in which the pressure is a given function of
the density, say
p = P(p). (2.1a)

We have shown, for example, that an ideal gas with uniform entropy satisfies (2.1a),
with P(p) = Cp?, but for the moment we will study the more general case (2.1a). The
equations for conservation of mass and momentum, namely

op B
0
p(G+ V) =~o g (2.10)

combined with (2.1a), provide a closed system for p, w and p. For the moment, we will
assume that the body force g is negligible.

The system (2.1) is nonlinear and hence very difficult to solve in general. We there-
fore try to simplify the equations, by considering small disturbances about an assumed
uniform initial state. Suppose the fluid starts at rest with constant density pg and
pressure pg = P(pg). We perturb about these initial conditions by setting

p=po+p, u=0+v, p=po+7, (2.2)
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in which the primed variables are assumed to be small.! If we apply Taylor’s Theorem
to (2.1a) and neglect products of primed variables, we obtain

P =cp, (2.3)
where the positive constant ¢g is defined by
dP
g = Tp(ﬂo)- (2.4)

In a homentropic ideal gas, for example, we have 0(2) = vpo/ po-
Linearisation of the momentum equation (2.1c) leads to

ou’

POE =-Vp' = —Cng’ (2.5)
and, by taking the curl of this equation, we obtain
0
% (V xu') =0. (2.6)

Hence, if V x «' = 0 initially (which is true if the fluid starts from rest) then it is zero
for all time and we can write

u = Vo, (2.7)
where ¢ is the velocity potential. Substituting (2.7) back into (2.5), we obtain
0
\Y% <po¢ + cgp’) =0 (2.8)
ot
and it follows that
ad) 2 1
PO5r +cop' = F (1) (2.9)

where F' is an arbitrary scalar function. Since an arbitrary function of ¢ may be added
to ¢ without affecting (2.7), we may set F'(t) = 0 without loss of generality and thus
obtain

¢

POE
This is the linearised version of Bernoulli’s equation.
Linearisation of (2.1b) gives

+c3p =0. (2.10)

/
L poV2¢p =0 (2.11)
ot
and, by eliminating p’ between (2.10) and (2.11), we find that ¢ satisfies the wave
equation: )
% = c2Vv3p. (2.12a)
From (2.3) and (2.10), it is clear that p’ and p’ also satisfy exactly the same partial
differential equation, that is
2/ 2,/
%TZ = c2Vv?y, 5;;; =2V, (2.12b)
!Exactly what we mean by “small” here may be quantified by nondimensionalising the equations and
identifying an appropriate small dimensionless parameter.
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One-dimensional waves

If p is a function only of one spatial variable x and time ¢, then (2.12a) reads

an/ 5 82p/
55 = s (2.13)
It is straightforward to show that the general solution of (2.13) is
p' = F(z — cot) + G(x + cot), (2.14)

where F' and G are arbitrary scalar functions. These represent waves, with initial shapes
given by F(z) and G(z), moving at speed ¢y from left to right and from right to left
respectively. These are sound waves, and c¢q is the speed of sound in the undisturbed
fluid.

Suppose, for example, that a transducer at x = 0 imposes a periodic pressure fluc-
tuation with frequency w, that is

p'(0,t) = acos(wt) + bsin(wt), (2.15)
for some constants a and b. It is convenient to write (2.15) in the form
p'(0,t) = Re {Ae_i“’t} , (2.16)

where A = a +ib is the complex amplitude. We can then seek a solution of (2.13) in the
form

P (z,t) =Re {f(x)e ™}, (2.17)
for some (complex-valued) function f(x). In fact, because taking the real part commutes
with diffentiation, we can ignore the “Re” for the moment and then simply take the
real part at the end of the calculation. Note that this approach only works for linear
problems.

Substitution for p’ from (2.17) into (2.13) and (2.16) leads to the problem

d2 2
(TI’JQC +Z2)f:0’ £(0) = A. (2.18)

The general solution of (2.18) is
f(z) = aelwr/c 4 geTiwa/co, where o+ 5= A. (2.19)

Evidently one more piece of information is needed to determine the two constants o and
6. We impose a radiation condition, namely that the source at x = 0 can only cause
outward-travelling waves. In x > 0, we therefore want waves travelling to the right, with
p’ a function of x — cot. This implies that 3 must be zero, and an analogous argument
shows that a must be zero in z < 0. We therefore obtain

Aewrleo 40,
= ) 2.20
/(@) {Ae‘”/CO x <0, (2.20)
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and by substituting this into (2.17) we find the solution

/ Re {Ae*i‘”(t*x/co)} x>0,
P (1) = | (2.21)
Re {Aeflw(H’”/co)} x < 0.

Waves due to a point source

If p/ is a function only of distance from the origin, r = \/22 + y2 + 22, and time ¢, then
(2.12b) reads

82 / 82 / 20 / 02 82

1; = V2 = ¢ 1; 29p — 2

ot or r or r Or

It follows that (rp’) satisfies the usual wave equation in r and ¢ and, hence, that the
general solution is

(rp') . (2.22)

p, _ F(T — Cot) 4 G(T + Cot) ‘ (2.23)

T r

Notice that these radial waves are generally unbounded at the origin, with p’ ~ 1/r as
r — 0.

Let us again try to find the wave-field generated by a point transducer at the origin.
In the light of (2.23), we suppose that the pressure behaves like

rp(r,t) — Ae @t as r— 0, (2.24)

where the real part is assumed. Seeking a separable solution of the form

pl(r,t) = f(r)e ™", (2.25)
we find that f(r) satisfies
d? w?
@(Tf)‘i‘g(?”f)zo, rf(r)— Aasr—0. (2.26)

To get a unique solution, we must again impose a radiation condition, namely that p’
should be a function of r — ¢yt rather than r + cot. The appropriate solution of (2.26) is

iwr/co
f(r) = A (2.27)

r

and hence the pressure perturbation is

Re {Ae—iw(t—T/Co) }
. .

prt) = (2.28)
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Figure 2.1: A source moving with Mach number M = 0.5,1.0,1.5. In the final case, the
angle of the cone is the Mach angle p.

Waves due to a moving source

Now suppose the source is moving with speed U, while emitting waves that propagate
at speed cg. The qualitative behaviour depends crucially on the Mach number
M = g (2.29)
€o
If M < 1 then source travels slower than the speed of sound, and is referred to as
subsonic. The sound waves propagate ahead of the source, as illustrated in figure 2.1
(when M = 0.5). The waves in front of the source are compressed while those behind
are stretched, so a fixed observer would hear the pitch of the sound decrease as the
source travels past; this is the celebrated Doppler effect.
If M =1 (so the flow is sonic) then the source travels at exactly the same speed
as the sound that it is emitting. Thus, as illustrated in figure 2.1, it can never escape
from its own noise. Finally, if M > 1, then the source outstrips the sound waves, and is
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called supersonic. The noise is confined to a cone, as shown in figure 2.1 with M = 1.5.
Outside the cone is a zone of silence, and a stationary observer would hear nothing until
the cone reaches him or her. The vertex of the cone makes an angle known as the Mach
angle p, and it is a simple exercise in trigonometry to show that
i ! (2.30)
sinp = —. :
F=a
To describe such effects mathematically, it is easiest to work in a frame with the
source fixed (say at the origin) and the fluid flows past at uniform speed U. Hence we
put

p=po+p, u="Ué; +u, p=po+p, (2.31)
into (2.1) and again linearise with respect to the primed variables, resulting in

afp/+Ua—p,+ V-u=0 — 4+ U— ) =-V) l =2y 2.32
9 5y TPV u=0" po tUS- ) ==V, p=qp (232)
Again, it is straightforward to show that the flow is irrotational for all time if it is so
initially, so we can introduce a velocity potential ¢ such that u’' = V¢.

Now, if an arbitrary function of ¢ is absorbed into ¢ as before, we find that ¢ and p’
satisfy the coupled equations

a 8 a / a /
2o (8(? ; Ua;f) L =0, L A ) (2.33)

By eliminating between these, we can obtain a single partial differential equation for
either ¢, p/ or p/, namely

0%¢ 0% o

2 2v72
32p/ 82/)/ 82/)/ 62]), 82p/ 62])/
o T W TV g = AV, Ga v W s t UG =4V (234D)

To understand the implications of these equations, let us consider some special cases.
First, for sound propagating in just one space dimension, say p’ = p'(x,t), (2.34b)
becomes 92/ 5 5

Py oy 0P o

ot? dxot 0z

It is readily verified that this partial differential equation is hyperbolic, with character-
istics given by

- @l (235)

YUt 2.36
dt “0 (2.36)

For subsonic flow, U < ¢ and the characteristic velocities (2.36) take different signs,
indicating that waves travel in both directions. For supersonic flow, U > ¢y so the



B5.4 Waves & compressible flow 22

characteristic velocities are both positive. This means that waves can only propagate
downstream in this case, and there is a zone of silence upstream of the source.

Next, we try looking for two-dimensional steady solutions, setting p’ = p/(z,y), so
(2.34b) becomes ) ,

/ /
0°p n 0°p _
ox?  Oy?
where M = U/cy is the Mach number as before. For M < 1, (2.37) is elliptic, and is
qualitatively similar to Laplace’s equation. For M > 1, though, (2.37) is hyperbolic, and
is analogous to the wave equation; indeed, the general solution of (2.37) in this case is
readily found to be

(1- M)

0, (2.37)

/= - r _r
p—f<y M2_1>+g<y+ M2_1), (2.38)

where f and g are two arbitrary scalar functions

The change of type of the partial differential equation (2.37) as the Mach number
passes through 1 is associated with a dramatic change in the character of the flow.
In subsonic flow, the elliptic equation causes localised effects to be felt everywhere
instantaneously. In supersonic flow, however, disturbances can only propagate along
the characteristics, given by

% = :I:]MlQ_1 = =+ tan u, (2.39)

where p = sin~!(1/M) is the Mach angle as before. This explains the differences depicted
in figure 2.1. In the subsonic flow, waves from the source penetrate the whole space while,
in supersonic flow, they are only felt in the Mach cone downstream of the source.

2.3 Stokes waves on a free surface

Equations and boundary conditions

Stokes waves are small-amplitude gravity waves on the surface of an incompressible
fluid, for example small ripples on a container of water. As shown in section 1, we may
assume that the flow is irrotational, if it is so initially. We therefore introduce a velocity
potential ¢, such that u = V¢ and ¢ satisfies Laplace’s equation:

Vi = 0. (2.40)
We also recall from section 1 Bernoulli’s equation,

99

G AV + D =F ), (2.41)

where x is the gravitational potential and F'(¢) may be chosen arbitrarily.
We consider a layer of fluid of depth h, between a rigid base at z = —h and a
free surface that is initially at z = 0, where the z-axis points vertically upwards.
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z =n(z,y,t)
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Figure 2.2: Definition sketch of the geometry for Stokes waves on a fluid layer of depth
h.

Small-amplitude waves then perturb the fluid such that the free surface is displaced
to z = n(x,y,t), as illustrated in figure 2.2.

On the base z = —h, the normal velocity w must be zero, that is
0
£ =0 atz=—h. (2.42)
On the free surface z = n we have the kinematic boundary condition
D
—(z—nm)=0 2.43
= (s =) (2.43)

which, when written out in terms of ¢, reads
00 0y 000n 060
0z Ot 0Oxdx Oydy
We also have the dynamic boundary condition that the pressure must be continuous
across the interface, that is

at z =n(x,y,t). (2.44)

pP=pe atz= n(x7y7t)7 (245)

where p, is the atmospheric pressure, assumed constant.

We can use Bernoulli’s equation (2.41) to turn (2.45) into a boundary condition for
¢. With the z-axis pointing upwards, the gravitational potential is y = gz. We can also
choose F(t) = p,/p to eliminate the constant pressure and thus end up with

9¢

5 T2Vl +gn=0 atz=n(zy.1). (2.46)
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The problem, then, is to solve (2.40) for ¢, subject to the boundary conditions (2.42),
(2.44) and (2.46). Notice that one more condition is needed at the free surface than at
the base, since the displacement 7n(z,y,t) is also unknown in advance.

Although Laplace’s equation is linear, the boundary conditions (2.44) and (2.46) on
the free surface are nonlinear, and the problem is therefore difficult to solve in general. If
the disturbances are small, then the boundary conditions can be simplified by linearising,
that is neglecting products of terms involving n and ¢. For example, if we neglect the
quadratic terms in (2.44), we find

gf = ZZ at z =n(x,y,t). (2.47)
This can be simplified further by Taylor-expanding the left-hand side as follows:

o¢ o¢ 9*¢

— t) ~ — 0,t) + = 0,t 2.48

5, (LY t) ~ =2(2,5,0,8) + 55 (2,9,0,6) + -+, (2.48)
in which all terms except the first are nonlinear. When linearising the boundary condi-
tions, it is thus consistent also to evaluate the left-hand side of (2.47) at z = 0 rather
than z = n. The same simplification applies when we linearise (2.46), so we end up with
the boundary conditions

op _On 99

99 _on 09 —0 atz=0. 2.49
a: ot ot 9" ab = (2.49)

One-dimensional waves

Now we look for solutions in which 7 is of the form
n(z,t) = Aelthe=et) (2.50)

where A is a constant and the real part is assumed. (Because the problem is linear, we
can proceed with the complex solution (2.50) and then take the real part at the end.)
The parameter w represents the frequency at which the surface oscillates at any fixed
position xz. The wavenumber k is 2w /A, where A is the wavelength; thus k is small for
long waves and large for short waves. The phase velocity at which the waves propagate
is related to w and k by

= —. 2.51
Cp k ( )
It is consistent with (2.50) to assume that ¢ is of the form
B, 2,t) = f(2) k=), (2.52)
By substituting this into Laplace’s equation (2.40), we find that f satisfies
d2
&F k2f =0. (2.53)

dz2
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k

Figure 2.3: The squared wave-speed CIQJ given by (2.57) versus wavenumber k.

—kz

Clearly f is a linear combination of €** and e~*#  and the correct combination to satisfy

the boundary condition (2.42) on the base is
f = Becosh(k(z + h)), (2.54)

where B is an arbitrary constant.
By substituting (2.50) and (2.54) into the free-surface conditions (2.49), we obtain
a linear system of equations for A and B, which may be written in the form

iw  ksinh(kh) A\
(g —iw cosh(k:h)> <B> =0 (2.:59)
This homogeneous linear system admits the solution A = B = 0, corresponding to zero

disturbance: n = ¢ = 0. A nontrivial solution can only exist if the determinant of the

left-hand side is zero, that is
w? = gk tanh(kh). (2.56)

This equation for the frequency in terms of the wavenumber is called the dispersion
relation. From it we can infer the wave-speed

0127 = %tanh(kh), (2.57)

which depends on the wavenumber k; that is, waves with different wavenumbers move
at different speeds. Such waves are called dispersive, in contrast with acoustic waves,
which have a constant wave speed.

As depicted in figure 2.3, for positive k, the right-hand side of (2.57) is a decreasing
function, indicating that long waves travel faster than short waves. The maximum wave
speed occurs in the limit £ — 0, which yields

cp < Vgh. (2.58)
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Figure 2.4: Schematic showing the surface tension v acting at a fluid interface.

Extensions

Here we briefly summarise a few common generalisations of Stokes waves.

Flowing fluid We can study waves on a flowing liquid by linearising about uniform
flow, setting
u=Ué, + Vo, (2.59)

where ¢ and its derivatives are again assumed to be small. It is clear that ¢ still satisfies
Laplace’s equation, and the only effect is to modify the free-surface conditions to
op _on . On 90¢  0¢

Two fluids Suppose the interface z = 7 separates two fluids with different densities,
say p=p1in z < 0 and p = pz in z > 0. We denote the velocity potentials and pressures
on either side by ¢1, ¢2 and p1, ps respectively. The kinematic condition (2.44) applies
to both sides of the interface, and leads to the linearised boundary conditions

On _ 0¢1  O¢o

ot 0z 0z c (2:61)
The dynamic boundary condition (2.45) is replaced by the pressure continuity condition
p1 = p2 at z = 1. After use of Bernoulli’s equation and linearisation, this leads to the
boundary condition

o1 _ (92 _
p1 <5‘t +g77> = p2 < 9 —i—gn) at z = 0. (2.62)

Notice that (2.49) is recovered if we let the density ratio pa2/p1 tend to zero.

Surface tension Real fluid interfaces exhibit a phenomenon called surface tension,
which acts like a membrane stretched over the interface to a tension «y. In figure 2.4 we
show the forces acting on small two-dimensional element of the interface, namely the
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pressures on either side and the surface tension at the ends. These forces must sum to

zero, that is
b . b
—sind cos
/a (pl_p2)<cosﬁ> ds + [’Y <sin0>L_0’ (2.63)

where s is arc length and 6 is the angle made by the interface with the horizontal.
Assuming ~ is constant, we can rewrite this as

b .
—sinf d [cosf
/{(pl_pQ)(0059>+7¢9<sin9)}d820’ (2.64)

which holds for all a and b, so the integrand must be zero. Hence there is a pressure
jump across the interface, given by

P1— P2 = =K, (2.65)
where 3/2
do an\?| 7 oy
T s { * <8x> } D2 (2.66)
is the curvature of the interface.? The latter equality can be obtained from the relations
0 d
a—z = tané, d—i = cos 6. (2.67)

After linearisation, the dynamic boundary condition is thus modified to
01 Opa 0?n
— — = 2.
m(at +977> p2<8t +g77> V52 Wz=0 (2.68)

to take account of surface tension. Note that (2.62) is recovered if 7 is set to zero.

Example

We illustrate all these effects by analysing the situation shown in figure 2.5, where a
layer of depth hs and density py flows at speed U over a layer of depth h; and density
p1- The disturbance potentials ¢1, ¢o and the free-surface deflection n satisfy

Vi =0 —hy <2 <0, Vi =0 0 <z < ha, (2.69a)
091 _ dpa _
E =0 Z = —hl, 92 =0 z = h2, (269b)

2In three dimensions, (2.65) still holds, with x equal to the mean curvature of the interface, that is

=g o G ) - e () ) )
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Figure 2.5: Schematic of a fluid layer of thickness ho and density ps flowing at speed U
over a layer of thickness h; and p;.

D01 _on 00 _on o0
9z  Ot’ 0z Ot ox’
961 9by 06 o z=0. (2.69¢)
g <at+g”> e (&*Uaﬁg’?) e

We look for travelling waves of the form

n = Aehr=wt) 4 — Bellke—w) cosh(k(z + h1)), ¢2 = Cel(hz=wt) cosh(k(z — hg)),
(2.70)

and find the dispersion relation
w?py coth(khy) + (w — Uk)?py coth(khg) = ((p1 — p2)g + 7k2) k. (2.71)

For simplicity, we take the limit where both layers are very deep, that is hi, ho — 00, so
(2.71) becomes

(1 + p2)w® = 2(paUk)w + p2UkK? — ((p1 — p2)g + k) [k| = 0. (2.72)
If there is no relative flow, that is U = 0, then (2.72) reduces to

2 — (o1 = p2)g+k?) |K
p1+ p2 '

(2.73)

If p1 > po then the right-hand side of (2.73) is positive, but if p; < pg, it is negative for
some values of k, namely

(p2 — p1)yg
B <SR (2.74)
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U2

Figure 2.6: The right-hand side of (2.75) versus wavenumber k.

For these wavenumbers, w is pure imaginary, so the disturbance grows exponentially.
Hence the situation with the denser fluid above the lighter fluid is (not surprisingly)
unstable; this is known as the Rayleigh—Taylor instability.

When U is nonzero, we can examine the discriminant of the quadratic equation
(2.72) to find that w is complex (so the flow is unstable) when

g2~ (Prte ((o=p2)g+ vk? (2.75)
P1P2 ’k‘| ' '

Assuming p; > pa (so the lighter fluid is on top), the right-hand side of (2.75) tends
to infinity as |[k| — 0 and as |k| — oo, with a minimum at |k| = k. = \/(p1 — p2)g/7
(see figure 2.6). This corresponds to a critical value of U, given by

2(p1 + p2)
P1P2

If U > Uy, then there is a band of values of k for which (2.75) is satisfied and for which
w is therefore complex. In other words the flow is unstable if the velocity of the upper
fluid exceeds this critical value. This Kelvin—Helmholtz instability is responsible for the
formation of waves by wind blowing over the sea.

U? = v(p1 — p2)g- (2.76)

2.4 Internal gravity waves in a stratified fluid

Now we consider waves in a fluid that is incompressible, so the density of each fluid

element is conserved, i.e.
Dp
— =0 & V.u=0 2.717

However, we no longer assume that the density is constant. The aim is to study waves
in a stratified fluid, where the density varies with depth, for example in the sea, where
p depends on the salinity of the water. We therefore start with a stationary solution of
the form

u=0, p = po(2) p = po(2). (2.78)
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Stokes waves may be viewed as a special case of (2.78) in which py(z) is piecewise
constant. From the momentum equation (2.1c), with g = —gé,, we find that the
pressure must take the form

pol2) = pa—g /0 " olQ)dC, (2.79)

where p, is a constant reference pressure.
Now we linearise about (2.78), setting

u=0+u, p=rpo(z)+p, p=po(z) +p, (2.80)

where the primed variables are again assumed to be small. With all nonlinear terms
neglected, the equations reduce to

op' ,dpo ou' o ow
L — 4 — = 2.81
o’ op o' op' ow' op’
ME = e Mar T ey Mg fe (28D

in which (u/,v',w’) are the components of w/. We now eliminate v/, v, p and p’ from
these equations to obtain a single equation for w’. Cross-differentiating the horizontal
momentum equations and using the second conservation-of-mass equation we find that
o A A N 4 N o'\ 0%’
00> o2 Mo \ox T ay) T Mozor

(2.82)

Taking the time derivative of the vertical momentum equation and using the first
conservation-of-mass equation we find that

82w/ a2pl % B 82p/ ,%

- _ — = — . 2.83
Mo T "ozt Yot~ awor M a: (2.83)
Then elimination of p’ between (2.82) and (2.83) leads to
0? (0% 0w 0% d ' w1 93
912 5T 52 T 5.0 e st 52 . 2 )" (2.84)
ot? \ Ox dy 0z po dz \ Oz dy g 020t

To get an idea of the behaviour of the solutions to this equation, we briefly exam-
ine a simplified version based on the following assumptions. We consider purely two-
dimensional disturbances so that w’ is a function only of x, z and t. We also suppose
that

_ 1dpo

= 2.
po dz (2.85)

is constant, which occurs if py is proportional to e”?. Finally, we assume that gravity
dominates and we may thus neglect the final term multiplied by 1/¢ in (2.84), to obtain

0% (0% 0% 0%
ot? <8m2 o ) =hg ozr? " (2:86)
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We can look for propagating two-dimensional waves by setting
w,(l‘ 5 t) _ Aei(k:pcosa—i—kzsina—wt) (2 87)

where the amplitude A is arbitrary, k is the wavenumber, and the direction of propaga-
tion makes an angle o with the z-axis. Substitution of (2.87) into (2.86) results in the
dispersion relation

w? = —Bgcos? a. (2.88a)

Hence waves travel with a positive frequency w provided f is negative. If § is positive (so
the density decreases with depth) then w is imaginary: the fluid is unstably stratified.
The most unstable waves have a = 0 or 7, so they travel in the horizontal direction.

Note that we can check a posteriori whether the term we omitted from (2.84) actually
is negligible. With the extra term included, (2.88a) becomes

(1 _is s;jna) w? = —Bgcos® a, (2.88b)

so the approximation is good provided 8 < k, that is, if the wavelength is much smaller
than the length-scale over which pg varies.

2.5 Inertial waves in a rotating fluid

Now we examine the possibility of waves in a constant-density fluid rotating with con-
stant angular velocity €. If gravity is neglected then, as shown in section 1, the governing
equations are

) 1
Vou=0, a—?—l—(u-V)u—{—Qﬂxu—FQX(QX.’B):—;Vp. (2.89)

This can be simplified by using the identity
1
Qx(Qxz)=-3V (12 x z|?), (2.90)

which may easily be proved by taking components. Hence the momentum equation may
be written in the form
ou

1
¥ +(u-V)u+2Q xu= —;VP, (2.91)

where the reduced pressure P is defined to be
P:p—g|9xm|2. (2.92)
We look for small disturbances by linearising about the uniform steady state u = 0,

P = const and find that the perturbations satisfy

ou’ 1
V.o =0, U ok = VP, 2.93
Y 5 (2.93)
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Equation (2.93) describes large-scale flows in the Earth’s atmosphere.® In steady flow,
(2.93) implies that u’' - VP’ = 0, which explains why the wind is usually parallel to
isobars (lines of constant pressure).

If we now take the curl of (2.93b) and make use of (2.93a) when expanding the vector
triple product, we obtain

0
&(V xu)=2(Q -V)u'. (2.94)
Applying another time derivative and a curl to (2.94), we obtain
0 / 9 /
— [Vx(Vxu)]=2(Q V)(Vxu). (2.95)

ot? ot
On the left-hand side, we can now expanding the double curl using the vector identity
V x (Vxf)=V(V-f)—V2f, and apply (2.93a) once more. On the right-hand side
we can substitute using (2.94). We obtain

& (oa 2,
@(Vu)+4<ﬂ~v>u:0. (2.96)
Substituting in a plane wave proportional to elkr—wt) we obtain the dispersion relation
4(Q-k)?
2
pu— 2.97

Since w is always real, these waves are always stable. Observe that the frequency
depends only on the direction of k, and not on its magnitude. The highest frequencies
are obtained when the wavevector k is aligned with the rotation axis €2, and indeed the
fastest wavespeeds are obtained in this direction also.

2.6 Some other wave models

Electromagnetic waves

In free space (where there are no charges or currents) the electric field E and magnetic
field B satisfy Maxwell’s equations

0B OFE
—pU— V-B =0, VxB=¢e¢_—, 2.98

W “ot (2.98)
where € and p are positive constants known as the permittivity and permeability respec-

tively. It is straightforward by cross-differentiation to find that E and B both satisfy
the wave equation

O0’E 0’°B
o =evE, S = VB, (2.99)
where ¢ = 1/,/ép. Hence free space supports non-dispersive electromagnetic waves

moving at constant speed ¢, and c¢ represents the speed of light in a vacuum.

3The linearisation is valid provided the Rossby number Ro = U/LS) is small, where U and L are
typical scales for w and @ respectively.
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Waves on an elastic string or membrane

Consider an elastic string, of mass m per unit length, stretched along the z-axis to
a tension 7. Suppose the string undergoes small transverse displacements so that its
position at time t is given by z = w(x,t). It is easy to show that these displacements
are governed by the one-dimensional wave equation
Pw  ,0%w

W =C W, (2100&)

with ¢ = /T /m. Thus the string transmits non-dispersive waves at constant speed c.

This theory is easily generalised to describe an elastic membrane stretched to a
tension T across the plane z = 0. Now small transverse displacements satisfy the two-
dimensional wave equation

2 2 2
8w_2<8w 810)7 (2.100b)

o2 =~ \ o2 T a2

where ¢ = /T/o and o is now the mass of the membrane per unit area. Again the
wave-speed c is constant.

Waves on an elastic plate

Unlike a membrane, an elastic plate has a significant bending stiffness B. It can be shown
that small one-dimensional transverse displacements of an unstretched plate satisfy the
beam equation
0w Ba4w
Tz T gt
where o is the area density as above. The waves governed by (2.101) are dispersive,
with the dispersion relation given by

/B
w=xk*/=. (2.102)
g

For two-dimensional displacements, (2.101) is generalised to

=0, (2.101)

9w
o5zt BViw =0, (2.103)

where V4 = (V?2)? is the biharmonic operator.

Elastic waves in an isotropic elastic solid

It may be shown that small displacements w of an isotropic elastic medium satisfy the
Navier equation
0%u

Pz = A +2u)V(V - u) — uV x (V x u), (2.104)
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in which p is the density, while \ and p are called the Lamé constants. (Roughly
speaking, A measures a material’s resistance to compression and g its resistance to
shear.) It is straightforward to show that (2.104) supports two different kinds of waves
with different wave-speeds. First taking the divergence of (2.104), we find that (V - u)
satisfies the wave equation

0*(V - u)

o = VAV - u), (2.105)

where c% = (A+2u)/p. Equation (2.105) describes pressure waves or P-waves moving at
speed ¢,. On the other hand, taking the curl of (2.104) results in an equation describing

shear waves or S-waves, namely

0*(V x u)

o VAV x u), (2.106)

where ¢ = yu/p.

The existence of two different wave speeds explains why, following an underground
earthquake, two initial shocks are felt at the surface: the P-waves arrive first, followed
by the S-waves.

Quantum mechanics

A quantum-mechanical particle of mass m, moving in one-dimension under a potential
V(z), is described by the Schrddinger equation
ov n? 0?w

ith— =

8t - —% (91'2 + V(.CL‘)\I/, (2.107)

where h is Planck’s constant. The so-called wave function W is related to the probability
density function P(z,t), measuring the probability of finding the particle at position x
at time t, by

P(x,t) = |U(x, 1) (2.108)

In three dimensions, the second-order x-derivative in (2.107) is replaced by V2.

With just one t-derivative on the left-hand side, (2.107) does not at first glance
resemble a wave equation at all. However, if we set ¥ = u+iv and, for simplicity, ignore
the potential V' we find that the real and imaginary parts of W satisfy the beam equation

(2.101):
0%u A2 0% &% h\? ot
gu Ly 22 _ 20 — ] = =o. 2.109
oz + <2m> ot~ oz <2m> Ozt ( )
Hence (2.107) supports dispersive waves and, if V' is constant, the dispersion relation is
hk?
oo LV (2.110)

" 2m h
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3 Theories for linear waves

3.1 Introduction

In this section we present several methods for analysing linear wave problems. In finite
domains, the well-known technique of separation of variables allows the natural modes
and natural frequencies to be determined. Then any solution may be expressed as a
superposition of such modes. In infinite domains, instead it is more relevant to seek
travelling waves and determine the dispersion relation between their frequency amd
wavenumber. Again, an arbitrary wave motion may then be considered as a superpo-
sition of such travelling waves, and this is clarified by use of the Fourier transform. It
is often difficult to invert the Fourier transforms encountered in practice. Nevertheless,
good estimates of the solutions may be obtained using the method of stationary phase.
Alternatively, linear hyperbolic problems may be solved by the method of characteristics.

Finally, we combine these methods to analyse the flow past a thin wing at sub- and
supersonic speeds.

3.2 Separation of variables

This technique is suitable for solving linear partial differential equations in finite do-
mains. To apply the method, choose a coordinate system in which the domain bound-
aries are coordinate surfaces.

Example 1: acoustic waves in a box

Consider one-dimensional waves in a box of length L, where the two ends = 0 and

x = L are fixed. Thus the velocity potential ¢ satisfies the one-dimensional wave
equation
PP 0%
w = Cow, (31&)
subject to the boundary conditions
0
6%20 at x =0, x = L. (3.1b)

We look for a time-periodic solution of the form

$(a,t) = f(z)e ™, (3.2)
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where the real part is assumed. This supposes that the gas all oscillates at a single
frequency w, assume positive without loss of generality; such a motion is called a normal
mode. Substitution into (3.1) leads to

A2f  fw)\? df df
at(2) =0 Lo-Lw-o (33)
This is an eigenvalue problem, which admits nontrivial solutions of the form
f=Acos (@> , (3.4)
L
only if w takes special values, namely
_ nmmey
Wn =7 (3.5)

where n is a positive integer. Equation (3.5) defines a countably infinite set of frequencies
at which the gas may oscillate without forcing, and these are known as the natural or
resonant frequencies of the pipe.

Since the problem (3.1) is linear and homogeneous, the separable solutions found
above may be superimposed. Thus

_ > nmwr nmcot . nmcot
qS(m,t)—T;cos( 7 ){Bncos( 7 )+C’nsm( 7 )} (3.6)

satisfies (3.1) for any values of the arbitrary constants B, and C,. If we impose the
initial conditions
o9

o= f(x), i g(z) att=0, (3.7)

then the constants may be evaluated using the theory of Fourier series:

B, = Z/OL f(x) cos (?) dz, Cn = 2 /OLg(:n) oS (?) dx. (3.8)

nmcy

Now, suppose the left-hand end of the box is oscillated, so at time ¢ its position is

x = ae” ! where a is small. The left-hand boundary condition for ¢ is thus modified
to
gi = —jwae @ at x = ae . (3.9a)

As shown in section 2, it is consistent, when linearising for small a and ¢, to apply this
boundary conditions on x = 0 rather than x = ae™“, that is

99

D —iwae ¥t at z = 0. (3.9Db)

Now, if we seek a separable solution ¢(z,t) = f(x)e™ ! we find that f must satisfy

2
d2f +<W) f=0. Y0)= iwa, Lir)=o, (3.10)

dz? Co dx dx
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which is easily solved to give

J = —icpa cosec <wL> cos <w(L_m)> : (3.11)

€o €o

Notice that the amplitude of f (and hence also of ¢) becomes unbounded as w ap-
proaches one of the natural frequencies w,,. This is the phenomenon of resonance and
explains (among other things) how many musical instruments work: you can create
large-amplitude sound waves by driving a column of air close to one of its resonant
frequencies.

If w is at one of the resonant frequencies, then there is no time-periodic solution for
¢. We can instead look for a so-called secular solution, in which the amplitude grows
linearly with time, by trying

d(x,t) = (f(a:) + tg(a:))ei””t. (3.12)

Substitution into the wave equation leads to two differential equations for f and g, whose
solution, subject to the boundary conditions is

f(z) = _QIZTCLOL {an(L — x)sin <an0:£) — ¢p cos <an0:€> } + Acos <QZ]:U) , (3.13a)

acg WnT

gla) = = cos () , (3.13b)

€o

where A is arbitrary.

In practice, if w is at or close to one of the resonant frequencies, then the amplitude of
the oscillations eventually becomes so large that our linearisation is no longer valid. The
nonlinear terms that we have neglected become significant and prevent the amplitude
from growing without bound. It is also likely that viscous effects may become important
in very large-amplitude oscillations.

It is straightforward to extend the above analysis to higher dimensions. For example,
normal modes in gas confined to the two-dimensional box {0 < z < L,0 < y < b} take

the form ‘
¢ = ae™“" cos (nLﬂ) cos (T/) , (3.14)
where n and ¢ are integers. There is thus a doubly-infinite family of natural frequencies,
given by
2 2o (0 P
Wi =TCH <L2 + b2> . (3.15)

In general, there is an infinite family of normal modes for each spatial dimension in
the problem. For the three-dimensional box {0 < x < L,0 < y < b,0 < z < h}, the
modes and corresponding frequencies are

. . . 2 .2 .2
¢ = ae” " cos (n—zx) cos (M;)y) cos (jzz) ) wi,i,j =n%ch <22 + ;72 + 22> , (3.16)

for any integer values of n, 1, j.
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Example 2: spherical waves

Suppose gas is contained in the annular region a < r < b, where r is the usual spherical
polar coordinate. For spherically symmetric waves, the velocity potential ¢(r, t) satisfies

8¢ 8¢

(ro), EZOonr:a, E:()onr:b. (3.17)

2 92
@0
r Or?

9?¢
g Vs

We look for normal modes of the form

¢(r,t) = fr)e ™, (3.18)
so that f must satisfy
d? 2 d d
G2+ (2) =0 Yw=YLoy=0 s
Hence f is given by ‘
= A cos (kr) + Bsin (kr)’ (3.20)

r

where £k = w/cp, and application of the boundary conditions leads to the following
system of equations for the arbitrary constants A and B:

cos(ka) + kasin(ka) sin(ka) — kacos(ka)\ (A
(cos(kb) + kbsin(kb)  sin(kb) — kbcos(kb)) ( B) =0 (3.21)

For a nontrivial solution to exist, the determinant of the left-hand side must be zero,
which leads to the equation

(14 k%ab) tan(k(b — a)) = k(b — a). (3.22)
Given a and b, this transcendental equation has a countably infinite set of solutions for
k, each corresponding to a natural frequency.

Example 3: waves in a circle

Consider waves in gas confined to the circle » < a, where r is the plane polar radial
coordinate. The radially-symmetric wave equation reads

8%7 92, 2 0%¢ 10¢
aﬂ—cow—Co(arzﬂar)’

and, assuming the edge r = a is fixed and that ¢ is bounded as r — 0, we have the
boundary conditions

(3.23a)

|¢| < oo asr — 0, %z@atr:a. (3.23b)
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We seek normal modes of the form

¢(r,t) = f(r)e (3:24)
and find that f must satisfy
£f 1dF (e 2f—o If| <ooasr—0 47 @y =0 (3.252)
dr?2 =~ rdr co - ’ dr>/ '

If we define £ = kr, where k = w/cy, then (3.25a) becomes

d2 d
£2d£+€d‘§+€2f=0, fl <ooas €0,

df
a (ka) = 0. (3.25b)
This is Bessel’s equation of order zero, and the two linearly independent solutions are
denoted Jo(§) and Yo(§), although only Jo(£) is bounded as £ — 0.
We must therefore have f = AJy(€) for some constant A, and the condition at r = a
is satisfied if
ka =&, (i=1,2,...), (3.26a)

where £p1 < §p2 < --- are the extrema of Jo(§). As indicated in figure 3.1, there are an
infinite number of these and £y; — 0o as ¢ — oo. The natural frequencies of the gas are
thus given by

w; = % (i=1,2,...). (3.26b)

Next we drop the assumption of radial symmetry and consider waves in a circular
pipe of radius a and length L, with closed ends. In terms of cylindrical polar coordinates
(r,0, z), the velocity potential ¢ satisfies

Pd oo, o (00 109 1% ¢
oz ~ OV ¢_CO<87’2 T rar T o +az2>’ (3.272)
o9 _ ¢ _ _
|p| < 0o asr — 0, E—Oatr—a, a—Oa‘cz—O,L, (3.27b)

plus the condition that ¢ must be a 27-periodic function of 6.
It is readily shown that time-periodic separable solutions satisfying the boundary
conditions are of the form

¢(r,0,2,t) = f(r)(Acos(nf) + Bsin(n)) cos (T) emiwt (3.28)

where n and j are integers. It follows that f satisfies

df

—n2)f=0, |f| <ocasr—0, 1

(a)=0, (3.29)
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Figure 3.1: Plots of the first few Bessel functions J,(§) and Y, (§) for n = 0 (solid),
n =1 (dashed), n = 2 (dot-dashed).

where ) o o
2 W T
= - — —. 2
k 2 72 (3.29b)
Setting £ = kr as before, we find that (3.29a) becomes
d? d d
§2d£J;+§dJ£+(§2—nz)f:O, |f| <ooas&—0, djg(ka):& (3.29¢)

This is Bessel’s equation of order n, whose two linearly dependent solutions are denoted
Jn(€) and Y, (€); the cases n = 0,1, 2 are plotted in figure 3.1. For any integer n, Y,,(§)
is singular as £ — 0, so we must have f = AJ, (&) for some constant A, and the condition
at r = a is satisfied if

ka =& (i=1,2,..)), (3.30)

where &, 1 < &, 2 < --- are the extrema of J,(§). Again, there are an infinite number of
these and &, ; — oo as i — oo.
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The natural frequencies of the pipe are thus given by

2y _ o (I & (3.31)
Wnij =\ T T2 | :

where n, i and j are arbitrary integers, so there is a triply-infinite family of normal
modes that depend on the three spatial coordinates (r, 0, z).

3.3 Travelling waves

On an infinite domain, instead of normal modes, we can look for travelling harmonic
waves, and attempt to determine the dispersion relation between the frequency and the
wavenumber.

Example 1: waveguide

Linear waves propagating in the z-direction through gas contained between two rigid
walls at z = 0 and z = h can be described by a velocity potential of the form

¢(x,z,t) = Acos (%) ellhz—wt), (3.32)

where n is an integer. By substituting this into the wave equation, we find the dispersion
relation

n27r2
w? =2 (k:2 + 73 > : (3.33a)

The speed of propagation of waves along the waveguide is thus given by

2 2,2
2 w 2 n=m
Cp = ﬁ = CO (]. + h2k2> . (333}))

Whenever n is nonzero, these waves are dispersive, since c, varies with k.

Multidimensional travelling waves

If the dependent variable (say ¢) depends on multiple spatial variables, we can look for
a general harmonic travelling wave by setting

¢ = ae(ikx+€y+mz—wt) _ aei(km—wt)’ (334)

where

k= (kt,m)T (3.35)

is the wavenumber vector. The direction of k represents the direction in which the waves
propagate, while the magnitude of k is related to the wavelength A by |k| = 27/\.
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The phase velocity of the waves is

wk

= &P (3.36)

Cp
For nondispersive waves, we would expect the wave speed |c,| to be independent of k,
and we see from (3.36) that this is true if and only if

w = cplkl, (3.37)
where ¢, is constant. If the dispersion relation takes any form other than (3.37), then
the waves are dispersive.
Example 2: internal gravity waves

As shown in section 2, small-amplitude waves in a stratified fluid of ambient density
po = ReP* are governed by the equation

0% (0% O 0% w1 9%
=5 + + = Bg + - = . (3.38)
ot? \ Ox? Oy? 022 Ox? oy g 0z0t?
If we try a travelling-wave solution of the form
w = qelk@—wh) (3.39)
we find that the dispersion relation is
k2 4 ¢2
W2 = DI+ ) (3.40)

|k|2 —ifm’

and the waves are thus dispersive. Recall that § < 0 for stable stratification. Nev-
ertheless, there are two complex roots for w whenever m is nonzero and, since (3.40)
is an equation for w?, at least one of these roots must have a positive imaginary part.
Thus the amplitude grows exponentially whenever m is nonzero, and the fluid is always
unstable to waves in the z-direction.

3.4 Fourier transform

In section 3.2, we showed that a general flow in a finite domain may be written as a
superposition of normal modes. An initial-value problem may thus be solved by choosing
the weightings of the different modes appropriately. Similarly, the general solution in
an infinite domain may be written as a superposition of harmonic waves, and initial
conditions can be imposed by a suitable choice of the weighting function. Here we show
how this can be achieved in some simple cases using the Fourier transform.

Given a suitable function f, we define the Fourier transform fby

flk) = /_ b flz)e g, (3.41)

We will now quote some basic properties of the Fourier transform.
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1. Inverse Fourier transform
If we have calculated f, the orginal function f is recovered using

Flz) = % /_  Flk)e . (3.42a)

2. Convolution theorem
If f can be written as the product of two Fourier transforms that we know, say
f(k) =g(k)h(k), then f is the convolution of g and h, that is

oo

f(@) = (g* h)() = / g(E)h(z — €) de. (3.42b)

—00

3. Fourier transform of derivatives
The Fourier transform turns x-derivatives into multiples of k, specifically

A
on = ("7 (3.42¢)

Hence ordinary differential equations are transformed into algebraic equations, and
partial differential equations into ordinary differential equations.
Stokes waves

We now illustrate the use of the Fourier transform to solve the problem of two-dimensional
Stokes waves on a semi-infinite layer of fluid. The velocity potential ¢(z, z,t) and free-
surface displacement z = n(z,t) satisfy the equations and boundary conditions

0%y  0%¢
op _On 09 _ _
@ = E’ E—i—gn_() z=0, (3.43b)
$»—0 z — —00. (3.43c)

The problem is closed by specifying the initial displacement and velocity of the free
surface. We suppose the fluid starts from rest with the free surface given by z = ny(x),
so that

0

n=mlx), S =0 att=0, (3.43d)
We take a Fourier transform in x, denoted with " as above, so the problem becomes
@—k ¢=0 z <0, (3.44a)

96 _oq 96
. " 9 Ar = = .44Db
9: — o ot T91=0 2=0, (3.44b)
¢—0 z — —00, (3.44c)

e

= =0 t=0. 3.44d
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It follows that R
b = Ak, t)elF?, (3.45)
where A satisfies
on 0A A
klA=— - =0. 3.46
kA =2 5 T 97 (3.46)
Solving these equations and applying the initial conditions, we find that

1 = 1o cos(wt), A= —%7’0 sin(wt), (3.47)

where the frequency w(k) is given by the dispersion relation

w(k) = /g|k]. (3.48)

The evolution of the free surface is then found by inverting the transform, resulting in

n(x,t) = L /00 70 (k) cos(w(k)t)e*™ dk. (3.49a)

27 J_

If the cosine is expanded out, to give

1 o0 . .
(@, t) = - / o) (00 b ) g, (3.49D)

i J_o

it becomes clear that this represents a superposition of waves travelling up- and down-
stream with phase speed ¢, = w(k)/k.
If the fluid does not start from rest, say

on _

5 — wo(x) att =0, (3.50)

then (3.49) becomes

. 1 & ~ T/U\(k) . ikx
n(z,t) = 27r/—oo (no(k) cos(w(k)t) + wo(k) sm(w(k)t)) e*T dk. (3.51)

This expression may be applied to generalised Stokes waves problems (with, for example,
finite depth or surface tension) by modifying the dispersion relation for w(k) appropri-
ately. However, except for very simple dispersion relations, it is difficult to evaluate the
inversion integrals exactly. Instead, we will show below in section 3.5 how the large-time
asymptotic behaviour of the solution may be estimated.
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Multidimensional Fourier transform

The methods outlined above can be generalised to higher spatial dimensions. For a
function of three spatial dimensions f(x,y,z), for example, we can define the triple
Fourier transform

k: ,m) / / / flz,y,z —ilkety+mz) 4 dy dz. (3.52a)

If we define the wavenumber vector k = (k, £, m)T as before, then a convenient shorthand

for (3.52a) is
= // fla)e @) g, (3.52b)
R3

and the inverse transform then reads

= /] | FUe ™) d. (3.53)

Consider for example the inertial wave equation (3.38). The triple Fourier transform
w of w' satisfies

2 . w 2, 2\~
(|k|* —iBm) e By (k* + £°) w. (3.54)
If, for example, we start with
/
w' = wo(x), ow _ 0 att=0, (3.55)
ot
then the appropriate solution of (3.54) is
@ = wo (k) cos(w(k)t), (3.56)

where w(k) is given by the dispersion relation (3.40). The inverse transform thus gives

w'(x,t) = # ///R3 wo (k) cos(w(kz)t)ei(k'm) dk, (3.57a)

or

" pilbatwk)) | Ji(ko—w(k))
w(@,t) = ///st ok te ) dk, (3.57b)

which may be identified as a superposition of harmonic waves with wavenumber vector
k and frequency +w(k). Now the superposition takes place over all possible vectors k,
that is over all possible wavenumbers and propagation directions.

If w(k) is complex for any k such that wg(k) is nonzero, then (3.57) implies that w’
grows exponentially in time and the base state is therefore unstable. From the dispersion
relation (3.40), we see that w is complex whenever m is nonzero. The perturbation
therefore grows exponentially unless wg(k, £, m) = 0 whenever m # 0, which occurs only
if wg is independent of z. Hence the base state in this case is unstable to all z-dependent
perturbations.
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3.5 Method of stationary phase

Motivation

In section 3.4, we used a Fourier transform to solve the problem of two-dimensional
Stokes waves on a semi-infinite fluid layer, subject to zero initial velocity and a given
free-surface displacement no(x) at ¢ = 0. From (3.49) we see that an observer travelling
at speed V', so that his or her position at time ¢ is x = V¢, will observe a free surface
displacement

n(Vt,t) = L / (ke (B =e®)t qp. | L o (ke (FVHe®)t g (3.58)

AT J_ A J_
where w(k) is given by (3.48) or, in general, by some other dispersion relation.

The Fourier integrals in (3.58) are in general difficult to evalute explicitly. To un-
derstand how they behave for large ¢, we now consider the general case

I(t) = / b F(k)eV®t gk, (3.59)

where f and 1 are arbitrary functions, known as the amplitude and phase respectively,
while a and b are fixed constants. We will start by illustrating the method for the
simple cases in which ) is a linear or quadratic function of k. We will apply some ad hoc
asymptotic estimates, but emphasise that these can be made rigorous by using more
careful analysis.

Example 1: linear (k)

First consider the simple case where (k) is a linear function of k, that is
Y(k) =a+ Pk (3.60)

for some real constants o and 3, so that I(¢) takes the form

I(t) = e / ’ f(k)ePr dk. (3.61)

When ¢ is large, e¥(®)? is a highly oscillatory function. The positive and negative con-
tributions to the integral I(t) almost exactly cancel each other out, with the cancellation
becoming perfect in the limit ¢ — co. This is shown schematically in figure 3.2 for the
case f(k) = (14 (k — 1)2)717 (k) =14k and t = 10.

The integral I(t) therefore tends to zero as t — oo; in particular, the Riemann-
Lebesgue Lemma tells us that

I(t)=0 (Blt) as £ = oc. (3.62)
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Re { f(k)eV®)t}
1 L

(a)

0.5

Figure 3.2: (a) The real part of f(k)e¥®)* plotted versus k with f(k) = (1+ (k- 1)2)_17

(k) =1+ k and t = 10. (b) A close-up of (a) indicating cancellation of the positive
and negative contributions.

(To prove (3.62), integrate (3.61) by parts to obtain
) 1 L b Gk
I(t)e ' = — { [f(k)elﬁ t] — / f'(k)e tdk}. (3.63)
I,Bt a a

The term in braces may be bounded using the assumed continuity of f/, resulting in
|I(t)] < M/(Bt) for some constant M.) The result (3.62) also applies in the limit
a — —o00, b — +oo provided |f’(k)| is integrable over this range.
Example 2: quadratic (k)

Next consider the case where ¢ (k) is a quadratic function, say
P(k) = o+ 7k, (3.64)

where a and v are real constants. Note that this ¢(k) has a single extremum which
we have assumed, without loss of generality, to be at £k = 0. In figure 3.3 we plot
Re{f(k)e™ ™} versus k for the case f(k) = (1+ (k— 1)2)_1, Y(k) =1+k% and t = 10.
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Figure 3.3: (a) The real part of f(k)e¥®)* plotted versus k with f(k) = (1+ (k- 1)2)_17

(k) = 14 k? and t = 10. (b) A close-up of (a) showing how cancellation of the positive
and negative contributions fails near k = 0.

Again the positive and negative contributions approximately cancel, with increasing
accuracy as |k| increases. However, near k = 0, where 9 (k) is stationary, the cancellation
is relatively poor. For large ¢, the behaviour of I(t) is therefore dominated by the
contribution from a neighbourhood of k£ = 0.

With (k) given by (3.64), I(t) takes the form

b
I(t) = et / F(k)eMt dk, (3.65)

If @ and b are both positive, then k is positive throughout the range of integration, so
we may change integration variable to £ = k2, resulting in

I(t) = e /a 22 f;\/?eiw d. (3.66)

Since £ is bounded away from zero, the Riemann—Lebesgue Lemma applies and tells us
that I(t) = O (1/~t). By an analogous argument, we also have I(t) = O (1/+t) if a and
b are both negative.



B5.4 Waves & compressible flow 49

If a < 0 < b, then our integration region includes the origin, so the change of variable
that gives rise to (3.66) is invalid. However, as shown schematically in figure 3.3, we
expect the main contribution to I(t) to come from a neighbourhood of k£ = 0, so we split
up the range of integration as follows:

—€ b €
e ot = [ f(k)e™tak + / FR)E™ Ak + [ f(k)eTE Ak, (3.672)

a

where € is a fixed small constant. The Riemann-Lebesgue Lemma applies to the first
two integrals, leaving us with

I(t)e iot = 6 F(k)et dk + O <vlt> : (3.67b)

If € is sufficiently small then, to leading order, we may replace f(k) with f(0). Supposing
for the moment that v is positive, the change of variable s = ky/4t thus leads to

I(t)e—at o 1 i e ds + 0 [ - 3.67
(t)e ' ~ NG ﬁf( e’ ds + ) (3.67¢)
s

A straightforward contour integral shows that

/_]; s ds — (1+ i)\/Z+ 0 (;) (3.68)

as R — oo. We therefore deduce from (3.67c) that the leading-order behaviour of I(t)

1S
s

I(t) ~ (1 +1)e* £(0) oo +0 (;) as t — oo. (3.69)
This establishes mathematically what is illustrated schematically in figure 3.3. With
(k) given by (3.64), the cancellation in the integrand of I(¢) is poor near k = 0, and I(t)
therefore converges to zero less rapidly than it does when (k) is linear. Furthermore,
the large-time behaviour of I(t) is dominated by the behaviour of the integrand near
k = 0; hence only f(0) appears in (3.69).

Recall that (3.67¢) was obtained under the assumption that + is positive. For nega-
tive 7, the change of variable s = k\/—~t leads to

10~ -2 [ feia O<1) (3.70)
t) ~ e ¥ ds+ — 1, .
Vel —ey/—t vt

and the result

R 7182 . T 1
e ds—=(1—-1i)/=+0|= as R — oo, (3.71)
Rz 2 R

which is an obvious corollary of (3.68), then leads to

I(t) ~ (1 —1)el*t£(0) _;t +0 (f:t) as t — 0. (3.72a)
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We can combine (3.69) and (3.72a) into the handy form

Iw~mmwﬂm1% (3.72b)

as t — oo, where the & corresponds to the sign of ~.

The general case

Now we generalise the analysis given above to arbitrary exponents (k). We will assume
only that v is real-valued and twice continuously differentiable.

First suppose that ¢'(k) is nowhere zero on [a,b] and hence is either uniformly
positive or uniformly negative. It follows that (k) is strictly monotonic on [a, b], so we
can invert the one-to-one relation between k and ¢ (k) to write

k= k(1) (3.73)
Thus I(t) may be written as
b p(b)
16) = [ 09Ok = [ () (0) dv, (3.74)
a W(a)

and the Riemann-Lebesgue Lemma implies that I(t) = O (1/¢).
Next suppose that ¥’(k) has a simple zero at just one point k. € [a,b]. We divide
up the integration range as follows:

. k*+€ .
F(k)eV Pt dE + / k)™t g, (3.75)

ky«—€ )
I(t) = / F(k)eV Pt dE +
a k«—€

ks«+e

where € is a fixed small constant. Since v is monotonic over each of the intervals [a, k. —€]
and [ky + €,b], the first two integrals in (3.75) are O (1/t), by the argument given above.
In the final integral, we use the smallness of € to approximate f and i near k = k, as

V" (kx)

f(k) ~ f(ks), b(k) ~ k) + ——(k — k), (3.76)
since ¢’ (k) = 0. Thus (3.75) becomes
ky+e ) st
1(t) ~ / () et e (m/’;’“)(k - k*)Q) dk+ 0 (1) (3.77)
ky—e€

and, if 10" (k) is positive, the change of variable

k= by sy — (3.78)
T (k) |

leads to

: 2 e/ (ki )t /2 o 1
V' (k) J e\ /57 knyt/2
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Application of (3.68) thus leads to the estimate

I(t) ~ (1+1) f (ke et wﬂakﬁ-+C)<1) (3.80)

as t — 0o. An analogous argument may also be applied for the case where 9" (k) is
negative, and leads to the general result

10) ~ flhge () [ (3.81)

as t — 0o, where the + takes the sign of ¢”(ky). In either case, we see that I(t) =
O (1/+/t) rather than O (1/t), and that the dominant contribution to () comes from a
neighbourhood of k = k.. Recall that this is where the phase (k) is stationary, and the
asymptotic procedure leading to (3.81) is therefore known as the method of stationary
phase.

If ¥’ (k) has multiple zeros, then each may be considered in isolation by employing a
domain decomposition analogous to (3.75). Hence the leading-order behaviour of I(¢) is
simply the sum of all the contributions of the form (3.81) due to each point where 1) is
stationary. It is also worth noting that, in deriving (3.81), we have assumed that 1" (k,)
is nonzero. We will not bother here to spell out the generalised versions of (3.81) that
apply to higher-order zeros of ¢/ (k).

Group velocity

Now we are in a position to apply the estimate (3.81) to (3.58), which we write as

n(Vt,t) =14(t)+1-(t), where I.(¢)= % /oo %(k)ei(kVIw(k))tdk_ (3.82)

—00

Each integral I (t) is of the required form (3.59), with

a = —00, b = oo, f(k) = . (k) =VEkFwk). (3.83)

The method of stationary phase tells us that the main contribution to 1 comes from
wavenumbers k = k, where 1 is stationary, that is

P (ks) =V Fu'(ks) = 0. (3.84)

Thus an observer travelling at speed V' will see waves of wavenumber k, satisfying (3.84).
In other words, waves with wavenumber k travel at speed V' = *¢4(k), where

%Mz%% (3.85)

is called the group wvelocity.
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Figure 3.4: Schematic of a moving wave packet with (a) ¢4 < ¢p, (b) ¢4 > ¢,. One wave
crest is highlighted to illustrate how it moves relative to the packet.

Notice that cy4(k) is different from the phase velocity cp(k) = w/k unless w/k is
constant, which occurs only for non-dispersive waves. At first glance, it might seem
paradoxical that waves can travel at a group velocity different from their phase velocity.
The explanation is that, after a long time, dispersive waves separate into wave packets
corresponding to different wavenumbers. Within each wave packet, the waves move at
speed ¢, but the packet as a whole moves at speed c,.

This phenomenon is illustrated in figure 3.4 for a single wave packet travelling from
left to right at speed c,. The wave crests in the packet move with speed ¢, so, if ¢4, < ¢,
then, as indicated in figure 3.4(a), the wave crests move through the packet, seeming
to appear at the back and disappear at the front. This behaviour can be observed in
the radiating ripples caused by throwing a stone into a pond. On the other hand, if the
group velocity is greater than the phase velocity then the wave crests move more slowly
than the wave packet, as shown in figure 3.4(b). This can sometimes be observed in
very small ripples, which appear to move backwards relative to a radiating wave packet.

For gravity waves on deep water, the dispersion relation is

w(k) = \/glkl, (3.86a)

so the phase and group velocities are given by

cp =Y ZW, cg = V;l” (3.86b)
We therefore always have |cy| < |cp| in this case, that is the situation depicted in
figure 3.4(a).

If surface tension ~ is included then it may be shown, as in section 2, that the
dispersion relation (3.86a) is modified to

w(k) = \/g|k:| <1 + g) (3.87)
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It is straightforward to determine the group and phase velocities and hence show that

3 E2\ 1
Cg:_(H’Y) , (3.88)
Cp 2 o)}

It follows that |c4| < |cp| when |k| < k. and |cy| > |¢p| when |k| > k., where the critical
wavenumber k. is given by

Py
o

ke = (3.89)

This corresponds to a critical wavelength

27 ¥
)\C = — = 27T -, 389b
ke V g ( )

known as the capillary length. Thus waves shorter than A, travel backwards relative to
their wavepackets, like those depicted in figure 3.4(b). For water, p ~ 1000 kgm > and
v~ 0.07Nm™!, so the capillary length is about 1.7 cm.

Example: localised disturbance

For the two Fourier integrals I (¢) defined by (3.82), the phase and its derivatives are
given by

k) =k EVaF, v =vEYXI gy oo YIR (g

Hence, at the critical wavenumber k, where v is stationary, we have

b=+ (k) = F 2 Pk = +27

=F-— . 3.91
4v27 :F4V7 g ( )

Assuming that V' is positive, this means that critical wavenumber is positive for I and
negative for I_. By applying the estimate (3.81) to each integral I (t), we thus obtain
the following asymptotic approximation for the free surface displacement:

0y (3 () o () o) o

To make further progress, we need to specify the initial displacement 79(z) so that
we can determine its Fourier transform 7g(k). Here we consider the example

€a

e (3.93)

mo(x) =
which represents a localised initial disturbance near x = 0 and might model, for ex-
ample, the ripples caused by throwing a stone into a pond. If € is small, then ng(x) is
approximately zero except near x = 0. Nevertheless, 19 has constant area, that is

/OO no(z) dz = a, (3.94)

—0o0
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Figure 3.5: Free surface displacement n(x,t) given by (3.97) versus x with
no(z) = —(m(1 —1—3132))71 and t,/g = 50. The dashed line shows the asymptotic ap-
proximation (3.96).

whatever the value of €. Hence, as € is reduced towards zero, 79 is concentrated in a
vanishingly small neighbourhood, of size O (¢), near x = 0.1
The Fourier transform of 7y(x) is readily found by contour integration to be

(k) = ae™ W, (3.95)

&9 —eg/av? gt ™
n(Vt,t) 5\ 3¢ cos <4V 4) (3.96a)

or, substituting V' = x/t,

at [9 ey o (95 T
n(z,t) 5\ =3 cos{ =7 ) (3.96b)

0 (3.92) becomes

When 79 is given by (3.93), the inverse Fourier transform for 1 may be calculated
exactly and written in the form

7Kxj):7m@ﬂ;éng{kl_ijﬂemp<4Uf?m0>eﬁi(2J%€zx>} (3.97)

where erfi is the so-called imaginary error function, and we have chosen a = —1, e =1
for simplicity. In figure 3.5, we compare this exact solution with our asymptotic approx-
imation (3.96) when t,/g = 50, showing excellent agreement.

If

z_ <
C=V /g (3.98)

In the limit € —, no(x) approaches ad(z), where ¢ is the so-called Dirac delta-function, which is
defined to be zero for all nonzero = but to have unit area.
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then (3.96) may be simplified further by approximating the exponential, so that

at g gt2 7
n(xz,t) 5 \/ — 3 08 (43; 4) . (3.99)

It may be shown that this is the universal behaviour of n far from an initial localised
disturbance.

3.6 Method of characteristics

As shown in section 2, acoustic waves in one dimension satisfy the wave equation

?;‘f — cgngf =0, (3.100)
which can be written in the form
<88t + 608855> <§;§) - COZi) =0. (3.101)
Hence, if we write
d = ng—cogi, (3.102)
then we have 5% 5%
o + o = 0, (3.103a)
which implies that
% =0 when ((11—? = ¢p. (3.103b)

It follows that ® is constant on the straight lines z — ¢yt = const, so that ® must be
a function only of (z — ¢pt). By an analogous argument, with the differential operators
in (3.101) swapped, we find that
0 0
<£ + cO(‘)jj) = const when (z =+ cot) = const. (3.104)
The straight lines x + ¢ot = const are the characteristics of the partial differential
equation (3.100). It is straightforward (e.g. by changing variables to & = = + ¢ot and
n = x — ¢ot) to show that the general solution of (3.100) is

od(z,t) = f(x — cot) + g(x + cot), (3.105)

where the scalar functions f and g are arbitrary. If, for example, we impose the initial
conditions
oo

¢ = ¢o(z), i vo(z) att=0, (3.106)
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Figure 3.6: Schematic of a thing wing with upper and lower surfaces given by y = fi(x).

then f and g are readily determined, resulting in the so-called D’Alembert solution:

1 1 x+cot
oz, t) = = ((;So(a: —cot) + ¢o(r + cot)> + — / vo(s)ds. (3.107)
2 200 r—cot
For a general second-order linear partial differential equation of the form
0? 0? 0?
A—(Z5 + 2B ¢ +C— ¢ = f, (3.108)

ot? Oxot 2

where f may in general depend on ¢, d¢/Jdx and d¢/0t, the characteristics are curves
whose slopes are given by

—— =), where AN —2BA+C =0. (3.109)

The equation is hyperbolic if these slopes are real and distinct, that is if B2 > AC.
In the simple case where A, B and C are constant and f is zero, (3.108) may be

written as 5 96 96
A(at—l-/\la)(at—l-)qa):o, (3.110a)
where A\, (k = 1,2) are the roots of (3.109). We thus deduce (provided A is nonzero)
that
<£ + A 8¢) =const when x — \;t = const, (3.110b)

where i # j € {1,2}, and the general solution of (3.108) is then

d(z,t) = f(x — Ait) + g(x — Aat). (3.111)

3.7 Flow past a thin wing

Equations and boundary conditons

Now we consider two-dimensional flow at speed U past a thin wing. As illustrated in
figure 3.6, the wing is assumed to lie along the z-axis between x = —a and x = a, with
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upper and lower surfaces given by y = fi(x) and y = f_(z) respectively. Since the
wing is supposed to be thin, the flow is only slightly disturbed from a uniform velocity
u = Ué,. As shown in section 2, the disturbance potential therefore satisfies
0%y  0%¢

1—M?) =+ == =0, 3.112a

(- 58+ 2 (3.1120)
where M = U/cy is the Mach number as before. The normal velocity on the wing must
be zero, which leads, after linearisation, to the boundary conditions

0 d
8‘5 - U% ony =0+, |2 < a. (3.112b)
Elsewhere on y = 0, both the normal velocity v = 9¢/0y and the pressure are continu-
ous, so the boundary conditions are

991" [09]"
[aﬂ = [;ﬂ = 0 ony=0, |z| >a. (3.112¢)
The character of the solution to (3.112a), in particular the appropriate far field condition
to apply to ¢, depends crucially on whether the flow is subsonic (M < 1) or supersonic
(M > 1). We consider each case in turn below.

Once ¢ has been determined, the pressure perturbation is given by the linearised
Bernoulli equation:

0¢
' = —poU—. 3.113
p'=—pUs (3.113)
Hence we can calculate the [ift L experienced by the wing as
a ary +
L :/ - [p']Jr dz = poU/ {qb] dz. (3.114a)
—a - _a |07 _
Without loss of generality, we suppose that ¢ is continuous across y = 0 ahead of the
wing, that is [¢]1 is zero at = —a. Then the lift reduces to
L =—poUT', where I = ¢(a,0—)— ¢(a,0+) (3.114b)

is the circulation around the wing. This reproduces Kutta—Joukowski Lift Theorem,
which is well known for incompressible flow past an aerofoil. In particular, if the circu-
lation is zero, then the wing experiences no force at all, which is D’Alembert’s Paradoz.

Subsonic flow

If M < 1, the partial differential equation (3.112a) is elliptic, and requires a condition
on ¢ to be imposed at infinity. We assume that the disturbance flow decays to zero far
from the wing, that is

Vo —0 as|x| — co. (3.115)
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Now, (3.112a) can be transformed into Laplace’s equation by defining

Y =8y, ®=p¢, where f=+1-M2 (3.116)
Thus ®(z,Y) satisfies
0*®  0°®
92 Ty = 0 (3.117a)
0P df+
— =U—= Y =0+ A1
oy U 1 0+, |z| < a, (3.117Db)
001" To@]"
oe 0% 9 9
B 87Y—>0 x*+Y" — oo, (3.1174)

which is identical to the problem of incompressible flow past the same wing. Thus, if we
can calculate the incompressible potential ®;(x,Y'), then the corresponding compressible

potential is
1

Notice that the disturbance flow grows in amplitude as the Mach number approaches 1,
eventually invalidating our linearisation. This explains why the force experienced by an
aerofoil increases dramatically as it approaches the speed of sound, which caused great
difficulties for early attempts to break the “sound barrier”.

The solution of (3.117) is particularly simple if the wing is symmetric, so that

Y (:cy 1- M?) . (3.118)

f-(x) = —f+(z). If so, then we can look for a solution that is symmetric about ¥ =0
and replace (3.117) with
o )
=t 555 = Y A1
5.2 T 9y 0 >0, (3.119a)
0P
® 00
%, g—y -0 22 +Y?% = oo, (3.119¢)
where
dfe lz| < a
n(z) =14 dz ’ (3.120)
0 |z| > a.

This problem can be solved by taking a Fourier transform in . The Fourier transform
of 09 /0Y is easily found to be
0P
—— = Ugje” *IY 121
5y = UTe (3.121)

so, by the convolution theorem,

0P ~
— =Un*g, where g= o IFY

oy (3.122)



B5.4 Waves & compressible flow 59

Figure 3.7: Schematic of the characteristics for supersonic flow past a thin wing.

By inverting g, we obtain

Y
o2, Y) = R (3.123)
and hence (9<I>_U/°O ol _gY)dé—U/aYﬂL(f)dg (3.124)
oy ~ ) TS N e & |

Finally, we integrate both sides with respect to Y, using the condition (3.119¢) to obtain
(up to an arbitrary constant)

a

o= [Tog((w -2+ Y?) £L(6) de. (3.125)

27 J_,

Thus the wing is represented by a distribution of sources along the z-axis. For an
asymmetric wing with f_ # fi, (3.125) must be generalised to include also a distribution
of vortices.

Supersonic flow

For the case M > 1, (3.112a) is hyperbolic and its general solution may be written as

¢(z,y) = F(x — By) + G(x + By), where B=+/M?—1. (3.126)

Notice that F'(x — By) and G(x+ By) are constant on the characteristics x — By = const
and x+ By = const respectively. Instead of the far field condition (3.115), we now impose
the condition of causality, namely that causes must occur before effects. With the flow
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passing the wing from left to right, information therefore travels along the characteristics
from left to right, as indicated by the arrows in figure 3.7.
We suppose that the flow upstream of the wing is undisturbed, that is

¢ —0 aszx — —oo. (3.127)

If follows that F' and G are zero along each of the characteristics that enter from x = —oo0.
Thus ¢ is zero throughout the regions marked (1) and (4) in figure 3.7. Equally, in regions
(3) and (6) we see that the characteristics coming from x = —oco without intersecting
the wing force both F' and G to be zero. Thus there are zones of silence both ahead of
the wing and behind it, and the flow is only affected by the presence of the wing in the
regions of influence (2) and (5).

First consider region (2). The characteristics « + By = const entering from z = —o0
imply that G = 0, and the condition (3.112b) on y = 0+ then leads to

—BF'(z) = Uf! (z). (3.128)

The potential in region (2) is thus given by

ba,y) = 5 (folo = By) — f1(-a), (31292)

where we have subtracted an appropriate constant to make ¢ continuous between regions
(1) and (2). By a similar argument, the potential in region (5) is

U

6-(a.y) = (S (e + By) — - (~a). (3.1290)
Finally, we can substitute (3.129) into (3.114) to calculate the lift on the wing.

Assuming the wing is smooth at either end, we can set

fr(—a) = f_(—a) = 0 (without loss of generality) and fi(a) = f_(a) =X, (3.130)

so that A represents the difference between the heights of the two ends. Then the lift is
found to be
2p0AU?
M2 -1
Thus the lift is positive if the rear of the wing is lower than the front, and zero if they are
at the same height (as in figure 3.6 for example). Note again that the force experienced
by the wing becomes large as the Mach number approaches 1.

L= (3.131)
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4 Nonlinear waves

4.1 Introduction

In this section we present some nonlinear models for wave propagation, concentrating
on two particular examples. The first is one-dimensional gas dynamics, which may be
applied to the motion of gas in a tube. The second is shallow water theory, which
describes tidal waves and long waves in rivers and canals. We will show that both
problems may be modelled using the same system of partial differential equations.

Since these equations are nonlinear, none of the techniques presented in section 3 can
be used to solve them. However, we show that certain quantities, known as Riemann
invariants, are conserved along curves known as characteristics. This allows us to infer
the solution in simple situations, such as the flow caused by the motion of a piston in a
tube or due to a dam break.

We find that the solutions may become multivalued, so that (e.g.) the velocity ap-
pears to take two distinct values at a single position and time. This is a generic property
of nonlinear hyperbolic partial differential equations, and a single-valued solution may
be obtained by introducing shock waves, which will be discussed in section 5.

4.2 One-dimensional gas dynamics

Governing equations

Consider an inviscid fluid, for example gas in a tube, flowing in just one space dimension
x and time ¢. If the body force is negligible, the velocity u = u(x,t)é,, density p(x,t)
and pressure p(zx,t) satisfy the one-dimensional Euler equations

op 0 B
a2 g(ﬂu) = 0, (4.1)
ou ou 10p

Assuming the flow is homentropic (as shown in section 1, this is true if the entropy is
initially uniform), we also have the equation of state

p Po
— = const = —. (4.3)
pY o

If we define the speed of sound c by

d -1
2= _ PP (4.4)

dp Py
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then both p and p may be expressed in terms of c:

v\ /(1) 7\ /(=1 2v/(y-1)
e (Po) 2/, b (f’t)) T @)
TPo TPo ol

Hence (4.2) may be turned into a system of two equations for u and ¢, namely

2 Jc Jc ou

ou ou 2 e
at " “ox ~v—10x

= 0. (4.6b)

By adding and subtracting (4.6a) and (4.6b), we obtain

0 2¢ 0 2¢
- i — = 4.
at<u+’y—1>+(u+c)8x(u+v—1> 0, (4.7a)
0 2c 0 2c
9., _ o) — (u— = 4.
P <u ’Y—1>+(u C)ax (u 7_1> 0, (4.7b)
which can be combined to give
0 0 2c
= +c)— + =0. 4.8
<8t+(u C)(%U) (u ’y—l) (48)
If we define the characteristics as curves in the (z,t) plane satisfying dz/dt = u £ ¢,
then (4.8) becomes
d 2c
— + = 0. 4.9
dt (u Y- 1> (49)
Hence d
(== o is constant on curves satisfying d—f =uztec. (4.10)

The quantities u £ 2¢/(y — 1) which are conserved along characteristics are known
as Riemann invariants. Although it is not possible to write down the general solution
of (4.8), we can use the property (4.10) to infer the solution in simple cases, as we now
illustrate.

Example: flow due to a piston

Suppose that gas occupying the half-space x > 0 starts at rest with ¢ = ¢y. Then a
piston, starting at = 0, is withdrawn such that its position at time ¢ is z = s(t), where
s(0) = 0 and $(t) < 0 for ¢ > 0, using $ as shorthand for ds/d¢. To model this situation,
we apply the boundary and initial conditions

u=0,c=c¢c att=0, u=35(t) atx=s(t). (4.11)
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Figure 4.1: Sketch of the (x,t) plane for the piston withdrawal problem. The piston
position is # = s(t) and the characteristics are shown as dashed lines.

The solution is best understood by sketching the (z,t) plane, as shown in figure 4.1, in
which the characteristics are represented by dashed lines.

First consider the region penetrated by both families of characteristics starting from
t = 0. On the positive characteristics & = u+c, u+2c¢/(y—1) is conserved and therefore
equal to its value at t = 0, that is

2 2
ut 2L = 2N (4.12a)
y—1 ~—-1
Similarly, on the negative characteristics £ = u — ¢, we have
2 2
u— 2L =0 (4.12b)

It follows from (4.12) that we must have u = 0 and ¢ = ¢y wherever both sets of
characteristics started from t = 0, x > 0. The characteristics in this region are thus given
by & = +c¢p, from which we can deduce that the region is bounded by the characteristic
z = ¢ot and hence

u=0, c=¢y in x> cot. (4.13)

In x < c¢ot, we still have negative characteristics that started from ¢ = 0, so the
identity (4.12b) still holds. The positive characteristics, though, start from the piston
x = s(t), so we cannot use (4.12a). However, we know that u + 2¢/(y — 1) is conserved
along each positive characteristic and, since u and ¢ are also related by (4.12b), it follows
that both u and c are constant along each positive characteristic (but different constants
on each one). It follows that each positive characteristic has a constant slope u + ¢ and,
hence, that the positive characteristics are straight lines.

We can use these observations to construct the solution in z < ¢yt as follows. Con-
sider the positive characteristic that starts at the point ¢ = 7, = s(7) on the piston.
Since it is a straight line, it must have an equation of the form

z=s(t)+A(T)(t —7), (4.14)
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for some A(7). On each such characteristics, u is constant and thus equal to its value
$(7) at the piston, and ¢ may then be inferred from (4.12b). Finally, by using the fact
that the slope of the positive characteristics is A = u + ¢, we end up with the solution
in the parametric form

w=3(r), c=co+ <72_1> 5(7), m=s(r)+ {co 4 (72“) s(f)} (t—r). (4.15)

Recall that ¢ is proportional to p(Vfl)/ 2 which must be nonnegative. We therefore
deduce from (4.15) the inequality

200
y-1

—$(7) < (4.16)
If the withdrawal speed is ever faster than this, then the piston leaves the gas behind,
and there is a region of vacuum near the piston. Suppose, for example, that the piston
accelerates such that (4.16) is satisfied only until 7 = 7.. If so, then (4.15) holds for
7 < T¢, and is replaced by ¢ = 0 when 7 > 7.

Expansion fans

Only if the piston position s(t) takes a particularly simple form is it possible to eliminate
7 from (4.15) and thus obtain u and ¢ explicitly. For example, suppose the piston is
withdrawn at constant speed U, so that s = —Ut and (4.15) becomes

w=-U, c=co— (72_1> U x——Ur+ {co _ <72+1) U} (t—7).  (417)

In this case we therefore find that v and ¢ are both constant. Notice, though, that this
solution is only valid in the region penetrated by positive characteristics starting from
the piston. The first of these is at 7 = 0, so (4.17) tells us that

-1 1
u=-U, c:co—<72>U in 1:<{co—(7_2‘_) U}t. (4.18)

We also have the solution u = 0 and ¢ = ¢y in © > cgt, but there is a region between
not penetrated by any positive characteristics either from the piston or from ¢ = 0. The
negative characteristics mean that (4.12b) is still satisfied in this region, and it follows as
before that the positive characteristics are straight lines, along each of which both u and
c are conserved. The only way to avoid them crossing & = cot or z = (co — (v +1)U/2)t,
either of which would lead to a contradiction, the positive characteristics must be straight
lines through the origin, as shown in figure 4.2. This structure, with the characteristics
radiating out from the origin, is known as an expansion fan.

Since the positive characteristics have slope & = u + ¢, their equation must be

x/t =u+c. (4.19)
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(co — (v + 1)U/2)t

T =
I

T = cot

Figure 4.2: Sketch of the (z,t) plane for the piston withdrawal problem with s(¢) = —Ut.

From this and (4.12b), we obtain both w and ¢ in the fan region, namely

_ 2(x/t — o) . 200+(771)x/t'

vy+1 vy+1

(4.20)

In summary, then, the solution for a piston being withdrawn at constant speed is

nu
U _U<£<Co_u7
t 2
_ 2 sz (v+1DHU =« (4
u= L _ d 21a)
74—1(75 CO) “ 2 i@
0 %>Co,
(v—1U x (v+ 1)U
co — 5 -U < ; < cy— 5 s
_ 1 x y+1O)U =z
c= 9 _1 7) _ x (4.21b)
7Jrl(CoJr(V >t Co 5 <3 <
37>
¢ - :
0 ;=

If U > 2¢p/(y — 1), then (4.21) can no longer valid since it gives a negative value
of ¢. In this case, the expansion fan stops where ¢ reaches zero and there is a vacuum
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thereafter, so (4.21) is modified to

2
undefined -U < l < —i,
t v—1
2 2
u = 7(5_00) _ o <£<C(]a (422&)
Y41\t =1t
x
\O ¥>C0,
2
0 U<
t v—1
c= 71 (260+(’7—1)§) — 2¢0 <£<Co, (4-22b)
v+1 t y—1 ¢
3;‘>
c — > ¢p.
0 : 0

Here the gas expands freely, and the velocity of the piston no longer affects the solution.

Simple waves

In all the cases analysed above, it is the fact that the Riemann invariant u —2¢/(y — 1)
is constant throughout the fluid that enables us to make analytical progress. Solutions
in which one of the Riemann invariants is constant are called simple waves. The known
Riemann invariant allows us to eliminate one unknown and thus obtain a first-order
partial differential equation in just one variable. Here, if we use (4.12b) to write

c=co+ <72_1> u (4.23)

and substitute this expression for ¢ into (4.7a), we obtain
ou (v+1Du Ou
— — | — =0 4.24
ot " <C° Ty ) e (4.24)
This can be solved using the standard method of characteristics for first-order quasi-
linear partial differential equations. The characteristic equations are

i—j =co+ W, % =0, (4.25)
which can be integrated to give
x — (Co + (7—;1)u> t = const, u = const. (4.26)
It follows that the general solution for w is
u=f (x — cot — W) , (4.27)

where f is an arbitrary function. All the solutions obtained above correspond to partic-
ular choices of the function f.
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4.3 Shallow water theory

Governing equations

Shallow water theory is an approximate model describing long waves on a thin layer of
fluid. We will derive the governing equations using ad hoc approximations, although
they can also be obtained by systematic asymptotic methods.

Consider a layer of incompressible fluid flowing in two dimensions between a rigid
base z = 0 and a free surface z = h(z,t). If the velocity field is u = u(z, z, t)é, + w(z, 2, t)é,,
then the mass conservation equation reads

ou Ow
—+—=0 4.28
Ox * 0z ’ (4.28)
and the kinematic boundary conditions are
oh oh
= = = — -_ == . 42
w=0 onz=0, w 8t+u8a; onz=nh (4.29)

Integrating (4.28) with respect to z and applying the boundary conditions (4.29), we
obtain

Oh  Oh b ou
oh  oh U= 4.
ot taxtlmn )y 52920 (4.30)
o oh 8
5 + P (hu) = 0, (4.31a)
where
1 h
u:/ udz (4.31b)
h Jo

is the average horizontal velocity in the fluid.
The two-dimensional Euler equations read

ou ou ou 10p
= - = __ = 4.32
ot +u8m+w82 p Oz’ (4.322)
ow ow ow 19p
o sl = 2 4.32b
ot +u6x+w82 p Oz 9 ( )
where p is the pressure, p is the (constant) density and ¢ is the acceleration due to
gravity. In shallow water theory, we assume that the flow is almost unidirectional, so
that |w| < |u| and the left-hand side of (4.32b) may therefore be ignored. The pressure

is thus purely hydrostatic; with p equal to atmospheric pressure p, on z = h, we obtain

P ="pa+ pg(h - 2). (4.33)
Assuming the flow is irrotational, we have V x u = 0, or

ou Ow
_ 2= 0. 4.34
0z Ox 0 (4.34)
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Again assuming that |w| < |u|, we deduce that u is approximately independent of z,
that is
u 2 u(z,t). (4.35)

It follows that @~ u and so (4.31) becomes

oh oh ou

while the horizontal momentum equation, with p given by (4.33), reads

o s tos =0 (4.36D)

The coupled nonlinear equations (4.36) for u and h are known as the shallow water
equations, and they describe tidal waves and long waves in rivers and canals. Unlike the
theory of Stokes waves, we have not assumed that the amplitude of the waves is small;
typically, variations in the depth h are the same order as h. That is why the system
(4.36) is nonlinear, while Stokes waves satisfy linear equations.

We define
c=1/gh (4.37)

which, recall from section 2, is the phase velocity of Stokes waves on a layer of depth h.
In terms of ¢, (4.36) becomes

Jc Jc ou
Gu + u@ + 20@ =0, (4.38b)

ot ox ox

which are identical to the equations (4.6) of one-dimensional gas dynamics with v = 2.
The theory developed above for gas dynamics may therefore be applied directly to
shallow water theory, by setting v = 2 and identifying ¢ with \/gh. In particular, the
Riemann invariant statement (4.10) tells us that

d
u =+ 24/ gh is constant on curves satisfying d—f =u++/gh. (4.39)

Example: dam break

Suppose water of depth hg is held in > 0 by a dam at x = 0. At time ¢ = 0, the dam
breaks, allowing the water to flow into x < 0. This situation is described by the solution
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1///

increasing t
t=0—=

X

Figure 4.3: The evolution of the fluid height h(x,t) following a dam break.

(4.22), identifying ¢ with \/gh and setting v = 2:

undefined % < —24/ghg,
2
U = 3 (% — \/gho) —2v/gho < % < V/gho, (4.40a)
0 2> Vgho,
\ t
(0 % < _2\/.977
1 2
h = % (2 gho + %) —2¢/gho < % </ gho, (4.40b)
ho % > gho

We illustrate the evolution of the height h(x,t) in figure 4.3. The initial discontinuity
at x = 0 spreads into x < 0 and = > 0, while the height at = 0 remains fixed at 4hy/9
for all positive ¢.

4.4 Multi-valued solutions

Example 1: simple wave

Suppose we have a simple wave, in which the Riemann invariant u—2¢/(y—1) is constant
everywhere. As shown in section 4.2, u then satisfies a first-order quasilinear partial
differential equation whose solution, subject to the initial condition u(z,0) = f(x), is

(v + 1)ut> ‘

- —cot —
U f(x co 5

(4.41)
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gradient becomes
unbounded

_— u becomes

multi-valued

Figure 4.4: Schematic of a steepening simple wave.

T

This may be interpreted as a wave moving from left to right at speed ¢y + (7 + 1)u/2,
so that points on the wave where u is larger move faster.

If we start with an initial localised wave like that shown in figure 4.4, then the wave
steepens as t increases. By differentiating (4.41) with respect to x, we find that

Ou _ f'(€)
or 1+ (y+1)f(&t/2’

Thus |0u/0z| increases with ¢ wherever f’ is negative, and reaches infinity after a finite

o = min (2> , (4.43)

(v+ 1)ut.

5 (4.42)

where &=z — cot —

time

3 (v+1)f'(6)

where the minimum is taken over all values of £ such that f/(£) < 0. Thus, as shown
in figure 4.4, the gradient of u is unbounded as ¢ — t. and, for ¢t > t., u becomes a
multiply-valued function of .

This behaviour is physically unreasonable: the gas velocity must take a single, well-
defined value at each point. In addition, we have assumed in deriving our equations of
motion that u is a continuously differentiable function, which it clearly ceases to be at
t = t.. We will discuss the resolution of this problem in section 5.

Example 2: piston moving into a tube

Another situation in which the solution becomes multi-valued is the piston problem
analysed in section 4.2, where the piston is pushed into the tube rather than being
withdrawn. Consider, for example, the case where the piston accelerates uniformly into
the tube, so its position at time ¢ is # = s(t) = at?, and the parametric solution (4.15)
becomes

(y—Du

u = 2ar, c=ct 0, z=ar?+{co+ (y+1)ar}(t—7) (4.44)
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Figure 4.5: Evolution of the velocity profile u(z,t), caused by the motion of a piston
into a tube, versus = at increasing values of ¢.

in at? < x < cot.
By substituting for 7 from (4.44a) into (4.44c), we obtain an implicit equation for u
as a function of x and ¢, namely

4a(cot — x) = yu? + 2(co — (v + 1at)u. (4.45)

For each fixed time ¢, we can use this to plot u versus z, between u = 2at at x = at?
and u = 0 at x = c¢gt; typical graphs as t is varied are shown in figure 4.5. Evidently x
is a quadratic function of u, whose maximum is at

2
1at — + 1)at — ¢
u:—(7+ ) CO, $:Cot+((7 ) 0) .
y 4va
If t < ¢o/(y + 1)a, the maximum occurs in & > ¢yt where u is negative, which is
outside the region where the solution (4.44) applies. At the critical time

(4.46)

€0
t= o+ a’ (4.47)
the minimum occurs at © = ¢ot so that, as shown in figure 4.5, the gradient du/dx
becomes infinite at x = cgt. For larger values of ¢, u becomes a multi-valued function of
x, which is physically impossible.

We can also understand this behaviour by examining the characteristics in the (z, t)
plane. On each positive characteristic (corresponding to a particular fixed value of 7),
(4.44) gives us unambiguous values of u, ¢ and x as functions of ¢. The solution becomes
multi-valued when the positive characteristics start to cross, as illustrated in figure 4.6.
When this happens, the same point in the (z,¢) plane corresponds to different possible
values of 7.

With s(t) = at?, it is clear the the positive characteristics from the piston must
eventually intersect with = = ¢ot (since the piston itself does at ¢t = ¢p/a). From (4.44),
we see that the characteristic with parameter 7 crosses x = cot when

ar® +{co+ (y+1)ar} (t —7) — cot = 7((1L + y)at — co — yar) = 0. (4.48)
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Figure 4.6: Characteristic diagram for a piston being pushed into a tube.

Discounting the root x = 7 = 0, we thus find that crossing occurs at

¢ 70T (4.49)
(v+1a
The earliest time at which the solution becomes multivalued is obtained in the limit
7 — 0, which reproduces (4.47).
To maintain a single-valued solution, we must not allow the positive characteristics
(or indeed the negative characteristics) to cross each other, and we will show how this
can be achieved in the next section.
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5 Shock waves

5.1 Introduction

In the previous section we discovered that the equations of one-dimensional gas dynamics
admit solutions that become multivalued in finite time. This is unacceptable physically:
it is impossible for a physical state variable such as velocity, pressure or density to take
many different values at a single point. The solution becoming multivalued is heralded
by a wave-steepening, in which the state variables start to vary rapidly with position;
in figure 5.1(a) we show schematically a typical plot of the velocity u versus position x
as time ¢ increases.

In practice, behaviour like that shown in figure 5.1(b) is observed. Rather than
become multivalued, the flow develops a singularity, known as a shock wave or simply a
shock, across which the state variables (here the velocity) are effectively discontinuous.
These shock waves also arise in shallow water theory (where they are known as hydraulic
Jumps or bores) and are to be expected from almost any nonlinear hyperbolic partial
differential equations. Other well known examples include models for traffic flow, in
which shock waves represent traffic jams.

(b)

j*/ /

X

t /L
Figure 5.1: (a) Plot of the velocity w steepening as ¢ increases and finally becoming
multivalued. (b) Plot of an alternative scenario in which u becomes discontinuous.

increasing

[

In this section we will derive the so-called Rankine—Hugoniot conditions that must
be satisfied across a shock if it is to conserve mass, momentum and energy. These will
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(a) Vo
|
p=p, U=1u_ I p= Py, U= Uy
p=p., T=T_ I p=py, T =T,
1
fixed shock

(b)

p=p-, u=u_—V
p=p-, =1

p=ps, u=uy —V
p=ps, T=T4

b - ————

Figure 5.2: (a) Schematic of a shock moving in a tube at speed V. (b) The equivalent
situation with a fixed shock.

allow us to describe physical situations like a shock wave caused by a piston in a tube
or a bore moving into stationary water. We will also show how the Rankine-Hugoniot
conditions fit into the more general theory of weak solutions.

5.2 One-dimensional gas dynamics

Rankine-Hugoniot conditions

Suppose that p, u, p and T are discontinuous across a shock moving with speed V. As
shown in figure 5.2(a), we denote the values to the left and right of the shock by — and
+ suffices, with the + side being the side on which x is greater. By transforming to a
frame that moves with the shock, as shown in figure 5.2(b), we can equivalently study
the problem of a stationary shock by modifying the velocities on either side according
to

U+ — U4 — V. (5.1)

We will therefore confine our attention to the case V' = 0 initially, and then use the
transformation (5.1) to apply our results to a shock moving at arbitrary speed.

If V=0, then mass enters the shock from the left at a rate p_u_ (per unit cross-
sectional area), and exits to the right at a rate pyu4. Since mass cannot be created or
destroyed within the shock, these must be equal to each other, that is

[,ou]J_r =0, (5.2)

where [-]T denotes the jump in - across the shock.

Next we consider conservation of momentum. In a time 0t, a mass p_u_dt = pruydt
crosses the shock from left to right (assuming uy are positive). As it does so, its velocity
changes from u_ to u,, so its momentum changes from p_u? 6t to p+u15t. This change
in momentum must be accounted for the net pressure force acting on the fluid as it
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passes through the shock, namely (p— — p4) (per unit cross-sectional area). Putting
these together we obtain (p_ — p4)dt = p+u2+5t — p_u®6t, or

[p+pu?]t =0. (5.3)

Finally, we must ensure that energy is conserved across the shock. By an argument
analogous to that applied to momentum above, the gas that crosses the shock in a time
0t changes energy from p_u_e_dt to pruyeydt, where

u?
e=cT+ 5 (5.4)
is the energy per unit mass. The net work done by pressure on either side during the
same time interval is (p_u_dt — pyu4dt) and, by equating these, we obtain
[pue +up] " = 0. (5.5)
By using the ideal gas law
p = pRT = (v — 1)pc, T, (5.6)

we can write (5.5) in the form

[pu <“22 + wlpl)pﬂf ~0. (5.7)

Notice that this is satisfied identically if u_ (and therefore also wuy) is zero. Such a
solution, in which there is no flow across the shock is called a contact discontinuity.
Otherwise, we can use the fact that pu is conserved across the shock to deduce from

(5.7) that
u? w o 1"
{ 2 (y- 1)p} 0 %

Equations (5.2), (5.3) and (5.8) are called Rankine—Hugoniot conditions, and they
ensure that mass, momentum and energy are conserved across the shock.

Rankine-Hugoniot conditions for a moving shock

Now as described above, we can apply the Rankine-Hugoniot conditions (5.2-5.8) to a
shock moving with speed dz/dt = V by transforming uy to uy — V:

u— V)2 *
ptu=V]* = [t ptu— vt = | B ) 0 )

The unknowns are p+, u+t, p+ and V, totalling seven, and we have three Rankine-
Hugoniot conditions, so in general we need to specify four of the state variables on
either side of the shock. Here are some examples of typical situations.
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1. Piston entry problem

For a piston being pushed into a tube at constant speed U, we anticipate that a
shock moves ahead of the piston at constant speed V' > U. In front of the shock,
we specify the initial pressure, density and velocity,

P+ =Dpo, P+ =po, uy =0, (5103‘)
and behind the shock the gas speed must equal the piston speed:
u_ =U. (5.10b)

These give us the four equations required to supplement (5.9), and we thus end
up with the three equations

p—(U—=V)=—poV, (5.11a)
p—+p-(U—=V)*=po+pV?, (5.11Db)

_ 2 2
(v-v) P |14 YPo (5.11¢)

+ =t
2 (v=Dp- 2 (v=1)po

from which to determine p_, p_ and V. It is straightforward to show from (5.11)
that the shock speed V is the positive root of

V2 — (y + 1)UV —2¢2 =0, (5.12)
where 0(2) = vpo/po as before.

2. Shock reflection

Suppose a shock moves at given initial speed V) > 0 into gas at rest with initial
density pg and pg. The velocity u_, pressure p_, and density p_ behind the shock
are given by

p—(u— = Vo) = —poVo, (5.13a)
p_+p_(u_ —Vo)* = po + poVi, (5.13b)
(u_ — Vp)? w W YPpo

(5.13¢)

2 T-De- 2 Th-Upe

Suppose the shock hits a wall and is reflected, and then has speed —V; < 0. Now
the variables u_, p_ and p_ in front of the reflected shock are given by (5.13),
while behind the shock we have uy = 0 and p4, p+ and V; are to be determined

from
p—(u— + Vi) = ps V1, (5.14a)
p—+p-(u_+ V1) = py + py V7, (5.14b)
_+W)? _ V2
(u- +W1) L= Vi e (5.14¢)

2 (y=Dp- 2 (y=1Dpy
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After a straightforward but tedious algebraic manipulation, we find that the re-
flected speed is given by

(3= (V¢ — i)

Vi=Vy+
S (v +1)Vo

(5.15)

Shock relations and entropy

To understand the implications of the Rankine-Hugoniot conditions, we now manipulate
them into a more convenient form. Defining the speed of sound

2 P
ct == 5.16
) (5.16)

as before, we find that (5.2), (5.3) and (5.8) may be written as

pem]" = (e = [ (1 EE o )

where M = u/c is the Mach number, and we thus deduce the relations

M2
£))-2
- - +
P 1+~yM2
i ST (5.18b)
P\ (P-) _ 2+ (y—1)M?2 (5.18¢)
P—) \pP+ 2+ (y-1)M3’ '

From these we can eliminate the densities and pressures to obtain an equation in-
volving just M and M_, namely

(%2) (218:3%_%) - (%)2 (5.19)

which can be rearranged to

(M2 — M?) {2yMIM? — (v — 1)(MZ + M?) — 2} = 0. (5.20)

One solution is always M = M_, but then (5.18) implies that the pressure and density
are also continuous. If there is a shock, we must therefore assume M, # M_, in which
case we can solve (5.20) for (say) M,:

M2 24 (v —1)M?
Ty M2 —(y—1)
M= — (v

(5.21)

As shown in figure 5.3, M2 and M? are both confined to the range ((’y —1)/2~, oo)7
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Figure 5.3: Graph of M_%_ versus M2, as defined by (5.21).

M?2

-1
2y
Figure 5.4: The function E(M?) defined by (5.24).
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and either M2 > 1, M_% <lor M? <1, Mi > 1.
Recall from section 1 that the entropy is defined by

S =S50+ ¢, log (;) . (5.22)
From (5.18), we can deduce
1+
b/ _ (1+M2\T A2\ .
p—/pl 14 ~vM?2 M%) '

or, using (5.21),

exp <S+c_vs_> = (27M:;(17 - 1)) (2 Ei;;ﬁﬁy =F (ME) , say. (5.24)

A typical plot of the function E(M?) is shown in figure 5.4. By differentiating (5.24)
with respect to M2, it may be shown that

, (2= 1) (24 (v DM\ (M2 1)
E(ME)_( v+1 )( (v +1)M?2 ) M2 (24 (y = 1)M2) (5.25)

and hence that F(M?2) is an increasing function, with E = 0 at the critical value
M? = (y—1)/2vy, E(1) =1 and E — 0o as M2 — co. At M? =1, E has a point of
inflection, with E(M2) ~ 14 O ((M2? —1)%) as M2 — 1.

At a shock, where M? # M?, we must have M? # 1, and it follows that E(M?2) # 1,
so the entropy must be discontinuous across a shock. Thus, when we write p = kp7,
the constant k takes different values on either side of the shock. The Second Law of
Thermodynamics tells us that the entropy must, if anything, increase as fluid crosses
the shock, rather than decreasing. Hence, if the fluid travels from the — side to the +
side, as illustrated in figure 5.2, then we require S; > S_. It follows from (5.24) that
M? > 1 and from (5.21) that ME < 1, so the flow changes from supersonic to subsonic
as the gas crosses the shock. Any shock that does not satisfy this condition is unphysical
and could not be observed in practice.

Given that M? < 1 < M2, it is straightforward to show from (5.18) that p /p_,
p+/p— and pyp_/p_p4 are all greater than 1. Thus the pressure, density and temper-
ature must all increase as the gas passes through the shock. For this reason, a shock
satisfying the condition of increasing entropy is said to be compressive.

For a shock moving at speed V', the same conclusions follow if My is defined as the
Mach number relative to the moving shock, that is

Cur =V

My = . (5.26)
C+

Consider, for example, a shock travelling into stationary gas with u; = 0 and speed
of sound c; = ¢g. The entropy condition tells us that the upstream flow must be
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Figure 5.5: Characteristic diagrams for two possible solutions of the piston withdrawal
problem: (a) solution with an expansion fan; (b) solution with a shock.

supersonic, that is M? = V?2/ 0(2) > 1, and hence the shock speed must be greater than
co-

To illustrate the need for the entropy condition, we return briefly to example 1 from
section 5.2, namely the shock caused by a piston impulsively moved at constant speed
U into a stationary gas. The quadratic equation (5.12) leads to the following expression
for the shock speed V:

(v + DU + /(v + DU + 1663

V:
4

(5.27)

The solution for the case where U is negative, so the piston is being pulled out rather
than pushed in, was found previously in section 4. However, (5.27) also gives us a
possible shock speed when U < 0, so in this case there are (at least) two possible
solutions: one containing an expansion fan and one containing a shock, as illustrated in
figure 5.5.

The entropy condition allows us to eliminate the shock solution and thus reassure
ourselves that the expansion fan solution obtained in section 4 is correct. The upstream
Mach number (relative to the shock) is given by

V2 1\ UV
M=l =1+ (’H) —, (5.28)
5 2 5

using (5.12). Hence M? < 1 if U is negative, so this shock solution fails the entropy
condition and is unphysical.
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Figure 5.6: Schematic of the hydraulic jump formed when a jet of water hits a flat
surface.

5.3 Shocks in shallow water theory

Rankine-Hugoniot conditions
Recall from section 4 the shallow water equations

%Jru@th@—O 87u+u@+ @—
: ot " Yor "0z T

ot Oz or 0, (5.29)

governing the depth h(x,t) and velocity u(x,t) of a thin layer of fluid flowing over a
flat base. Recall also that (5.29) are equivalent to the equations of one-dimensional gas
dynamics, if ¢ is identified with v/gh and v = 2. Therefore (5.29) also admit solutions
which form discontinuities, known in the context of shallow water as bores or hydraulic
jumps. Examples include the Severn Bore!, tidal waves and tsunamis, and the rapid
jump observed when water from a tap impacts a flat surface, as illustrated in figure 5.6.
Suppose that v and h are discontinuous across a stationary hydraulic jump, as shown
in figure 5.7. The rate at which fluid flows in from the left (per unit length in the y-
direction) is h_u_. This must equal the rate at which fluid flows out from the right,
which leads to
[hu] T = 0. (5.30)

The net force acting to the left of the discontinuity (per unit length in the y-direction)
is

h h2
/0 (0 —pa)dz= "2 (5.31)

since in shallow water theory the pressure is assumed to be purely hydrostatic, that is

p=pa+pg(h—z), (5.32)

!see http://www.severn-bore.co.uk/
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Figure 5.7: Schematic of a hydraulic jump.

where p, is the constant atmospheric pressure. An expression analogous to (5.31) gives
the force acting to the right. The fluid that crosses the jump in a time 6t has mass
ph_u_dt = phiuidt and its momentum (per unit length in the y-direction) changes
from ph_u? 6t to ph+ui(5t. By equating the rate of change of momentum to the applied
force, we obtain
h2 h2

ph+ui — ph_u? = pgT_ - pgTJr’ (5.33)

from which we deduce
gh*1"

In section 4, we pointed out the analogy between the shallow water equations and
the equations of one-dimensional gas dynamics. In particular, we showed that solutions
of one-dimensional gas dynamics problems can be mapped onto solutions of shallow
water theory by setting v = 2 and identifying ¢ with v/gh. However, the Rankine—
Hugoniot conditions (5.30) and (5.34) are not the same as the conditions (5.2), (5.3)
and (5.8) derived for gas dynamics. Thus a shallow water bore behaves differently from
the corresponding shock in gas dynamics.

Energy

The two Rankine-Hugoniot conditions (5.30) and (5.34) ensure that mass and momen-
tum are conserved across a hydraulic jump. Now we consider energy conservation. The
energy density e (per unit length in the y-direction) consists of the kinetic and potential

energies:
h 2 h 2 h2
e:/ &—i—pgzdz:p “o e (5.35)
0o 2 2 2

The rate at which the energy increases as the fluid flows through the jump is thus

[ue] T = [ph“3 + pg“hzt. (5.36)

2 2

The rate at which work is done by pressure is

[/thudzr - {pg;ﬂﬂr— (5.37)
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so the net rate at which energy flows out of the jump is

phu? 9 N u? *
Q= 5 + pguh®| = phu 5 +gh| (5.38)

using the fact that hu is conserved across the jump,
From (5.30) we have u_ = hyuy/h_, so (5.34) may be written as

hi 2 Y92 2
h+—h—_ u+:5(h_—h+), (5.39)
and, provided h_ # h, it follows that
2 _ gh—(h—+hy) 2 _ ghy(h +hy)
- =7 A4
ul o , u” S (5.40)
Hence
u? T og(P2—h%) (ho+hy) g(h— — hy)®
— +gh| = - hy —h_)= 5.41
and (5.38) may thus be written as
g(h— —hy)?
= (phu)*¥———"— 5.42
Q= (phu) " = (542)
Unless h_ = h4 (in which case there is no jump), we infer that energy is not con-

served. If anything, we would expect energy to be lost as fluid crosses the jump, and in
practice this occurs because of turbulence. We therefore must have () < 0, which is anal-
ogous to the entropy condition for shocks in gas dynamics, and we deduce from (5.42)
that w(h— — hy) < 0. In other words, hy > h_ if u > 0 or h_ > hy if u < 0; in either
case, the depth increases as the fluid passes through the jump (as shown schematically
in figure 5.6).

Assuming ug > 0, so hy > h_, we can deduce from (5.40) the inequalities

'LL2 u2
ﬁ <1< gh—i. (5.43)

Recall from section 4 that \/gh = c is identified with the wave speed in shallow water
theory. The flow is described as subcritical if |u| < ¢ and supercritical if |u| > ¢; these
are analogous to the descriptions subsonic and supersonic in gas dynamics. Hence (5.43)
tells us that the fluid must change from supercritical to subcritical as it passes through
the jump.
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Rankine-Hugoniot conditions for a moving bore

As observed in section 5.2, we can infer the Rankine-Hugoniot relations for a bore
moving at speed V' by transforming uy to uy — V, so that (5.30) and (5.34) become

gh?1"

[h(u=V)]T = |h(u—V)? +

= 0. (5.44)

Now we have two equations for the five dependent variables h4, u+ and V, so another
three conditions are needed to close the system. Here are some examples of typical
situations.

1. Bore moving into stationary water
If we specify the depth hy on either side of the bore and that the water ahead of
the bore is stationary (u4 = 0), then (5.44) gives us

B2 h2
= vy gT*, (5.45)

h_(u_ —V)=—h,V, ho(u_ —V)*+ 5

to solve for u_ and V. By solving these simultaneous equations, it is straightfor-
ward to find that the shock speed V satisfies

gh_(hy +h_)

2 _
Vi= 2h,

(5.46)
Notice that the sign of V' is not determined by the Rankine-Hugoniot condition,
so it appears that the bore could move at speed V in either direction. We have
to invoke the energy condition, which tells us that the height must increase as the
fluid passes through the bore and, hence, that the bore must travel towards the
shallower water.

2. Bore reflection
If a bore travels at speed Vj towards stationary water with a given depth hg, then
we deduce from (5.44) that the velocity and depth behind the shock are given by

h% h?

P —pov2+ 20 (547)
2 2

If the bore is reflected by a stationary wall, then the depth hy left behind the

reflected bore and the reflected speed V) satisfy

h_(u_ — Vo) = —hoVp, ho(u_ —Vp)* +

2 gh? 2 ghi
h_(u_ + Vl) = h+Vi, h_(u_ + ‘/1) + T = h_t,_‘/l + T, (548)

with h_ and u_ determined from (5.47).
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5.4 Weak solutions

Weak formulation

Now we briefly make the connection between our approach to shocks and the theory of
so-called weak solutions. We have derived a set of partial differential equations describing
(for example) gas dynamics which apply when the dependent variables (u, p, p, etc.)
are continuously differentiable. When the dependent variables are discontinuous across
a shock, we derived (starting again from physical conservation principles) Rankine—
Hugoniot conditions governing the jumps in their values. A weak formulation is a
compact statement of the problem that encompasses both differentiable solutions and
discontinuous solutions.
Consider the conservation law
0P  0Q
ot ox
where P and Q are differentiable vector functions of z, t and w(z,t), which is the vector
of dependent variables for which we are trying to solve. For example, the equations of

one-dimensional gas dynamics and the shallow water equations may be stated in the
form (5.49) with

—0, (5.49)

P P pu
u=|u|, P= U , Q= pu? +p (5.50a)
p pu? /2 +p/(y — 1) pud /2 4+ ypu/(y — 1)
and
h h uh
v= (u) P= <hu> ’ Q= <hu2 + gh2/2> (5.50b)
respectively.

We define a weak solution of (5.49) to be a function u(z,t) that satisfies
?{ Qdt — Pdx =0 for all piecewise-smooth simple closed curves C. (5.51)
C

We emphasise that there are other approaches to formulating weak versions of (5.49), for
example using test functions, but (5.51) will do for our purposes. We should also point
out that not all systems of partial differential equations may be written in the simple
conservation form (5.49). However, physical models based on conservation principles
almost inevitably give rise to systems equivalent to (5.49).

Classical solutions

Suppose for the moment that w(z,t) is continuously differentiable and satisfies (5.51);
such a w is called a classical solution. By applying Green’s Theorem, we deduce from

(5.51) that
12 -
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Figure 5.8: Schematic of a “pill box” contour C' around a segment of a shock between
two points A and B.

where S is any region of the (x,t) plane whose boundary C' is a piecewise-smooth simple
closed curve C'. Since 0P /0t and 0Q/0x are continuous by assumption, it follows that
u must satisfy the conservation equation (5.49).

On the other hand, if w is a differentiable solution of the conservation law (5.49)
then we can again use Green’s Theorem to deduce that it must also satisfy the weak
formulation (5.51). Hence, so far as classical solutions solutions are concerned, (5.49)
and (5.51) are equivalent.

Shocks

The advantage of the weak formulation over the partial differential equation (5.49) is
that (5.51) makes sense if u (and hence P and Q) is not differentiable or even continuous.
Suppose that a weak solution w is continuously differentiable everywhere except on a
shock, across which it is discontinuous. As shown in figure 5.8, the shock divides the
(z,t) plane into two regions (labelled as before by + and —) in each of which w is
continuously differentiable. It follows by the argument given above that w must satisfy
the conservation law (5.49) everywhere except on the shock.

Now let A and B be any two points on the shock and let C be a small “pill box”
contour around the segment of the shock between A and B, as shown in figure 5.8. As
C is shrunk towards the shock on either side, the edges near A and B shrink to zero
length and we are left with

B A
]{th—de:/ Q+dt—P+dx+/ Q_dt—P_dz =0, (5.53)
C A B

where the + subscript refers to P and @ evaluate on the + and — sides of the shock.
We can write (5.53) as

/B[Q]fdt—[P]fdxz/B{[Q]f—V[P]f} dt =0, (5.54)

A A
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where d
T
V=— 5.55
T (5.55)

is the shock speed as before. Since A and B are arbitrary, we deduce the Rankine—
Hugoniot conditions

QT =v[P]* (5.56)

which must be satisfied across the shock.

Example: one-dimensional gas dynamics

Now we verify that, for one-dimensional gas dynamics, the Rankine-Hugoniot conditions
(5.56) derived via a weak formulation are equivalent to the conditions (5.9) obtained
previously from first principles. With P and @ given by (5.50a), we can write (5.56) as

V= T e p)T /24 gm0 = 1] (5.57)

(o] [pu] " [pu2/2+p/(v —1)] T

The first of these is clearly equivalent to the first of (5.9). The second relation in (5.57)
may be rearranged to

0= [pu(u—V) —i-pr_r =p_(u_—=V) [u]+ + [p]+, (5.58)

using the fact that p(u — V') is conserved across the shock. Since [V]J_r = 0, we deduce
that
+ + +
0=p_(u_—-V) [(u — V)]_ + [p]_ = [p(u — V)2 +p]_, (5.59)

which reproduces the second relation in (5.9).
From the final relation in (5.57), we obtain

2 2 +
pu(u—=V) ypu  pV pu“(u—=V)  p(u—V)
_ B _ 1% 5.60
0 [ TS S o T V| (560)
or, by using (5.59) to evaluate [p]f,

[p(u—V) (“22 _UV+V2+(vjpl)p>r__ = 0. (5.61)

Now, p(u — V) is conserved and nonzero, assuming that our curve is a shock, not a
contact discontinuity. By using the fact that [VQ]J_r = 0, we can thus deduce that

w-v)?* w1
[ 2 - 1)p] 0 (562)

which reproduces (5.9).
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Example: shallow water theory

Next we confirm that the weak formulation of the shallow water equations yields Rankine—
Hugoniot conditions equivalent to (5.44). With P and @ given by (5.50b), we deduce
from (5.56) the equations

B [ha] ™ B [hu? + gh?/2] "
D e

the first of which is clearly equivalent to (5.44). The second relation in (5.63) may be
rearranged to
gh?

0= [hU(u—V)JrI:h(u—V)[u]JUr [

21+
: gh} , (5.64)

2

using the fact that h(u — V') is conserved across the shock. Since [V]J_r = 0, we can
replace [u]f with [u — V]f and thus obtain

h2)"
g} —0, (5.65)

[h(u —-V)?+ 5

which is identical to the second equation in (5.44).

Nonuniqueness of conservation laws

One conceptual difficulty with the weak formulation approach described above is that
there may be several different ways of writing the same system of equations in conser-
vation form. For example, the shallow water equations may be written in conservation
form as

oh o, 9 & (, o, gh?\ _
or as
oh 0 ou 0 [u?
a + %(Uh) = 0, a + % <2 + gh) = 0, (5.67)

or in many other ways. Different choices of conservation law lead to different Rankine—
Hugoniot conditions; for example, (5.66) corresponds to the Rankine-Hugoniot condi-
tions (5.63), while (5.67) gives rise to

. [hu}; GE ++gh]f | (5.68)
[A] [4]

So, by putting the same equations into a different conservation form, we obtain different
shock relations and hence different weak solutions (although all classical solutions will
be the same).
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To avoid this difficulty, we must choose functions P and @ that correspond to the
real physical quantities that we wish the system to conserve. In (5.66a), for example,
h and (uh) represent the mass density and mass flux, and the weak formulation of this
conservation law ensures that mass of fluid is conserved across any shock. Similarly, in
(5.66b), hu is proportional to the momentum density, while (hu? + gh?/2) represents
the momentum flux and the pressure force. Hence the weak version of (5.66b) conserves
momentum across any shocks. It may be shown that (5.67b) represents conservation of
energy, and weak solutions of (5.67) give rise to shocks that conserve mass and energy
rather than mass and momentum.

Nonuniqueness of weak solutions

Once we have chosen a particular conservation form (that is a particular choice of the
functions P and @) for a system of equations, the Rankine-Hugoniot conditions sat-
isfied across a shock are given uniquely by (5.56). Nevertheless, the weak solution of
the problem may still be nonunique. We have already encountered this difficulty in
section 5.3, when we showed that the direction of propagation of a bore could not be
determined from the Rankine-Hugoniot conditions. In that case, we managed to select
a direction by invoking the condition that the bore must dissipate energy rather than
producing it.

In general, it may be shown that the weak formulation (5.51) has a unique solution
when supplemented by an appropriate entropy condition. For a shallow water bore, this
condition says that the depth must increase as fluid crosses the bore; in gas dynamics
the entropy condition tells us that the fluid must change from supersonic to subsonic as
it crosses the shock.

5.5 Two-dimensional steady shocks

Rankine-Hugoniot conditions

First we consider a plane shock aligned with the y-axis, as shown schematically in
figure 5.9. As usual, the values of the dependent variables on either side of the shock
are denoted by =+ subscripts. If mass is to be conserved, the rate at which fluid flows
in from the left must equal the rate at which it flows out from the right, which leads to
the condition

[pu]” =o0. (5.69)

Now, the mass pudt that passes through the shock in a time §t changes momentum
from p_u_ot(u—,v_) to pyuydt(us,vs). The rate of change of momentum must be
equal to the net force acting on the shock, namely (p_ — pi)é,, which leads to the

condition N
() -0
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Figure 5.9: Schematic of two-dimensional flow through a shock along the y-axis.

From the first component we obtain
[p+ pUQ]J: =0, (5.71)

while the second component of (5.70) may be written as (pu) [v]J_r = 0, since pu is
conserved across the shock. For a shock, as opposed to a contact discontinuity, (pu) is
nonzero, and we deduce that

[v]F =o. (5.72)

In a similar way, the mass crossing in time 6t changes its energy from p_u_e_dt to
pruseqdt, where
u? + 2 T_uz—l-v2 p 573
5 +c T = > +(7—1)p (5.73)
is the energy density. This change in energy must be equal to the work done by pressure,
and we deduce that

e =

[pu <u2 -5 v - _pl)pﬂi — —[pu] " (5.74)

Since pu is conserved (and assumed nonzero), this may be simplified to

where we have also used (5.72).

In summary, we have shown that the tangential velocity v is conserved across a
shock, while p, p and the normal velocity u satisfy the Rankine-Hugoniot conditions
(5.69), (5.71) and (5.75) which are identical to the conditions derived in section 5.2 for
a stationary one-dimensional shock. In other words, we can view the two-dimensional



B5.4 Waves & compressible flow 91

shock
t /
/
/
/
Yy /
! n
|
\
\
\
] T
—-— - -

Figure 5.10: Schematic of a curved shock with local axes in the normal and tangential
directions.

shock illustrated in figure 5.9 as equivalent to a one-dimensional shock with a superim-
posed tangential velocity. The entropy condition derived previously for one-dimensional
shocks may thus be applied directly here, and tells us that the flow must change from
supersonic to subsonic as it crosses the shock. In particular, if the flow is from — to +,
then uy < u_ while vy = v_, which imples that the flow is deflected towards the shock,
as indicated in figure 5.9.

The conditions derived above may be applied to an arbitrary steady shock in two
dimensions by adopting local axes parallel to the unit normal n and tangent ¢, as shown
in figure 5.10. Thus we can identify v with the normal velocity u, = u - n and v with
the tangential velocity u; = w -t and write the Rankine-Hugoniot conditions as

2

.
[oun] " = [p+puz] " = [u] " = [UQ” + wipl)p] =0 (5.76)

Weak formulation

It is worth pointing out that the Rankine-Hugoniot conditions (5.76) for a curved shock
may also be obtained from the weak formulation of the problem. The equations describ-
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Figure 5.11: Supersonic flow past a wedge of angle 6, with a shock making an angle g
with the flow.

ing steady gas flow in two dimensions may be written in conservation form as

%(pu) + aay(pv) =0, (5.77a)
o, B
p (pu” +p) + ay (puv) =0, (5.77Db)
P o,
g (puv) + ay (pv* +p) =0, (5.77¢)
% (pue + pu) + ;; (pve + pv) =0, (5.77d)

where the internal energy density e is given by (5.73) as before. The equations in (5.77)
represent successively conservation of mass, momentum in the z- and y-directions and
energy.

By following the approach adopted in section 5.4, we can infer directly from (5.77)
the Rankine-Hugoniot conditions satisfied across a shock whose slope is dy/dz:

dy _[]Z  few]D [ +p]T [(pe+p))” (5.78)
de pu]T [pu2+p)” [puv] T [(pe +p)u] '

If we let 0 denote the angle made by the shock with the z-axis at any point, then

dy cos sin 6
tan ¥ = da’ t= (sin@) ’ n= < cos 9> ’ (5.79)
It is thus straightforward to manipulate (5.78) into the form (5.76).

Example: flow past a wedge

The theory developed above may be applied to supersonic flow past a wedge, as illus-
trated in figure 5.11. We consider uniform flow with velocity U_ incident on a wedge
making an angle 6 with the flow. (We only consider the upper half-plane; a similar flow
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in the lower-half plane is obtained by reflection). By inserting a linear oblique shock
making an angle 8 (which is to be determined) with the flow, we aim to deflect the
incoming stream through the required angle 6.

The Rankine-Hugoniot conditions for this situation are given by (5.76), with

Up— =U_sinfB, upy =Ussin(f—0), u— =U_cosB, upy =U;cos(8—0), (5.80)

and hence
U_cosf = Uy cos(fB —0), (5.81a)
p_U_sinf = p, U, sin(B — 0), (5.81b)
p— +p-U2sin® 8 =py + p Ui sin®(8 —0), (5.81c)
U? sin? B Lo U? sin?(8 — 6) L (5.81d)
2 (v—=Dp- 2 (v = Dps

Given the upstream velocity U_, pressure p_ and density p_, and the wedge angle 0,
(5.81) gives us four equations for U, p, p+ and the shock angle f.

Recall that (5.81b—d) are equivalent to the Rankine-Hugoniot conditions (5.2), (5.3)
and (5.8) for a stationary one-dimensional shock, if we identify u_ with U_ sin § and u
with Uy sin(f8 —0). We can therefore read off from (5.21) the following relation between
the up- and downstream Mach numbers:

24 (y—1)M?sin? B

M7 sin®(8—0) = . 5.82
+ 5 (B ) 2yM?2 sin? 3 — (v—=1) ( )
From (5.18) and (5.81) we deduce two equations for the density ratio,
P+ tan 3 M2sin?3 1+ yM?sin?(8 —0)
P+ _ - s .l (5.83)
p— tan(B—0) Mzsin*(8—6) 1+4+~yMZ2sin®pj
and, by substituting for M? sin?(3 — 6) from (5.82), we obtain the equation
tanf  (y+1)M2sin?j (5.84)

tan(8—0) 2+ (y—1)M2sin’g’

Given the incoming Mach number M_ and the wedge angle 6, we can in princple solve
(5.84) for the shock angle j.
To understand the implications of (5.84), we solve it for tan :

2((M2 —1)tan*5 — 1)

tanf = tan B ((2+ (y — 1)M2)tan? B+ 2+ (y+ 1)M?2)

(5.85)

A typical plot of tan versus tan 8 is shown in figure 5.12. Clearly tanf = 0 when

tan 8 = (ME — 1)_1/2, and this implies that

sin 3 = ML (5.86)
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Figure 5.12: A plot of wedge slope tan 6 versus shock slope tan 8 as given by (5.85).

Figure 5.13: Schematic of supersonic flow past a wedge with angle greater than the
critical angle.
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Hence, as the wedge angle approaches zero, 8 approaches the Mach angle p defined in
section 2.

For any fixed values of v and M? > 1, the right-hand side of (5.85), considered as
a function of tan §, increases to a positive maximum before decaying towards zero, as
shown in figure 5.12. Hence there is a maximum possible wedge angle 6., above which
no solution of the form illustrated in figure 5.11 exists. For wedge angles greater than
0. (or indeed for supersonic flow past a blunt obstacle), it is observed experimentally
that a shock forms upstream of the obstacle, as indicated in figure 5.13. This surprising
result appears to violate causality: how does the obstacle manage to influence the flow
usptream of itself?

It is straightforward, by differentiating (5.85) with respect to M?, to show that
tan@ is an increasing function of M2. Thus the maximum possible wedge angle (over
all possible values of 8 and M_) is obtained in the hypersonic limit M_ — oco. In this
limit, (5.85) simplifies to

2tan 3

tanf = , 5.87
(v —1Dtan? B+ +1 (5.87)
and it is now straightforward to obtain
1
tan? B, = ::J_rl (5.88)
and the critical wedge angle is therefore given by
2 1
tan” 0, = (5.89)

-1



