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SECOND PUBLIC EXAMINATION

Honour School of Mathematics Part C: Paper C5.2
Honour School of Physics Part C: Paper C5.2

ELASTICITY AND PLASTICITY

TRINITY TERM 2018

TUESDAY, 5 JUNE 2018, 2.30pm to 4.15pm

You may submit answers to as many questions as you wish but only the best two will count for
the total mark. All questions are worth 25 marks.

You should ensure that you:

• start a new answer booklet for each question which you attempt.

• indicate on the front page of the answer booklet which question you have attempted in that
booklet.

• cross out all rough working and any working you do not want to be marked. If you have used
separate answer booklets for rough work please cross through the front of each such booklet
and attach these answer booklets at the back of your work.

• hand in your answers in numerical order.

If you do not attempt any questions, you should still hand in an answer booklet with the front
sheet completed.

Do not turn this page until you are told that you may do so
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1. A thin elastic beam is clamped vertically at its lower base and is subject to the gravitational
acceleration, g, in the vertical direction. The length of the beam is L, and its mass per unit
length is ⇢. Throughout this question, you should assume that all deformations are planar
and therefore consider the angular deflection of the beam, � = �(s), to be measured from the
vertical, with s the arc length measured from the base of the beam. With this convention, the
torque exerted by elements of the beam on each other is M = Bd�/ds, with B a constant.

(a) [9 marks] At its unclamped end, s = L, the beam is subject to a force V in the positive
vertical direction; there is no horizontal force or applied torque at s = L.

(i) Use considerations of force and torque balance to show that the the angular deflection
of the beam from the vertical, �(s), satisfies

B
d2�

ds2
= [V + ⇢g(s� L)] sin�. (†)

(ii) Give, with justification, appropriate boundary conditions for (†).
(iii) What is the vertical force that the beam exerts on its clamp at s = 0? Justify your

answer both in terms of the derivation of (†) and using physical considerations.

(b) [4 marks] Consider, first, the case of negligible beam weight, ⇢g = 0, with the beam under
compression, V = �P < 0.

Determine the values of P for which the linearization of (†) has non-trivial solutions.
What is the smallest such P > 0?

(c) [6 marks] Next, consider the case of no vertical applied force, V = 0, but including the
beam’s weight, ⇢g > 0.

(i) Linearise (†) in this case, and render it dimensionless by letting ⇠ = (⇢g/B)1/3(s�L).

(ii) Determine an equation satisfied by the parameter ⇤ = L/(B/⇢g)1/3 for non-trivial
solutions of the linearised equation to exist. Denote the smallest solution of this
equation by ⇤c.

[Note that the general solution of Airy’s equation, y
00(x) = xy(x), may be written

y(x) = ↵Ai(x) + �Bi(x), for constants ↵ and �. You may express your answer in
terms of the functions Ai, Bi, and their derivatives.]

(d) [6 marks] Finally, consider the general case, V = �P < 0 and ⇢g > 0. Assume further
that the parameter ⇤ < ⇤c with ⇤c as defined in part (c).

(i) Determine an equation satisfied by the dimensionless buckling load P = P/[B1/3(⇢g)2/3],
for a fixed value of ⇤.

(ii) Based on your answer to part (b), give an approximate expression for P(⇤) as ⇤ ! 0.
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2. The Navier equation for an elastic displacement u(x, t) reads

⇢
@
2u

@t2
= (�+ 2µ)r(r · u)� µr⇥ (r⇥ u)

where �, µ > 0 are the Lamé coe�cients.

(a) [10 marks] Consider harmonic travelling wave solutions of the form

u(x, t) = Re {a exp[i(k · x� !t)]} .

(i) Show that given a vector a and a non-zero vector k, there exists a unique scalar A

and vector B such that a = Ak+B⇥ k with B · k = 0.

(ii) Deduce that either:
B = 0 and !

2 = c
2
p|k|2,

or:
A = 0 and !

2 = c
2
s|k|2,

where cp and cs are wave-speeds that you should give in terms of �, µ and ⇢.

(b) [9 marks] An elastic material occupies the half-space x < 0 with the face x = 0 held fixed
(where x = (x, y, z)). A plane S-wave is incident from x ! �1 with displacement given
by

uinc = Re
n
(sin↵,� cos↵, 0)T exp {i [ks(x cos↵+ y sin↵)� !t]}

o
,

where ks = !/cs.

(i) Show that the boundary condition at x = 0 may be satisfied by a reflected wave field
that includes an S-wave and a P -wave with angles of reflection � and �, respectively,
where � should be determined and

sin � =
cp

cs
sin↵.

(ii) Determine the amplitudes of the reflected waves.

(c) [6 marks] Consider the problem of part (b) in the case that sin↵ > cs/cp.

(i) Explain physically the behaviour of the P -wave in this case, including the significance
of the length ` that is defined by

`
�1 = ks

�
sin2 ↵� c

2
s/c

2
p

�1/2
.

(ii) Show that in the limit µ/� ⌧ sin2 ↵, the amplitude of the P -wave is O((µ/�)1/2).
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3. (a) [9 marks] (i) Assuming plane strain in the x-y plane, calculate the shear stress on a
surface with unit normal n = (cos ✓, sin ✓, 0)T and show that the maximum shear
stress (as ✓ varies) is

S =


⌧
2
xy +

(⌧xx � ⌧yy)2

4

�1/2
,

where ⌧ij are the components of the Cauchy stress tensor.

(ii) Show that an axisymmetric plane strain displacement, u(r), must be of the form

u(r) = Ar +Br
�1

for some constants A and B, and determine the corresponding stresses ⌧rr and ⌧✓✓.

(b) [11 marks] An isotropic material occupies the region r > a > 0 in plane polar coordinates
(r, ✓). The material is subject to a far-field compressive stress p1 (i.e. ⌧rr, ⌧✓✓ ⇠ �p1 < 0
as r ! 1). Furthermore, the inner surface, at r = a, is traction-free.

(i) Assuming that the material is linearly elastic throughout r > a, find the elastic
stresses in the material.

(ii) Suppose that the material satisfies the Tresca condition, i.e. that S 6 ⌧y with ⌧y the
yield stress and S the maximum shear stress of part (a). Find the critical far-field
pressure, pc1 and the radial position at which yield first occurs.

(iii) Assuming that the material is perfectly plastic, i.e. that S = ⌧y where yield occurs,
determine the size of the region in which the material yields for p1 > p

c
1.

(c) [5 marks] Consider the problem of part (b) but with a perfectly rigid material filling the
domain r < a.

Determine the critical far-field pressure and the radial position at which yield first occurs.
Compare this critical value with that found in part (b).

[In this question, you may use, without proof, the steady momentum equation together with the
constitutive relations for purely radial displacement u(r) of a linearly elastic solid, namely

d⌧rr
dr

+
⌧rr � ⌧✓✓

r
= 0, ⌧rr = (�+ 2µ)

du

dr
+ �

u

r
, ⌧✓✓ = �

du

dr
+ (�+ 2µ)

u

r

where (r, ✓) are plane polar coordinates and �, µ are the Lamé coe�cients.]
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