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SECOND PUBLIC EXAMINATION
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Applied Complex Variables

TRINITY TERM 2023
Tuesday 06 June, 9:30am to 11:15am

You may submit answers to as many questions as you wish but only the best two will count for
the total mark. All questions are worth 25 marks.
You should ensure that you observe the following points:
e start a new answer booklet for each question which you attempt.

e indicate on the front page of the answer booklet which question you have attempted in that
booklet.

e cross out all rough working and any working you do not want to be marked. If you have used
separate answer booklets for rough work please cross through the front of each such booklet
and attach these answer booklets at the back of your work.

e hand in your answers in numerical order.

If you do not attempt any questions, you should still hand in an answer booklet with the front
sheet completed.

Do not turn this page until you are told that you may do so
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1. A two-dimensional, inviscid, irrotational, incompressible fluid lies above a flat plate DC. The
fluid is of uniform depth A at infinity, with a free surface D’ BC’ which is drawn into a cusp
at the point B due to a steady sink of strength () which lies on the flat plate at the point A.
Without loss of generality, take the streamfunction 1 and the potential ¢ to be zero at B.

D' c’

B

D C

A

(a) [3 marks|] Show that on AC the streamfunction takes the value @/4. Give the dimensional
scalings of position, velocity and potential such that the nondimensionalised model has
fluid velocity (—1,0) and depth 1 as x — 0o. Use the nondimensional model henceforth.

(b) [6 marks] Show that the images of the right-hand half of the shaded fluid domain (i.e. that
bounded by ABC'CA) in the potential w-plane and the hodograph w’-plane are a strip
and a quarter-plane minus a quarter-circle respectively; sketch these regions indicating
clearly the image of each of the labelled points.

(c) [6 marks] Show that )
B 1— (w/)Q
<=~ (irwn)

maps the image of the right-hand half of the fluid domain in the w’-plane to the upper
half-plane. Indicate clearly the positions in the {-plane of the points A, B and C.

(d) [5 marks] Show that w satisfies the equation

N e (s
4(10’)2 '

(e) [5 marks|] Show that the free surface is given by

dr 2cos?6 @ B 2cos b

df ~ 7sinf’ 0 7’

where 0 is the angle the tangent (in the flow direction) makes with the z-axis. What
is the position of the point B? How would the picture change if A were a point source
instead of a point sink?
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2. (a) [5 marks| Let I' be a directed smooth contour in the complex plane and set

wie) = L [1©dc

2mi Jr (— =z

where f is continuous on I' and holomorphic in a neighbourhood of the point ¢t € I'. Show
that the limiting values of w(z) as I' is approached from either side are wy(t), where

£ 1 [ O d¢

welt) =+ 5"+ onf oot

and you should define the integral f precisely; indicate with a sketch which side of the
contour is + and which is —.

(b) [5 marks] The complex velocity describing flow past a thin aerofoil is represented by a
function w(z) which is holomorphic on C\[0,1] and has limiting values w4 on y = 0+,
0 < x < 1, that satisfy
wi(x) + w-(z) = 2ig'(2),

where g(z) is a smooth real-valued function describing the shape of the aerofoil. By
introducing a suitable auxiliary function w(z), show that a solution for w(z) can be
written in the form

L) ' g -
w0 =22 [ e 4 I

where H(z) is holomorphic on C\{0,1}.

(¢) [5 marks] Suppose that, in addition w = O(z71/2) as z — 0, w = O(1) as z — 1, and
w = 0(1/z) as z — oco. Show that

1=\t g9
M”‘(z ) WAG—QW@—@%'

Define carefully which branch of the square root is used.

(d) [5 marks] By considering a contour that encircles the branch cut and deforming to a large
circle show that when g(x) = log(1 + z?),

_23/4(1 — 2)Y2(sin(r/8) + sin(37/8)2) 2iz

B 2/2(22 +1) (14 22)

wlz

(e) [5 marks] Find a bounded solution f(z) to the singular integral equation

L[S tr
e 20
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3. (a) [3 marks| Let
z x>0,

ﬁﬁw:{o z <0

For what values of k € C is the Fourier transform f (k) defined? Evaluate fi (k). To
what region of the complex k-plane can it be analytically continued?

(b) [5 marks] The function G(k) is holomorphic in a strip Q = {k € C: a < Im(k) < #} and
satisfies G(k) — 0 as k — oo in Q. Show that G(k) may be decomposed as

G(k) = G (k) — G_ (),

where G4 (k) is holomorphic in Im(k) > v+ and G_(k) is holomorphic in Im(k) < ~_,
for a < vy < v- < 3. Give explicit formulae for G4 (k) and G_(k), in terms of integrals
along specified contours in the complex k-plane.

(¢) [7 marks] Clearly define branches of the multifunctions (k —i)'/? and (k +1)'/? which are
holomorphic and have positive real part in the strip —1 < Im(k) < 1. By evaluating the
integrals in part (b), or otherwise, express the function

k—1)l/2
G(k) = (k=7 kz)
as G4 (k) — G_(k) where G4 (k) is holomorphic in Im(k) > 0 and G_(k) is holomorphic

in Im(k) < 1.
(d) [5 marks] The function u(x,y) satisfies the partial differential equation

Viu=u fory>0

subject to

0
6—5(:17,0):0 for z < 0, u(xz,0)=x forxz >0,

with u — 0 as y — co. Define

~ Ju(z,0) <0, _)o x <0,
@)= {O x>0, g+(@) = {8u/8y(m,0) x> 0.

Assuming that the Fourier transforms g, (k) and f_ (k) are holomorphic in Im(k) > 0 and
Im(k) < 1 respectively, show that

(k2 + 1)1/2

gr + (K2 + D)V = o

where you should be careful to define the branch of (k2 + 1)1/2.

(e) [5 marks] Assuming that both k~/2g, (k) and k'/2f_(k) tend to zero as k — oo deduce

that )
e (k= 20) (k +1)Y/?
9+ = 2]{32 )

and hence write the solution u as a Fourier inversion, being careful to specify the inversion
contour.
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1. (a) [3 marks] Locally near A,
o Q o Q iQ6
w = 27r10gz+6— 27T10gr o + ¢,

where z = rel. Since 1 = 0 on AB, where § = 7/2, Im(c¢) = Q/4. Then, on AC,
Y =1Im(c) = Q/4. The flux at infinity is
Q Q

—Z:uooh = um:_E'

Now scale x and y with h, u and v with |us|, and ¢ and ¢ with Q/4.

0 Bookwork/similar to examples
(b) [6 marks] Since 1) = 0 on ABC’ and at infinity the velocity is (—1,0) = (¢, —1;) with
fluid height 1 the stream function takes the value 1 on AC' (or from part (a)) [1] Thus
the potential plane is the strip 0 < ¢ < 1, —c0 < ¢ < 00, with ¢(B) =0 .
(4

C i A

c’ B Ao 1]

The velocity at C and C’ is (—1,0). Since |w'| is constant on BC' we must have |w'| =1
on BC', and therefore the velocity at B is (0, —1). The speed at A tends to infinity
. On AC we know v = 0. On AB we know u = 0.

—v

A
B

A cc’
—1 u

New example, but familiar method. New idea hav-
ing a sink in the flow. Will take some thought to
identify the correct region, with the velocity at A
tending to infinity.

O

(c) [6 marks] For the hodograph plane, first get rid of the corner at infinity by squaring:
¢1 = (w')%2. This gets us the lower half-plane minus a semi-circle . Then use the
mobius map

_1-a

G+l

which sends 1 to 0, —1 to oo, and oo to —1 . Thus this maps the semicircle to the
second quadrant . Now square and minus to get the upper half plane .

G2
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G=-G

Thus
(1= (W)’
o= (i)
CA =-1, CB =00, CC =0, '

New example, but some of the maps have been seen
before.
(d) [5> marks] To map the strip in the potential plane to the upper-half plane, we use

(=e".

This maps B to 1, CC’ to 0 and A to oo.

O

1
A cc’ B A

In the hodograph (3-plane the points are in the wrong places. We need to send 0 to 0, oo
to 1 and —1 to infinity . Thus we need to set

_ G (N (L
C - <3_|_1 - <1+(w/)2> /(1 (1—1—(11),)2) )
_ (1— (w)?)? (= ()?)?
0+ )2 -(1-)?)? Aw)?
Thus w satisfies the differential equation

T — (1 — (w/)2)2
4(’[1)')2 :
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New example. Need to be careful to make sure all

U the points are in the right place.
(e) [5 marks] Setting w' = e~ gives
o (1 _ e—2i9)2 (eie o e—i€)2

e™ = — lo 20— 1 = sin? 0.

Differentiating with respect to 6,

d d
2sinfcosf = We”ww’d—z = 1sin? 0e_19d72'

Thus 9
dz  2e“Ycosf
—=—_ |1
dé msin 6
Separating into real and imaginary parts

dx 2cos26 % B 2cos 0

df ~ wsinf’ 9

Thus

2sin 6
y=1+=——,
where we have used y — 1 as # — 7 to fix the constant.
At B, 0 —31/2, y — 1—2/x.
For a point source the picture would be the same. Simply set u — —u.

0 New example. Will require some thought

(a) [ marks| Label the left-hand side of I' as “4” and the right-hand side as “-” . As
z — t € T from the plus side indent the contour with a small semi-circle around ¢ as

shown in (a) .

N +
o L
(a) (b)
Then
— i Q) d¢ fOd¢ [ £(Qd¢
o (t) a lg% 277“ </one end C— * semicircle|(—t|=e ¢— " /other end C—t ) ‘

1
As € — 0 the semicircle gives a contribution 3 % mif(t) . Thus
i

_ ) 1 [ f(Q)dC
w+(t)—2+2m]ll; C_ta

f=mm() )

where
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(d)

As z — t € T from the minus side we need to indent the contour on the other side with
a small semi-circle around ¢ as shown in (b). The semicircle now gives a contribution

1
~3 x mif(t) as € — 0, so that
i

_ @ 1 [ fOdC

| Bookwork

[5 marks] Let w(z) be holomorphic on C\[0, 1] and such that @, (z) = —w_(z) # 0. Let
W = w/w. Then

If we write

then, by Plemelj,

Thus the general solution is

NS B
WO = | e

where H is holomorphic on C\{0,1}. Thus

BC) [ SO o
w9 = 57 | a6 O

as required.

Bookwork

[5 marks] We choose

i(z) = (“Z)m

z

where we choose the branch cut to lie along [0, 1] with w real and positive on top of the
cut. This means, for example, 0 < arg(z) < 2w, —7 < arg(l — z) < 7. Then

1-.\/271 [t 61/29/(5) 1 2\ 1/2
— = H(z).
o= (57) 2 gmes vt (57) Ao
Since w = O(z~Y?) as z — 0 and w = O(1) as z — 1, H can have only removeable

singularities there, and is therefore entire. Slnce w=0(1/z)asz — o0, H=0(1/z)
as z — 00. Hence by Liouville H = 0.

0 Similar to worked examples/bookwork
[5 marks] With g(z) = log(1 + 2?), ¢'(z) = 22/(1 + 2?), and
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Im(¢)

o (1-z\"?2 [ £3/2
w9 = (F) 2] arencames
1=\ (32
- (%) FLaorensgme
1— 2\ /2 [i9-1/4g3in/8  _jo—1/4c5in/8 53/2
- < P ) N ooy T oo Taraya—ae
B (1 - 2)1/2 ” —(z _|_i)ei37r/8 N (z — i)e—317r/8 N 53/2
o z ! 25/4(22 4 1) 25/4(22 + 1) (14 22)(1 — 2)/2
1— 2\ /2 . _Z(ei37r/8 _ e—3i7r/8) 4 eim/8 _ oin/8 53/2
- ( z ) 2 25/4(22 4+ 1) * (14 22)(1 — 2)1/2
B (1 - z) 2 [ _isin(37/8)z — isin(r/8) 23/
o\ oz 21/4(22 4 1) (1+ 22)(1 - 2)1/2
1=z 1/2 23/4(sin (7 /8) + sin(37/8)z) o %
N < z ) (2241) + 1(1+z2)

New example. The extra poles in the integral have
not been seen before. Getting the right branch of
the square root at +i is crucial and will require some

thought
(e) [5 marks] With
RIS
w(Z)—Tm 0 E_Z d£
by Plemelj L
1 4i

so that f satisfies the given singular integral equation. A solution is therefore given by

B 27/4(1 — x)Y/2(sin(n/8) + sin(37/8)x)
B 21/2(22 + 1) .

New example. Will require some thought

f(2) = wi(2) - w_(2)
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3.

(a) [3 marks] fi (k) is defined for Im(k) > 0.

a oo relk® o0 o0 oikz ek o0 1
k) = *E Ay = - dk=—|——| =-5 [1
ot = [T an =[] - [T [, =
It may be analytically continued to C\{0}.

0 Bookwork /Straightforward calculation

(b) [5 marks] By Cauchy

16
Glk) = 5 [ o e

where I' C Q is the rectangular contour with sides Re(¢) = £R, Im({) = v+ where
—R < Re(k) <R, a < vy <Im(k) < vy_ < B.

A Im(Q)

18

by -
I_

Y ek A
R R Re(Q
g8 7F+
i

Since G(¢) — 0 as || — oo in € the contribution from the vertical sides — 0 as R — oo,
giving G(k) = G4 (k) — G_(k) for v+ < Im(k) < y_ where

Gy L [ GO

= — d
27 Fig—k C7

and I'y = {{ +ivs 1 —00 < € < o0} Note that I' passes underneath k, while I'_
passes above k. Since G4 (k) is holomorphic everywhere except on I'y, we deduce that
G4 (k) is holomorphic in Im(k) > 74+ and G_(k) is holomorphic in Im(k) < ~y_.

0 Bookwork

(¢) [7 marks] Put the branch cuts up the the imaginary axis from i and down the imaginary

axis from —i, so that —37/2 < arg(k —1i) < /2 and —7/2 < arg(k +1) < 37/2. Then
—n/2 < arg(k —1)/?2 < 0 and 0 < arg(k +1)'/2 < 7/2 for —1 < Im(k) < 1.

R Y A (et Vs
G+(k)_27fi/r+42(C—k) dg, 0 <4 < Im(k)

Since there is a branch point at { =1 close at —ico to give —2wix residue at { = 0.
For this we need the Taylor series

(C—i)1/2 B (—i)1/2 (1+iol/2 B (—1)1/2 ; 1
C—k — —k (1-¢/k) -~k (1+<2+k>C+--->+~--

2+k

(=)' <i 1) _ ()R +2) ek - 20) e/ (k — 2i)

22 - k2 - %2 - 2]
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—i)1/2
G_(k) = zlm/F ég(g_)k) ., Im(k) <A <1

Again close at —ico to give the same contribution from ¢ = 0 plus the residue at { = k:

el™/4(k — 2i k—i)l/2
G_(k) — ;kQ ) . ( kQ) )

Will require some thought because of the double
pole.
(d) [5 marks] Taking the Fourier transform of the equation gives

O

so that Y i
i = A(k)e~F*+D'?y 4 () +D! 2y

where the branch cuts of (k* 4+ 1)%/2 are up the imaginary axis from i and down the
imaginary axis from —i, with (k2 + 1)/2 real and positive for real k. Since v — 0 as
y — oo we must have B = 0. The boundary conditions give

A(k) = f_‘*_‘_era
~(F+1)PAR) = gy,

so that
g = =+ D2 (74 o) = =+ 0 (7= ).
ie.
ge + (B + )V = W
0 New example, but standard technique

(e) [5 marks] Factoring (k% + 1)/2 = (k +1)'/2(k —1)'/2 gives

G ~-pef+ B

We need an additive decomposition of the last term, which is given by part (¢). Then

= in/A(1 o iT/A(L o _y1/2
g (- 2i) e OAR—20) (k)
- =—(k— _ - !
(k +i)1/2 2k2 ( 1) f 2k2 + k2
The LHS is holomorphic in Im(k) > 0, while the RHS is holomorphic in Im(k) < 1. Since

they agree on the strip 0 < Im(k) < 1 both can be extended to an entire function.
Since k~1/2G, — 0 as k — oo this entire function must be zero. Thus

e/ (k — 2i)(k 4 1)1/2

2k2
Then -
e/ % (k — 2i)
Alk) = ————+——~.
(k) 2k2(k —1)1/2
Thus

u =

im/4 (l{? _ 2) )
_e 1 —1k:c—(k2+1)1/2y dk 1
e /ka(k—i)l/?e ’
where the contour must pass above k£ = 0 but below k = i.

0 New example. Will require some thought
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